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MQ Ham Multiquadric.
MQ Ham Inverse multiquadric.
Gauss Ham Gaussian.
RBF Ham cd sé ban kinh (Radial Basis Function).
FD Phuong phép sai phan httu han (Finite Different).
C) Tap hitu han cac tam roi rac.
Eint Tap hitu han cdc tAm rdi rac trong mién.
0= Tap httu han cac tam roi rac trén bién.
B¢ Tap gid véc to trong sb.
HEint S6 tim clia tip iy
e(g,¢&) Do 1éch cia canh E.
g Do 1éch 16n nhét.
T Nguong do 1éch.
sepe/ (&) Khoang cach tach biét ctia thm &’ va tap Z'.
FEM Phuong phdp phan ti hitu han (Finite element method).
RBF-FD Phuong phéap khong luéi RBF-FD
(Radial Basis Function-Finite Different).
RBF-FD 17 Két qua ctia RBF-FD st dung cac thuit todn ODP1, ODP2.
rms Sai s6 trung binh binh phuong (root mean square error).
RRMS Sai s6 trung binh binh phuong tuong dbi
(relative root mean square error).
E,. Sai s6 rms trén cac tAm thich nghi.
E e Sai s6 rms 16n nhét trén cac tdm thich nghi.
E,., Sai sb rms trén luéi déu.
Epg Sai s6 rms 16n nhat trén luéi déu.
Ee Sai s& RRMS so vdi nghiém tham chiéu.
rms FEM Sai s6 rms cta phuong phap phan ti hitu han.

rms RBF-FD 17 Sai s rms clia RBF-FD sif dung cdc thuit toan ODP1, 0ODP2.



rms RBF-FD
max FEM
max RBF-FD 17
max RBF-FD
RBF-FD
feml

fem?2

knear

tet

Oct
oct-dist
pQR4sel

pQR3
pQR4
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Sai s6 rms ctia RBF-FD st dung cdc thuit toan 0T1, OT2.

Sai sb 16n nhét ctia phuong phdp phan ti hitu han.

Sai s6 16n nhit ctia RBF-FD st dung cic thuit toan ODP1, 0DP2.
Sai s6 16n nhét ctia RBF-FD st dung cdc thudt toan 0T1, 0OT2.
Két qui ctia RBF-FD sif dung cdc thuat todn 0T1, 0OT2.

Két qua ctia phuong phdp phan ti hitu han bac 1.

Két qua ctia phuong phdp phan ti hitu han bac 2.

Két qui ctia RBF-FD sif dung Thuat todn k-near.

Két qui ctia RBF-FD sif dung Thuét todn tet.

Két qua ctia RBF-FD st dung Thuit todn 16-Octants.

Két qui ctia RBF-FD st dung Thuét todn oct-dist.

Két qua ctia RBF-FD st dung Thuat toan pQR chon tim

va tinh trong sd bang ndi suy RBF.

Két qua ctia phuong phap pQR st dung Thut toan pQR bac 3.
Két qua ctia phuong phap pQR st dung Thuat toan pQR bic 4.
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PHAN MG PAU

Luin an nghién ctu phuong phap khong ludi thich nghi RBF-FD (Radial Basis
Function-Finite Difference) giai sd bai toan Dirichlet cho phuong trinh Elliptic trong
khong gian 2 chiéu va 3 chiéu. Bai toan dugc phat biéu nhu sau: Cho mién mé Q C R,
(v6i d = 2 hoic d = 3) va cac ham s6 f x4c dinh trén Q, g xdc dinh trén dQ. Tim ham
s6 u: Q — R thda min

Du=f trong Q,

(1)
u=g trén JQ,

trong d6 D 1a todn tdf vi phan tuyén tinh Elliptic bac 2.
Rai rac héa Bai toan , ta c6 hé phuong trinh tuyén tinh v6i véc t0 4 = [ig]¢cz:

Y weete=£(8), (€Bn:  dp=g(&), &e€IE, (2)
§ely

trong do
e ZCQla tap cac tam roi rac;

« 71 1a nghiém x4p xi clia nghiém chinh xac u cta (1)) tai cac diém & € Z;

—_
hd a lal .
N »

ENJQ la tip cac tdm rdi rac trén bién;

°
[x]

int := 2\ JE la tdp cac tAm rdi rac nam trong mién;

* &, la mot tap hgp (dugdce goi la #dp hop hé tro tinh stencil hay tdp hop gid véc
10 trong s6 ting véi ), trong d6 bao gom tAm ¢ va mot sd tAim &; € E dudc lua

chon nam tai vi tri 1an cén cua {;

* we ¢ € Rla cdc trong s6 hay stencil dugc chon sao cho Yies, we eu(&) la mot
xp xi ctia Du({).

D¢ gidi hé phuong trinh (2)), ta cAn phai gii quyét ba vin dé chinh sau:
(1) Lam thé nao dé sinh ra duoc tap Z?
(2) Lam thé nao d€ chon dugc tap hop Z; hd trg tinh véc to trong s6?

(3) Lam thé nao d€ tinh céc trong s6 wg ¢ phit hgp?



Phuong phép s6 giai phuong trinh dao ham riéng (I)) dudc gi6i thiéu 1an dau tién
nim 1911 bdi Richardson bing viéc st dung phuong phap sai phan hitu han (FD-Finite
Difference) c¢d dién dé tinh tng suit ciia mot dap [52]]. Y tudng ctia phuong phap sai
phan hitu han 1 thay mién ctia cac bién lién tuc bang tip cac diém luéi roi rac va xap
xi phuong trinh vi phan dao ham riéng bdi ludgc dd sai phan. Pdi v6i phuong phéap
RBF-FD c6 dién, Z Ia tap céc niit trén ludi déu, tdp hop Z; 1a khuon sai phan 5 diém
véi tam ¢ va 4 diém &, &,,&, &, € E va 4 diém nay phan bd déu xung quanh ¢, khi
d6 céc trong sb we ¢ duge xac dinh mot cach dé dang. Vi tinh toan don gian va do
chinh xdc cao, nén phuong phap sai phan hitu han c¢6 nhiéu 1gi thé véi cac bai toan c6
mién hinh hoc dep nhu mién hinh vudéng, mién hinh chi nhit... .

Khi khoa hoc ky thuit va cong nghé ngly cang phat trién, thi cac bai todn thuc
té can gidi quyét ngly cang nhiéu va da dang, trong d6 phan 16n 1a cic bai todn cé
mién hinh hoc phiic tap va céic bai todn c6 nghiém dao dong manh (khi c¢6 su thay ddi
nhd cia dbi s6 thi kéo theo su thay d6i 16n clia ham s6). Vi vay, phuong phép s6 giai
phuong trinh dao ham riéng dua trén ludi déu gip nhiéu kho khin, nén da tao dong
luc cho su ra doi ctia phuong phap phan tif hitu han (FEM- finite element method).
Phuong phdp Phan tif hitu han (Finite element method - FEM) dugc phét trién vao
nhitng nim 1940 [13, [35]], bang viéc chia mién thanh cdc mién con don gian hon,
lam co s cho viéc rdi rac va gidi mdt bai todn xap xi c6 tén goi bai toan dang yéu.
Phuong phap nay dudc phat trién manh vao nhitng nim 1950 trong viéc phan tich két
ciu khung mdy bay va cac cong trinh xy dung, n6 dé a4p dung hon phuong phap sai
phan cho cdc bai todn c6 mién hinh hoc phiic tap. Mot 16i thé khéc ctia FEM 1a co s
toan hoc viing chac ctia né dudc chitng minh nim 1973 bdi Strang va Fix [58]], Ciarlet
va Raviart [12]], cling v6i cdc phan tich sai s6, n dinh va hdi tu cia nghiém xap xi
dudc phat trién sau nay.

Nam 1978 RongHua Li da gi6i thiéu phuong phdp sai phdn suy rong trén luGi
khong déu [42]]. Phuong phdp nay st dung Iudi mot cach mém déo (ludi tam gidc
hodc Iudi ti gidc), ¢ sai s6 nhd va chi phi tinh todn 16n hon phuong phép sai phan
httu han va nho hon FEM, trong khi d6 chinh xac cao hon phuong phap sai phan hitu
han va tuong duong véi FEM.

Bén canh su phat trién ctia phuong phdp FD va FEM con ¢ phuong phép thé tich
httu han (Finite Volume Method -FVM), phuong phap nay cting st dung céc tuy chon
dua trén lu6i tuong tu nhu FEM va giai bai toan dang yéu.



Su phat trién ctia cac phuong phdp lu6i da dem lai nhiitng dong gép to I16n trong
viéc ting dung toan hoc vao thuc tién. Tuy nhién, chiing con nhiéu han ché khi ap
dung vao 16p céac bai toan thuc té c6 ciu tric phic tap nhu: lu6i bién dang trén pham
vi rong, s6 chiéu khong gian cao, ham vé phai hoiic ham diéu kién bién c6 ki di (c6
do dao dong 16n). Khé khin 16n nhét 1a sinh 1udi, duy tri Iu6i va cap nhat uéi. Nhiing
kho khan nay dugc Griebel va Schweitzer chi ra trong [33]], d6 1a " hon 70% chi phi
trén toan bo tinh toan la danh cho viéc sinh lu6i". Pay la mot trong nhiing ly do thic
day cac nha khoa hoc tim kiém nhiing phuong phap méi nhiam khic phuc nhitng han
ché nay ctia cac phuong phap luéi.

D& khic phuc mdt sd nhuge diém clia phuong phap ludi, cac nha khoa hoc da dua
ra phuong phap khong ludi giai phuong trinh dao ham riéng, dugc gidi thi€u trong
(4,15, 16}, 59, 62]]. Mt trong cac cach tiép can khong 1ué6i 1a phuong phap khong 1ué6i
RBF-FD [16} 159, 162]]. Phuong phap nay st dung ndi suy ham cc sé ban kinh RBF véi
cach tiép can dia phuong, dua trén su rdi rac héa gidng nhu phuong phap sai phan hitu
han, d€ tinh x4p xi nghiém tai mot sé diém rdi rac trong mién x4c dinh. Cu thé, phuong
phap RBF-FD dudc xay dung theo ludc dd sau: Cho ham cd s6 ban kinh @ : RY — R,
12 ham x4c dinh duong, x4c dinh béi ®(x) = @(||x||2), v6ix € RY va ¢ : [0,4+00) = R
12 mot ham cho trude [[7, 61]]. Ta st dung ham @ d€ xay dung ndi suy ham cd s ban
kinh RBF. Noi suy ham cd sé ban kinh RBF dudc st dung dé xap xi toan ti vi phan, tir
d6 tim nghiém x4p xi clia phuong trinh vi phan dao ham riéng. Khi st dung phuong
phap RBF-FD gidi bai todn trong khong gian d chiéu, vdi d 16n tity y, thay vi phai lam
viéc v6i ham d bién, ta chi can 1am viéc v6i ham mot bién. Mot 1oi thé cia ky thuat
r0i rac khong 1uéi 1a chi can dua trén tip diém doc 1ap phan b bat ky, khdng can tao
ra cau triic luéi. Do d6, khong con can chi phi danh cho sinh 1u6i, duy tri ludi va cap
nhat ludi. Lgi thé cia phuong phap khong ludi RBF-FD dudc gi6i thiéu trong cdc cong
b [26, Section 20.5], [47, 59, 62].

Phuong phép RBF-FD dudc cong bd dau tién bsi Tolstykh va Shirobokov, nim
2003 [59] dua trén ciu tric clia phuong phdp sai phan hitu han. Nim 2006, Wright
va Fornberg dé xut phuong phap RBF-FD, sif dung ndi suy Hermite [62]. Nim 2011,
Oleg Davydov va Ding Thi Oanh cdng b phuong phap RBF-FD dua trén ndi suy da
di€m, thuat to4an chon tam hd trg phuong phap khong 1udi, thuat todn 1am min thich
nghi [16] va thuit todn u6c lugng tham s6 hinh dang t6i uwu cho ndi suy ham RBF [[17].



Nhiing nim gan day, k¥ thut 1am min thich nghi va k¥ thuét chon tim cho phuong
phap RBF-FD nhan dudc su quan tam ctia nhiéu nha khoa hoc [8,, 9] 36, 43|, 148, 56, [57].
Céc cong bd [8, 9] da st dung phuong phép toan cuc, phuong phap nay yéu cau giai
mot hé phuong trinh tuyén tinh ddy du, trong khi phuong phap RBF-FD 13 phuong
phdp tiép can dia phuong nén chi yéu cu gidi cac hé phuong trinh tuyén tinh v6i ma
tran hé sb 12 ma tran thua [36) 43|, 48, 56, 57].

Ciac két qua da dat dugc theo hudng nghién ctiu nay la:

« D& xuit mot sd thuat todn sinh bo tam rdi rac thich nghi Z hay con goi 1 thuat

toan lam min thich nghi [8, 19, 16,136, 143, 48, 56, 57]].

» Pé xuit mot sb thuit toan chon tap hop E¢ hé trg tinh stencil hay con goi 1a

thuét toan chon tAm ho trd ndi suy dé tinh stencil [16} 41}, 55] 48]).

* Phat trién mot s6 cach tinh véc to trong s6 dua trén y tudng ctia phuong phap
FD va FEM [16] 59, [62] va dé xuit thuit todn udc luong tham s hinh dang t6i
uu [17].

Céc két qua nghién ctiu theo phuong phap RBF-FD chii yéu dang diing lai trén céc bai
todn mau trong khong gian 2 chiéu, chua c6 chiing minh chit ché vé mit 1y thuyét doi
v6i tinh x4p xi, 6n dinh va hdi tu clia nghiém x4p xi. Pay 12 cong viéc khoé giai quyét
trong tuong lai gan. Hon nita, v6i 10i thé ctia phuong phap RBF-FD ciing can phat trién
trong khong gian 3 chiéu. Trong luan 4n nay, chiing toi nghién citu k§y thuat sinh tam
thich nghi va chon bd tAm ndi suy hd trd tinh véc to trong s6 RBF phu hop véi bo tam
thich nghi = trong khong gian 2 chiéu cho céc bai toan c6 mién hinh hoc phtc tap,
nghiém c6 ky di, hoac ham c6 d6 dao dong 16n dua trén y tuéng cua Bang Thi Oanh,
Oleg Davydov va Hoang Xuan Phi trong [48] va dong thdi phat trién ky thuét chon

tam trong khong gian 3 chiéu. Cu thé luan 4n di thuc hién dudc cic ndi dung sau:

1. Pé xuét thuét toan chon bd tim Ee hé trg tinh véc te trong sé cho phuong
phap RBF-FD, sao cho phu hgp véi bo tam thich nghi = trong khong gian 2
chiéu.

Péi véi phuong phdp RBF-FD, dé tim nghiém x4p xi cia phuong trinh dao ham
riéng (1), ta can tinh dugc cac véc to trong s6 wy ¢ € R trong cong thiic vi phan

s6 (2)). Céc véc to trong sb nay duge tim dua vao ndi suy RBF trén bo tim rdi



rac B¢ :={{,&1,&, ..., &}, trong d6 cdc tam {&;,&,, ..., &} ndm xung quanh
vi tri tdim § (hay con goi la phuong phap RBF-FD dia phuong). Do d6, viéc chon
bd tdm ndi suy E, anh hudng 16n dén do chinh x4c ctia nghiém xap xi. Céc thi
nghiém trén b tam thich nghi E dudc sinh ra béi Thuat toan 2 trong [[16] cho
thay, khi tng dung cac thuit todn ducc gidi thiéu trong [3, (10, 37, 41], 44, 45|
51,153, 162]] d€ chon bd tam E¢ thi thu duge nghiém xap xi c6 do chinh xac thap.
Ngoai ra, trong [[16] cc tac gia da dé xuit thuit toan chon tdm (Thuit toan 1)
cho phuong phdp RBF-FD, véi mot diéu kién diing dua trén do 16n clia géc 16n
nhat gitta 2 tia lién ké C& va &, trong d6 i =1,2,...,k véi k = 6, trudng
hop i = k thi &1 = ;. Viéc chon k = 6 nham dam bio mat do ma tran hé sd
trong khong cao hon mat do ma tran hé sb (hay dudc goi 1a ma tran ciing)
clia FEM. Két qua thit nghiém cho thiy, nghiém x4p xi ctia phuong phap RBF-FD
c6 do chinh xdc hau hét cao hon nghiém cta FEM. Tuy nhién, thuét toan st dung
mot diéu kién ding dua trén tinh déu clia géc, dan dén bo tam E dugc chon c6
thé bd qua mot diém nao d6 & gan ma tdt cho noi suy, dé 1dy mot diém & xa, dan
dén khong phu hop cho ndi suy. PE khic phuc nhugc diém nay, trong [48] cac
tdc gid da dé xuat thuét todn chon bd tAm ndi suy véi hai diéu kién diing, ngoai
diéu kién diing vé do 16n ctia goc, thuit toan c6 thém diéu kién diing vé khoing
cach. Thit nghiém sd véi cac bai todn c6 mién hinh hoc phic tap, hoic bai todn
c6 do dao dong manh cho thiy, nghiém x4p xi ctia phuong phap RBF-FD c6 do
chinh x4c cao hon nghiém xap xi ctia phuong phdp RBF-FD st dung thuit todn

chon tam trong [16, Thuat toan 1] va cao hon nghiém cia FEM.

Tuy nhién, viéc chon gia véc to trong s véi sd tdm cb dinh k = 6 c6 thé loai bd
mot s6 diém phu hop hodc chon mot sd diém khong tt, hon nita tif cac Hinh
1(d, f) trong [48] c6 thé chon dudc bd tAm B¢ tdt v6i k = 4 hoidc k = 5, thAim
chi k = 7 hoic k = 8, diéu nay da thic ddy ching t6i dé xudt thudt todn chon
gid véc to trong so co sé tam khong co dinh va dé xudt mot tiéu chi mdi dé’lua
chon mot s6 diém phit hop. Thii nghiém s trén cac bai todn ¢6 mién hinh hoc
phtic tap, hoic bai toan c6 dd dao dong 16n cho thiy, thuét todn chon bd tAm ndi
suy Z; mdi thudng xuyén chon dugc 4 tim xung quanh ¢ (k = 4), nén mat do
ma tran hé s6 nhd hon rt nhiéu mat do ma tran cing ctia FEM. Hon nifa, sai s6

trung binh binh phuong rms (root mean square) ciia phuong phap RBF-FD khi



st dung thuat to4n niy 6n dinh va nhé hon sai s6 rms ctia phuong phap RBF-FD
st dung thuat todn chon tam trong [48], Thuat toan 1] va ciing nhd hon sai sd
rms cua FEM. Ngoai ra, chi phi tinh toan cta thuat toan chon tdim mdi cling nho
hon so véi thuét toan chon tdm trong [48), Thuat toan 1], dua vao so sanh 2 gia
tri 12 s6 phan trim thuat toan ding lai tai Budc II (chon dudc gia véc to trong sb

4 diém (k = 4)) tt 74% dén 90% va mat do ma tran hé sd.

. Phat trién cac thuat toan chon tim cho phwong phap khéong lu6i RBF-FD

trong khong gian 3 chiéu

Muc dich cua cac thuat toan chon tdm nay tuong tu nhu trong khong gian 2
chiéu, nghia 12 bd tdm dudc chon st dung dé tinh véc to trong sb trong khong
gian 3 chiéu. Tuy nhién, véi cac thuat toan chon tAm da cong bd trong khong
gian 2 chiéu [16} 48| Thuat toan 1], khi phat trién sang khong gian 3 chiéu thi
cac diéu kién vé goc khong con phu hop. Vi vdy, ching t6i da tién hanh thuc
hién cdc thit nghiém sb cho phuong phap RBF-FD trong khong gian 3 chiéu trén
tap cdc tAm clia FEM, dong thdi st dung mot s6 thuat todn chon tAm don gian va
tu nhién, cu thé 1a chon tip cic tim 1a k—diém gdn nhdt. Két qua thit nghiém
cho thay ring vdi bai toan c6 mién hinh hoc 1a khéi 1ap phuong hoic khdi hinh
cau (mién 161), khi chon gid véc to trong s6 1a k = 14 diém gan nhit hoic k = 16
di€ém gan nhit thi sai s6 rms ctia phuong phap RBF-FD xap xi hoic nhé hon sai
s6 cia FEM vSi mat do ma tran hé s6 ctia RBF-FD x4p xi bang 16 va mat do
ma trin ciing ciia FEM x4p xi bang 15, con khi chon véi k = 20 thi sai s6 nay
tot hon ddng ké nhung mat do ma tran hé s6 ctia né xap xi 20, trong khi mat
dd ma tran cing clia FEM xap xi 15. Trong trudng hop, bai toan c6 mién hinh
hoc phtc tap (mién khong 16i) nhu trong [18], cho thiy sai s6 rms clia phuong
phap RBF-FD cao hon dang ké so v6i FEM, trong cé trudng hgp k = 20. Ngoai
thut todn k—diém gdn nhdt, trong [18] ching toi con thit nghiém phuong phap
RBF-FD véi su hd trg ctia thuét toan chon tim, véi cdc tm la dinh cla cdc td
dién c6 chung 1 dinh, ma dinh d6 1a tim cin tinh trong s6 biang nodi suy RBF.
Két qua thit nghiém cho thiy sai s6 rms ctia phuong phap RBF-FD x4p xi sai s6
clia FEM trén mién khoi hinh 1ap phuong, véi s6 tAm trong mién nhé hon 20000
va tot hon ctia FEM trén mién hinh cau vé6i s6 tAm trong mién nhé hon 10000.
Trong trudng hop, s6 tim trong mién 16n hon 10000 véi bai toan c6 mién hinh

hoc 12 khéi cau hodc 16n hon 20000 véi bai toan cé mién hinh hoc 1a khéi 1ap



phuong, thi sai s6 rms clia phuong phap RBF-FD khong 6n dinh. Tuy nhién, véi
bai todn ¢6 mién hinh hoc phiic tap, thi sai s6 rms ctia phuong phdp RBF-FD
khong &n dinh véi s6 tAm trong mién nhd hon 4000, nhung khi s6 tAm ting 1én
thi sai s6 rms ctia phuong phap RBF-FD xap xi ctia FEM va mat do ma trin hé sb
ctia n6 ludn bang mat dd ma trin cing ctia FEM, trong tit c4 cic bai todn. Tir cac
két qua thi nghiém sd nay da thdc ddy ching toi xay dung cac thuat todn chon
cho phuong phap RBF-FD trong khong gian 3 chiéu dua trén cic Octant.

Trong [18] ching t6i gidi thiéu 2 thuat toan chon tam dua trén cac Octant, do
la thuat toan 8-0ctants va thuat toan 16-0ctants. V6i thuit toan 8-Octants,
chiing tdi chon 2 di€ém gan nhit trén moi Octant, con thuit toan 16-Octants
chiing t6i chon 1 diém gin nhét trén mbi Octant. Két qua thit nghiém s6 trén bo
tam cta FEM, cho thiy sai s6 rms ctia phuong phdp RBF-FD khi st dung thuat
toan 8-0ctants va thuat todn 16-0ctants déu nhd hon dang k€ sai s6 clia FEM
trén cdc bai todn c6 mién hinh hoc 12 mién 16i. Tuy nhién, v6i bai todn c6 mién
hinh hoc phic tap thi sai s6 rms ctia phuong phap RBF-FD x4p xi sai s6 ctia FEM
va mat do ma trin hé s6 ctia phuong phdp RBF-FD cao hon mdt chiit so véi mat

dd ma trén cing cua FEM.

Mot thuat todn chon tim dugc coi la thanh cong trong khong gian 3 chiéu néu:
(a) chon dudc tap gid véc td trong sd gdm k diém v6i k nhd hon hoic bing 20
trén mién rdi rac dudc tao ra v6i chi phi ré va khong can ky thuat cai thién dé cac
diém i rac c6 do déu cao nhu trong [2], va (b) c6 do chinh x4c xap xi FEM.
Cac thuat toan chon dua trén cac Octant trong [18] da thanh cong theo nghia
nay trén mién i rac c¢6 cac diém la dinh clia cdc tam gidc dudc tao bdi PDE
Toolbox trong MATLAB. Tuy nhién, cic diém ctia mién ri rac nay 1a cic diém
lu6i clia FEM, nén khong thé hién ddy dd cdc uu diém ctia phuong phap khong
lu6i. Trong cac thi nghiém s6 cla ching toi, khi cic diém rdi rac mién dudc
tao bdi cac cach khac thi cac thuét toan chon tdm dua trén cac Octant trong [[18]
thuong khong thanh cong. Diéu d6 da thic ddy ching toi xdy dung thuit todn
cai tién ctia phuong phap RBF-FD dua trén cac Octant nay. Thi nghiém s6 cho
thiy thuat toan cai tién hoat dong t6t trén mién rdi rac dudc tao bdi cac tam gidc
Delaunay khong t6i uu hodc mién rdi rac 1a k&t hop céc niit ludi Descartes hoic

diém Halton bén trong mién 3D v6i mot sd tiy chinh chon cc diém trén bién.



3. Cai tién thuét toan sinh tAm thich nghi cho phuong phap khéng luéi RBF-FD
trong khong gian 2 chiéu tir cac thuét toan sinh tim thich nghi dugc dé xuéit

trong [16, 48, Thuat toan 2]

Thuat to4n sinh tAm thich nghi dau tién cho phuong phap khong 1uéi RBF-FD
dudgc dé xuat trong [[16, Thuat toan 2]. Muc dich clia c4c thuat todn nay 1 sinh ra
dugc bo dit liéu that sy “phan tdn”, theo nghia dit liéu dudc sinh ra gidng véi dit
liéu c6 dudc nhd do dac ctia mot bai todn thuc té. Pay 1a thuat todn sinh 1 tim
va st dung cach tinh do 1éch 1a hiéu ctia 2 nghiém x4p xi trén mién dia phuong.
Céc thi nghiém s6 ctia ching tdi cho thiy, sai s6 rms ctia phuong phap RBF-FD
st dung thuit todn sinh tim thich nghi nay két hop véi thuat todn chon trong
[16, Thuat toan 1] trén cic tam thich nghi RBF-FD, c6 thé dbi sanh véi sai sd
ctia FEM trén ludi thich nghi. Tuy nhién, véi bai toan c6 mién hinh hoc phiic tap
hodc ham vé phai c6 do dao dong manh nhu céc thit nghiém sb trong [48]), thi
cach tinh do 1&ch nay 1am cho nghiém x4p xi ctia phuong trinh dao ham riéng
16n, din dén viéc chén tim khong chinh x4c, 1am cho sai s6 rms ctia phuong
phap RBF-FD trén cac tdm thich nghi cao hon sai s6 ctia FEM trén 1u6i thich nghi,
diéu nay 1a dong luc cho cic tac gi cai tién thuit todn sinh tim thich nghi dudc
gidi thiéu trong [48, Thuat toan 2], do 1a thudt toan sinh 5 tdm. Trong [57] cac
tac gia cling gidi thi€u k§y thuat sinh tdm thich nghi cho phuong phap RBF-FD
gidi phuong trinh Poisson va thu dudc két qua c6 thé so sanh vdi két qué trong
[48] v6i mot bai toan thi nghiém s6. Tuy nhién, cic tac gia st dung cach tinh do
léch khac va tham sb st dung trong Bai todn [5|ctia cac tac gid 1a o = %, trong
1 1

khi cac tham s0 nay trong [48] la o = 15, va & = 5.

Thuat toan sinh 5 tam thich nghi dudc gidi thiéu trong [48] Thuat toan 2] da st
dung céch tinh do 1éch cta Zienkiewicz va Zhu [64]]. Két qua thi nghiém sb cho
thiy sai s6 rms ctia phuong phap RBF-FD st dung két hop thuit todn sinh 5 tAm
thich nghi vé6i thuat toan chon 2 diéu kién diing trong [48, Thuit todn 1] trén
tam tich nghi nhd hon sai sb ctia phuong phdp RBF-FD st dung thuit toan sinh
tam 1 diém két hop vdi thuat toan chon 1 diéu kién ding trong [16, Thuit todn
1] va nhé hon sai s6 ctia FEM trén ludi thich nghi.

D6i v6i mot thuat todn sinh tAm thich nghi, c6 bén cong doan chinh anh hudng
dén két qua sinh tam 1a: Cach tinh do 1éch, ngudng cia do léch, khoang céach
tach biét dia phuong va cAu triic clia cac tAm ing vién. Phuong phép tinh d6 léch



tot déng mot vai trd rit quan trong trong qud trinh sinh tAm thich nghi, nhu trong
[48] Thuat todn 2] da st dung cach tinh tdt v6i chi phi tinh todn chi Ia tuyén tinh
va da chiing minh tinh hiéu qua bang céc thit nghiém sd, dic biét nghiém xap xi
phuong phap RBF-FD c6 dd chinh x4c t6t v6i ca bai toan c6 haim dao dong manh
nhu Bai toan @ Chuong 3, v6i tham s6 o = 100000. Trong thut todn sinh tim
thich nghi cai tién chiing t6i tiép tuc st dung cach tinh do6 léch nay. Ngudng do
léch xac dinh cac canh c6 cheén thém tam mdi hay khong, trong thuat toan sinh
tam thich nghi cai tién ching t6i gidi thiéu mot chién luge xac dinh ngudng do
léch dua trén su dao dong ctia bai toan. Chién ludc nay tranh dudc viéc gidm
ngudng nhanh c6 thé din dén viéc chén céc tam tai vi tri khong can thiét. Véi
bai toan c6 nghiém dao dong manh, nén uu tién cho mat do cia cac tdim hon
1a su phan b6 déu. Do d6, thuit todn sinh tim thich nghi céi tién c6 budc diéu
chinh giam tham s hé s6 khoang cach tach biét dia phuong d€ cac tim dng vién
dudc chén vao nhiéu hon. Céc tht nghiém s6 cho thiy, phuong phap RBF-FD st
dung thuat todn sinh tam thich nghi cdi tién va thut toan chon tAm méi dé xuét,
rAt hiéu qua trén céc bai toan c6 mién hinh hoc phiic tap, nghiém c6 ky di, hoic
c6 do dao dong manh, sai sd rms ctia phuong phap RBF-FD &n dinh, nhd hon sai
s6 rms ctia FEM va clia phuong phdp RBF-FD st dung cic thuét toan trong [48),
Thuit todn 1, 2]. Hon nita, s6 vong lip chén thém tAm méi cla thut todn méi
nhé hon rat nhiéu ctia FEM va cta phuong phap RBF-FD st dung cac thuit todn

trong [48), Thuat toan 1, 2] v6i cling s6 tAm clia mién rdi rac.

. Dé xuét cac thir nghiém s6 trong khong gian 3 chiéu, d6i sanh nghiém cua
phuong phap khong lwéi RBF-FD Kkhi st dung cac thuét toan chon tAm véi
nghiém cua FEM

DéE danh gid hiéu qua ctia phuong phéap khong luéi RBF-FD, chiing toi tao céc
diém rdi rac trong mién hinh hoc clia bai toan thit nghiém béi cic phuong phap
khéic nhau nhu: Céc diém la dinh cta cdc t¢ dién dudc tao bdi PDE Toolbox
trong MATLAB, cic dinh cta tif dién khong t6i wu tao bdi Gmsh [30], cc nut
lu6i déu Descartes va diém ban ngiu nhién Halton. Két qua thit nghiém cho thiy
phuong phap RBF-FD sit dung cdc thuit toan chon tim dudc ching toi dé xuit,
cho két qua tét trén cac tAm rdi rac, dudc tao bdi cac ky thuat khac nhau va c6

thé dbi sanh véi két qua ctia FEM.
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Ngoai Phan mg dau, Két luan va Tai liéu tham khao, ndi dung chinh ctia luan 4n
dugc trinh bay trong 3 chuong.

Trong Chuong 1, ching t6i trinh bay mot s6 kién thic chuén bi cho viéc trinh bay
cac két qua chinh trong cac chuong tiép theo, nhu: ndi suy dit liéu phan tan, him co s6
ban kinh, ma tran xac dinh duong, ham xac dinh duong, ndi suy ham c6 s ban kinh,
sai sO va sd diéu kién ctia ndi suy ham co s ban kinh, dong thdi gidi thiéu mot sb
phuong phép luéi va phuong phap khong ludi tring khép toan mién, giai s6 phuong
trinh dao ham riéng.

Trong Chuong 2, ching tdi trinh bay cach rdi rac bai toan bang phuong phép sai
phan hitu han, gi6i thiéu mot sd cach tinh véc to trong s6, nghién citu cac thuat toan
chon tdm va thuit toan sinh tdm thich nghi, trong d6 dé xuét cac thuat todn chon gid
véc to trong sé va thuit toan sinh tdm thich nghi cho phuong phap khong ludi RBF-FD
trong khong gian 2 chiéu va phat trién trong khong gian 3 chiéu.

Cubi cluing trong Chuong 3, ching toi trinh bay chi tiét két qua thit nghiém sd,
danh gia hiéu qua ctia phuong phap RBF-FD st dung cac thuit todn dudc dé xuat, dbi
sanh véi két qua ctia FEM va két qua ctia phuong phap RBF-FD st dung céc thut trudc

d6 trong khong gian 2 chiéu va 3 chiéu.
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Chuong 1
KIEN THUC CO SO

Trong chuong nay chiing toi sé trinh by mot sb kién thiic chuin bi cho viéc trinh
bay cic két qua chinh trong Chuong 2 va Chuong 3. Céc khdi niém vé ndi suy dit liéu
phan tan, ham xac dinh duong, ham cd sé ban kinh, ndi suy ham cd sé ban kinh, sai
s6 va s6 diéu kién clia ma tran noi suy ham cd sé ban kinh, dudc tham khdo trong céc

i lidu [7, 24, B1].
1.1 Noi suy du liéu phan tan

Cho b dit lieu (x;,y;),i = 1,2,...,n,x; € R?y; € R, trong d6 x; 12 diém lay mau,
y; 12 cic két qua ting véi cac diém 1dy miu. Gia st cac di€ém 1dy mau khong nim trén

lu6i déu hoic 1uéi chinh quy, tifc 1a phan bd khong déu hay di lidu phdn tdn. Cho
Ui, U, ..., U, 12 cac ham co sd ctia khong gian tuyén tinh cac ham d bién lién tuc

n
U = span{uj,up,...,u,} = {chuk, Cr ER}.

k=1

Bai toan ndi suy dit liéu phdn tdn trong R¢ 1a: Tim ham s6 lién tuc F € U thda man

F(x))=y;, i=1,2,...,n. (1.1)
Do F € U nén
n
F(x) = Z cru(x), x € RY. (1.2)
k=1
Tu (1.1)) va (1.2) suy ra
Ac:y’ (13)
trong do
up(xp) - up(xg)

up(xn) o up(xp)
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c= [cl,...,cn]T, y= [yl,...,yn]T.

Phuong trinh (T.3]) c6 nghiém duy nhét khi det(A) # 0. Cau héi dit ra 1a chon co sé
{uy,uy,...,u,} nhu thé ndo dé€ diéu kién trén dugc théa man? Trong trudng hop d = 1

thi ta ¢ thé chon co s6 1a
2 -1
{ur,uz, ...} = {1,x,x7,... X"},

V6i co 6 {uy,uy, ..., u,}, néu Bai toan ndi suy (I.1) tao ra ma trin ndi suy A xac
dinh duong thi hé (T.3) c6 nghiém duy nhét.

Pinh nghia 1.1.1 (Khong gian Haar, xem [61]], Dinh nghia 2.1, tr. 18). Gid sit Q C R¢
chita it nhdt n diém va'V C C(Q) la khong gian tuyén tinh n chiéu. Ta néi V la khong
gian Haar n chiéu trén Q néu véi bdt ky cdc diém phdn biét x1,x2,...,x, € Q va

fisfo,- - fu € R, thi tén tai duy nhdt ham s € V sao cho s(x;) = f;, i=1,2,...,n.

Pinh ly 1.1.1 (Xem [61], Pinh 1y 2.2, tr. 18). Gid sit Q@ C R? chiia it nhdt n diém.
Khi dé V la khéng gian Haar n chiéu khi va chi khi véi bdt ky cdc diém phdn biét
X1,X2, ..., Xy € Q va co 5O uy,up, ... u, cia V, ta luon co det(A) # 0, trong dé ma

trdn A duoc xdc dinh bdi (1.4).

Su ton tai ctia khong gian Haar dam bao tinh kha nghich cia ma tran ndi suy,
nghia 12 ton tai duy nhit nghiém ctia Bai toan noi suy (I.1)). Khong gian cac da thiic
mdt bién bac n— 1 chinh la khong gian Haar n chiéu véi tap dit liéu (x;;y;), xj,y; €

R, j=1,...,n.

Pinh ly 1.1.2 (Dinh ly Mairhuber Curtis, xem [61], Pinh ly 2.3, tr. 19). Gid su Q C
R?, d > 2, chita mot diém trong. Khi dé khong ton tai khéng gian Haar trén Q ¢ sé

chiéun > 2.

Pinh ly Mairhuber Curtis cho thdy, néu mudn giai dudc bai toan ndi suy dit liéu
phan tdn nhiéu bién thi co s& can phu thudc vao cic vi tri dit liéu. PE thu dudc cic
khong gian xap xi phu thudc di liéu, chiing ta can xét cac ham x4c dinh duong va ma

tran xac dinh duong.
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1.2 Ham co sé ban kinh

Dinh nghia 1.2.1 (Xem [61]], Dinh nghia 6.15, tr. 78). Ham 56 @ : R? = R duoc goi

la ham bdn kinh néu ton tai ham s6 mét bién @ : [0, +) — R sao cho

D(x) = o(|Ix]]) = o(r),

trong do r = ||x||, x € R va || -|| la chudn Euclid trén R?.

Bang 1.1: Mot s6 ham ban kinh

Tén ham Ky hiéu d(x)
Multiquadric MQ V1+r2
Inverse multiquadric | IMQ | 1/v/1+41r2
Gaussian Gauss e

Néu thém tham s6 hinh dang € > 0 vao ham @ ta ¢6 Bang|1.2|sau

Bang 1.2: Mot s6 ham ban kinh v6i tham s6 hinh dang & > 0.

Tén ham Ky hiéu d(x)
Multiquadric MQ Ver+r?
Inverse multiquadric | IMQ | 1/ve2+r2
Gaussian Gauss e ()’

DPinh nghia 1.2.2 (Ham cd sé ban kinh). Cho X la tdp cdc tdm trén R? va ham s6
@: [0,+0) — R. Ham co sd bdn kinh (RBF-radial basis function) (goi tdt la ham RBF)
tdm ¢ xdc dinh boi

ORI =R, @.(x)=0(|x—c|), (1.5)

trong do ¢ duoc goi la tdm cua ham co sd bdn kinh.

Tap hop tdt cd cdc ham co sd bdn kinh trén X
{®,: xeX} (1.6)

dugc goi la tdp cdc ham co sJ bdn kinh co tam trén X tao bdi Q.
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Tap cac ham co s& ban kinh chua chic da doc 1ap tuyén tinh.
Vi du 1.2.1. Cic ham co s8 ban kinh dugc tao bdi ®(r) = 2 trén céc tim {2, —1,
0,1,2} trong R 1a phu thudc tuyén tinh.

That vay, tacé @ _5(x) = (x+2)%, ®_1(x) = (x+ 1), g =x%, 1 (x) = (x—1)?
vi @, (x) = (x —2)%. C4c da thiic ndy phu thudc tuyén tinh vi ®_, = —3Pg+3d_; +
D;.

1.3 Ma tran xac dinh duong, ham xac dinh duong

1.3.1 Ma tran xac dinh duong

Dinh nghia 1.3.1 (Xem [24], Pinh nghia 3.1, tr. 27). Ma trdn thuc, dbi xiing A =
[Ailnxn dugc goi la xdc dinh duong néu dang toan phuong tuiong ving khong dam, tic
la

n n
Z ZCiCinj >0, c= (61,02,...,Cn)T eR"
i=1j=1

hay
T _ T n
c'Ac>0, c=(cy,c2,...,cn) €R™

Ddu "=" xdy ra khi va chi khi c = (0,0,...,0)T.

Tinh chit quan trong ctia ma tran xac dinh duong la cdc gid tri riéng ctia né duong,

do d6 ma tran xdc dinh duong 1a khong suy bién.
1.3.2 Ham xac dinh duong

Pinh nghia 1.3.2 (Xem [61]], Pinh nghia 6.1, tr. 65). Ham sé lién tuc ® : R — C,
duoc goi la xdc dinh duong trén RY néu vdi moi bé tam phdn biét X = {xy,x2,...,%,} C

RY, vdi moi véc to c = (c1,¢2,...,cn)! € C", dang toan phuong
n n
) Z TR (x ) >0. (1.7)
j: :

Ddu "=" xdy ra khi va chi khi c la véc to 0.
Néu

n n
Y ) cio®(xj—x) >0, ¢ #£0, (1.8)
j=1k=1

thi ham ® dugc goi la xdc dinh duong cht trén RY.
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Dinh nghia 1.3.3 (Xem [61]], Pinh nghia 6.16, tr. 78). Ham mot bién ¢ : [0, +o0) — R
duoc goi la xdc dinh dwong trén R néu ham nhiéu bién tuong iing ®(x) = ¢(||x||), x €
R? la xdc dinh dwong.

Vi du 1.3.1. Ham s6

T

O(x) =™

1a xdc dinh duong véi bat ky diém cb dinh y € R?, v6i moi d.

That vay, ta co

. .. T . T
) = )y gy iy
D(x; —xi) = €'Y =e"i’e"k,

Y. Y el = (Z ) (f—keixzy>

j=lk=1 k=1
Z Z ckelxky
j=1 k=1
2
X7

Céc dinh 1y sau cho ta mot cich khic dé& chiing minh mdt ham s6 12 x4c dinh

duong.

Dinh 1y 1.3.1 (Dinh Iy Bochner, xem [24], Pinh ly 3.3, tr. 31). Ham sé lién tuc
®: R? — C la xdc dinh duong khi va chi khi nd la phép bién ddi Fourier ciia dé

do Borel U hitu han, khong dm trén R4, nic la
D(x) =p(x) = (27r)_d/2/de_ixrydu(y), véi moi x € R, (1.9)
R

Tinh chit cia ham don diéu hoan toan dudc gi6i thiéu trong phan tiép theo rat hitu

ich d€ kiém tra mot ham co sé ban kinh 14 xdc dinh duong trén khong gian d chiéu.

Pinh nghia 1.3.4 (Ham don diéu hoan toan, xem [7]], Pinh nghia 2.1, tr. 12). Ham 50
¢ € C~(0,+) dugc goi la don diéu hoan toan trén (0,+oo) néu

(—Dfe“(r) >0 (1.10)

voi moir>0val=0,1,2,3,.... Ham s6 @ ciing duoc goi la don diéu hoan toan trén
[0, 400) néu no thuéc C|0,+eo) va thod mén (I.10).
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Vidu 1.3.2. 1. Him s6 ¢(r) = e~“", ¢ > 0 1a don diéu hoan toan trén (0, +o0), vi

(=D () = (=¥ e =cle™ >0, £=0,1,2,3,....

2. Ham s6 ¢(r) = W, o > 0 1a don diéu hoan toan trén (0, 4-o0). That vay

(=D () = (=D¥ a(a+1)---(a+L—1) >0, (=0,1,2,3,....

(1 + r)oH—é

Pinh 1y sau 1a tinh chit cia ham don diéu hoan toan, n6 ciing 13 mot cach dé xac

dinh ham s6 12 x4c dinh duong.

Pinh Iy 1.3.2 (Xem [61], Pinh 1y 7.14, tr. 95). Cho ham s6 @ : [0,+0) — R, khi d6

cdc ménh dé sau la twong duong:
(i) @ la xdc dinh duong trén R,
(ii) @ (/1) la don diéu hoan toan trén [0,+o0) va khdc ham hdng.

(iii) Ton tai do do Borel v hitu han, khdc khong, co tam khdc 0, théa man
o(r) :/ eYdv(y). (1.11)
0

Ap dung Pinh 1y d€ chiing minh ham @ 1a x4c dinh duong trong vi du sau
Vi du 1.3.3. Cic ham s6 sau 1a x4c dinh duong trén R,
(i) Ham Gauss: @(r) = e~ >0,
(i) Ham IMQ: ¢(r) = (1 + (er)*)™%, o > 0,€ > 0.

That vay, ap dung DPinh ly ta co:
(i) V6i ham Gauss ta c6 ¢(/r) = e, £ > 0, nén

(D)) = (- = e T 20, 1=0,1,23,...

Do d6 ¢(+/r) 1a don diéu hoan toan trén [0, +c<), nén ¢(r) 1a ham xac dinh duong.
(ii) V6i ham IMQ ta c6 @(\/r) = m a > 0, nén

(=)o (/r) = (=) e a(a+1)--- (o +L—1) 0, £=0,1,2,3,....

- >

Do d6 ¢(+/r) 1a don diéu hoan toan trén [0, +cc), nén ¢(r) 1a ham xac dinh duong.



17

Pinh ly 1.3.3 (Xem [61], Pinh 1y 8.3, tr. 98). Ham lién tuc, chin ® : RY — R dugc
goi la xdc dinh dwong bdc m néu vi moi n € N, moi cdp tdm phdn biét ting déi mot

X = {x1,x2,..., %, } C R va moi véc to c € R"\{0} théa man
n
Y cip(x;) =0 (1.12)
=1
vdi moi da thitc gid tri thuc bdc nho hon m, thi dang toan phuong
n n
Y Z jek®(x; —xi) > 0. (1.13)
j=lk=1
Ham ® duoc goi la xdc dinh duong chdt bac m néu dang toan phuong duong
va bang 0 khi c la véc to khong.

Néu mot ham 1a x4c dinh duong bac m trong khong gian R thi né sé 1a xdc dinh
duong v6i moi bac m; > m. Néu mot ham 13 xdc dinh duong (nghia 13 trudng hop
m = 0) thi s€ 1a xac dinh duong v6i moi bac m > 0,m € N.

1.4 Noi suy ham co sé ban kinh

Cho b dit liéu (x;,y:),i =1,2,...,n,x; € R? y; € R va ham ®(x) sao cho
O (x) = D(x—xz) = o(||[x—xi), k=1,2,...,n, x € R,

Khi d6, ndi suy ham sb dua trén cac ham cd sé ban kinh (goi tat 1a ndi suy RBF) la tim
ham
chq)k ch(P || — xl])
thda man diéu kién noi suy (T.1)).
Néu @, (x) 1a ham xédc dinh duong thi theo diéu kién noi suy ta c6

Fxj))=yi, i=12,...,n

hay
ch(p |xi—xkl]) =yi, i=1,2,....n
hay
@(|lx1 —xil]) @(|lx1 —x2f]) - @1 —xil[) | |1 yi
o([lx2 —xil)) @(lb2—2xll) - @2 —xll)| {e2| _ |y
@([en —x1l]) @(llxn—x2f]) -+ @([xa—xall)] |cn Yn
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hay
Ac =Yy,

trong do

¢0) o(xi—xl) - @l —xall)

ac| Plmnl 0@ sl |
ol —xll) @(ln—x2ll) - @(0)
C:[Clr"?Cn]T? y:[y17"'?yn]T

Theo dinh nghia ham xac dinh duong suy ra det(A) # 0.

1.5 Sai s6 va s6 diéu kién ctia ndi suy RBF

1.5.1 Saisb

Pinh nghia 1.5.1 (Tap cic tam 13i rac). Cho mién md, bi chin Q C R?. Tip X =
{x1,%2,...,%,} C Q dugc goi la tdp cdc tam roi rac néu X gom tdt cd cdc diém trong
mién va cdc diém trén bién.

Dinh nghia 1.5.2 (Xem [61]], Dinh nghia 1.4, tr. 14). Cho mién md, bi ch¢in Q C R4

va X = {x1,x2,...,x,} C Q la tdp cdc tdm roi rac. Khodng cdch day (fill distance)

hx q cua X trong Q duoc xdc dinh bdi

hxgi=sup min -]

Gia st @ la ham xdc dinh duong chét, A;; = ®(x;,x;), i,j = 1,2,...,n. D€ tim

dudc cac ham co s6 chinh tic uj, j=1,2,...,nthoa man

1 khi i=j,
”7(’“”):5"/:{0 khi i ],

ta xét hé phuong trinh
Au*(x) =b(x), x € X,

trong d6 A 1a ma tran kha nghich va
w= [, )", b=[®D(,x1),P(,x2),..., D, x0)]" .

Khi d6 ta c6 két qua sau:
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Pinh Iy 1.5.1 (Xem [24], Pinh ly 14.1, tr. 112). Cho X = {x1,x2,...,x,} C R la tdp
cdc tam roi rac va ® la ham xdc dinh dwong chdt trén RY. Khi dé ton tai cdc ham
u; € span{®(.,x;), j =1,2,...,n} thod man u; (x;) = 6;j va ham ngi suy F iing vdi

cdac gid tri f;, j=1,2,...,ntai cdc moc ndi suy xi,xa,...,x, la

= ilfju] (x)

Cho ham @ : Q C RY — R. Goi Ng(Q) 14 khong gian dudc sinh bdi ®, dugc dinh
nghia 12 khong gian Hilbert ma cdc phan ti c6 dang

ng
Zqu)(-—x]'), Xj€ Q,

trong d6 nge c6 thé bang oo, véi tich vo hudng dudc xac dinh bdi
ne ne ne no
Y i@ (-—x)), ) di®(-—z) ZZc,dcp z), uEQ.
j =1 j=li=
DPé danh gia sai s6 ctia phép ndi suy, Wu va Schaback [63, Dinh nghia 1] dua ra
khai niém ham Kriging va dudc Schaback dung véi tén ham liy thua trong [S3]], no

dudc dinh nghia nhu sau:

Dinh nghia 1.5.3 (Xem [24], Dinh nghia 14.1, tr. 115). Cho Q C RY va ® € C(Q x
Q) la ham xdc dinh duong chét trén RY. Vi bdt ky tdp cdc diém phdn biét X =
{x1,x2,...,%,} € Q, ham lity thita dugc xdc dinh bdi

[Pox (x)]* = Q(u*(x)),

trong dé u* la véc to ciia cdc ham co sé chinh tdc nhu trong Dinh Iy va

n n n
O(u) := d(x,x) —22 uj®P(x,x;) —l—Z Z uin ;P (x;,xj), x € X, u e R".
=1 i=1j=1

St dung tich v hudng trong khong gian Ng(Q) ta co

n
O(u) ZZuJ (x,x;) + Z D (xi,x;)

x] >N¢.

—+ i’ i Uit j <q)('7xi)7q)("xj)>3\fq>(9)
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- <‘I’<~,x> — Y ). P(0) — Y. ”fq’<""")>
j=1 j=1 No(2)
— i ujCI)
j=1

No ()

Néu st dung hé phuong trinh tuyén tinh nhu trong muc [1.4| v6i
A= [0 —x)]} iy u = [ur,uz, ... )" b =[®(,x1), @, x2),...,D(,x0)],
khi d6 dang toan phuong cia Q(u) la
Q(u) = ®(x,x) — 2u b(x) + u’ Au.
Tu Pinh nghia|1.5.3|suy ra
Po x(x) = v/Q(u (1)) = \/®(x.2) — 200 (1)) Th(x) + (u* (1)) TA(u(x).

Miit khdc, bang viéc st dung cic ham chinh tic ta c6 Au*(x) = b(x) nén

Pox(x) = /@ (x.x) — (" (x))Tb(x)
= \/CI) (x,x) — (u*(x)) T Au*(x)
_\/cp — (b(x))TA=1b(x).

Do A 1a ma tran xac dinh duong va @ la ham xac dinh duong chat nén suy ra

0 < Ppx(x) </ P(x,x).

Pinh ly 1.5.2 (Xem [24], Dinh ly 14.2, tr. 117). Cho Q C R4 lg mién md va X =
{x1,x%2,..., %, } C Q la tdp cdc tam roi rac, ® € C(Q x Q) la ham xdc dinh duong
chdt trén Q. Ky hiéu F la ndi suy ciia ham f € N (Q) trén X. Khi do

|f(x) = F(x)] < PCI),X(X)HfHN(D(Q), x € Q.

Pinh ly 1.5.3 (Xem [61], Dinh ly 11.4, tr. 176). Cho Q C R4 lg mién md va X =
{x1,x2,...,%,} C Q la tdp cdc tam roi rac, ® € C**(Q x Q) la ham xdc dinh duong
chdt. Ky hiéu F la ndi suy cia ham f € Ng(Q) trén X. Khi do

ID%f(x) ~ DUF (x)| < Pe3 (0 fllxg () Vx € Q, Ve € NG, | < k.
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St dung khoéang cach day ta c6 dinh 1y sau:

Pinh Iy 1.5.4 (Xem [61], Dinh Iy 11.14, tr. 183). Cho X := {x1,%, ..., x,} la tdp cdc

d
tam roi rac. Goi B = (B1,Ba,-..,B4)" € N& théa man |B| = Y. B, vdi Ny la tdp hop
i=1

s6 nguyén khong am. Gid sit todn tit vi phdn DP cho béi cong thiic
B
B J

o 3x?18x22...8xdd.

Cho ® la ham s6 khd vi vé han, nhu ham Gauss va ham IMQ, la ham xdc dinh duong
bdc m. Ky hiéu F la noi suy cia ham f € Ng(Q) trén X. Khi do véi moi | € N va
[ > max {|B|,m— 1} ton tai hang s6 hy (1) ,C; > 0 sao cho

DP f (x) = DPF (x)| < Citly | v
trong do f € No () ,ho (1) > hx o, B la bdc cua dao ham.
1.5.2 S6 diéu kién va su on dinh ctia ndi suy RBF

Dinh nghia 1.5.4. Cho ma trén vuéng A khd nghich. Khi dé, sé diéu kién ciia ma trén

A tinh theo || - ||, (1 < p < o) cho trudc la
cond(A) = HAHpHA_al-

Bai toan ndi suy dif liéu phan tan dan dén (1.3), tiic 1a hé s ¢ théa min Ac =y,
suy ra

IYllp < lAllpllellp- (1.15)

Nim 1995, Robert Schaback ([53, Phan 2]) di chi ra, v6i miic do nhiéu cong (tic 1a
nhiéu do cic yéu t6 bén ngoai giy ra), khi tinh todn y + Ay cho két qua tuong ting 1a
¢+ Ac, véi Ac = c* — ¢, ¢* 1a nghiém x4p xi cta (1.3). Khi d6

A(c+Ac) =y+Ay.
Do Ac = y néu AAc = Ay, suy ra Ac = A~ 'Ay, do d6

||AC||p < ||A_l||p||Ay||p- (1.16)

Nhan hai vé caa (T.15)) va (T.16) ta ducc
[Ac|p

||C||p

851 _
||y||p

1Ayl

S ||A||P||Ail||17 ||y|| :
p

ond(A)

(1.17)
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V6i ndi suy RBF, ma trin ndi suy A trén tip cac tm roi rac X = {xy,x2,...,X,} ¢
dang (1.14)). Do & la ham cd sé ban kinh nén A 1a ma tran xac dinh duong va
A'max (ACID,X )

cond(A) = ||A[|2]|A" |l = Tonin (Ao x)
m 5

trong d6 Amax (Ad.x ), Amin(Ae x ) 12 cdc gid tri riéng 16n nhat va nhd nhét cla A trén X
(61, Phan 12, trang 207].

S6 diéu kién ctia ma tran ndi suy cho biét d6 6n dinh ctia qud trinh ndi suy. Do dé,
ta cAn xem xét cc gia tri riéng 16n nhat va nho nhat. Gia tri riéng 16n nhét A, ducc
danh gia bdi dinh ly Gershgorin trong [61, tr. 207] nhu sau: Cho tap cac tam rdi rac
X = {x1,x2,...,X%,} VGi

n
Amax (Ao x) —@(xj,x)| < Y, 1@ (xjx) |, j=1,2,...,n
k=1 k]

khi do
Amax (A x) < 1 [|P(.; )| x.x)-

Néu ® 12 ham xac dinh duong thi

)-max(Atl),X) S n @(O)

Pinh ly 1.5.5 ([53], Pinh 1y 2.1). Cho u; (x), 1 < j < nlacdc ham chinh tdc sinh bdi
® trén X C Q C RY. Khi dé vdi moi x € Q\ X ta cé

1<1+ ), [uj(x)}z < P x (%) / Amin(Ad xU(x});
=1

trong do

CTAq)7 xC

Amin(Ae x) = g% T,

va Ae x la ma trdn ngi suy ciia ® trén X U {x}.
1.6 Phuong phap ludi giai phueng trinh dao ham riéng

Trudc khi gidi thiéu mot s6 phuong phdp ludi, ching tdi trinh bay mot sb khai

niém sau:
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Dinh nghia 1.6.1 (Véc to trong s hay stencil). Cho D la todn tit vi phdn tuyén tinh
xdc dinh tréen R va X = {xi}, C R? la tdp cdc tdm phdn tdn dugce chon. Mot xdp xi
dbi vdi todn tit D,

n

Du(x) ~ Z win(x;),

i=1

duoc xdc dinh béi cdc hé so
wi=wi(x), i=1,2,...,n, x e R%.
Véctow = [wi,wa,...,wu|T duoc goi la véc to trong sé hay stencill.

Pinh nghia 1.6.2 (Gid véc to trong sb E¢). Cho & C Q la tdp hitu han cdc tam roi
rac c6 bién la 0E := ZNJIQ. Vi moi § € Z\ I ta chon duoc tdp cdc tam Z¢ gom

¢ va cdc diém lan cdn cua §. Tap E¢ dugc goi la gid véc to trong $0.

Déi véi phuong phap ludi, tap gid véc to trong sb Egco thé duoc chon gdm ¢ va
dinh cla cdc tam giac c6 chung dinh  trong khong gian 2 chiéu, hodc n6 gom { va
dinh ctia c4c tii dién c6 chung dinh { trong khong gian 3 chiéu. Ddi v6i phuong phap
khong ludi can mot thuét toan chon tap E¢, va dudge goi la thudt todn chon tdm hay

thudt todn chon gid véc to trong sé 16,411, 148] [55]].

Pinh nghia 1.6.3 (Tap cic tAm trung khép ®). Cho E C Q la tdp hitu han cdc tam roi
rac ¢ bién la 0= := ENIQ. Véi méi § € E\ dE ta chon didc mot gid véc to trong
5O E¢. Goi O la tdp cdc trong tdm ciia tam gidc trong gid véc to trong so E¢, VO
quy tdc cdc diém xung quanh { duoc xép theo chiéu nguogc chiéu kim dong ho va tao

thanh cdc tam gidc c¢o chung dinh §. Khi do tdp
o= U e
LeRE\IE
duogc goi la tdp cdc tam trung khop.
Trong phan tiép theo, chuing t6i sé gidi thiéu hai phuong phap 1ué6i truyén thong

giai s6 bai todn (T)), d6 1a phuong phap sai phan hitu han va phuong phap phan tit hitu

han.
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1.6.1 Phuong phap sai phan hiru han

Xét bai toan (1)) véi D la toan ti Laplace cho bdi cong thiic
d 02
D:=) —. 1.18

Phuong phap sai phan httu han r6i rac bai toan nhu sau: Cho E C Q 1a tap hitu
han céc tim 10i rac va dZ := ZNJQ. V6i mdi § € E\ JE, ta chon dugc tip gia véc
to trong sb ErCE, (€& va xap xi toan t vi phan bdi cong thiic
Du(§)~ Y weeu(§), (1.19)
Eety
trong d6 [w¢ ¢lecz ¢ 1a véc (o trong s6. Khi d6 bai toan (1) dudc rdi rac thanh hé
phuong trinh

Y weed(€)=f(8), $eE\E, (1.20)

<>
~~
e
N—

I

g(§), EedE. (1.21)

Néu hé phuong trinh (1.20)-(1.21) khong suy bién, gidi hé ta tim dugc nghiém x4p xi
il : 2 — R cua bai toan (IJ).

Trong khong gian 2 chiéu, céc tac gia ctia [16] da gi6i thiéu ludc dd sai phan tong
quat v6i 2 tap hitu han céc tim rdi rac 12 E C Q va ® C Q tap céc tam tring khdp
(tdp cdc trong tAm cla cdc tam gidc). V6i moi § € E\ JE, JE := ENJQ, chon 2
tap cac tim By C E, { € E¢ va Oy C O ting véi cdc trong s6 wee €R, S Egva
o¢ 9 €ER, 0 € Q¢ nhu I—ﬁnh dé tinh ton t vi phan tuyén tinh D trén O¢ bdi cong
thuc

Y, oreDu(6)~ Y weeu(é), (1.22)

6€0, §ely

véi trong s6 we e Ee E¢. Khi do, bai toan (1)) dugc roi rac boi hé phuong trinh tuyén

tinh
Y weedz = Y ogef(6), eE\0E, (1.23)
SeE¢ 0O,
ag = g(&), &e€dE (1.24)

Trudng hop mién Q C R? 12 hinh vuong va Z, © 1a tap cdc diém ludi déu cé bude

lu6i h. Gid véc to trong s6 khudn 5- di€m va véc to trong s0 1a Oy = {{}, o¢ r = 1,



25

(1]

Ao n

Hinh 1.1: Mién Q cung véi cic diém ctia tap = (d4u "o" nhd) va cac diém cia tip ® (du
"+" nho). Cdc tdm thudc tap E cd lién két v6i £ bdi duong nét lién va cac di€ém thudce O¢
c6 lién két véi ¢ bdi duong nét diit.

Er ={8,{£(n,0), £(0,h)}, wer = —4/R* vawg e =1/h*, & € B¢\ {{}, xem
Hinh. Néu D 1a toan tif Laplace thi phuong phdp sai phan hitu han tinh D bdi
cong thuc

Au(l)~ Y, weeu(§).

Eely

Khi d6 cong thic (1.23)-(1.24) 1a vi phan 5-diém véi
8u(Q) 7 (G 4 (1,0) +(€ — (h,0) +(C +(0,1)) +u(E — (0,h)) —4u() ).

1.6.2 Phuong phap phan ti hitu han

Phuong phap phan tit hitu han ri rac bai toan (T)) véi D 1 todn ti Laplace cho béi
(T.18), dua trén bai toan bién phan nhu sau: Tim u € H'(Q) sao cho u|yq = g va

—/ VuVvdx = / fvdx véi moi ham thit v € H}(Q), (1.25)
Q Q
trong do

H)(Q)={ucH (Q): u=01uendQ},

Hl(Q):{MELz(Q)I %ELz(Q),jZl,Z,...,d},
J

L (Q) = {u: /Q|u(x)|2dx<oo,x€Rd}.
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—
7]

Hinh 1.2: Cac tdm rdi rac, tap tam trung khop O, khudn trong s6 5- diém = ¢ cua phuong
phap sai phan hitu han.

Dinh ly Lax-Milgram (xem [11]], Dinh 1y 1.1.3, tr. 8) da chi ra su ton tai va duy nhét
nghiém ctia Bai toan (1.25)) va trong [50] da gidi thiéu cach ri rac bai toan (T)) bang
phuong phap phan ti hitu han.

That vay, xét bai toan trong khong gian 2 chiéu. Phuong phép phan ti hitu
han r&i rac mién Q bdi hitu han cc phan tif tam gidc. Goi Z 1a tp dinh cla cic tam
gidc va ham @¢, & € E la cidc ham nén. Khi d6, nghi¢m x4p xi clia bai toan (1.25)
dugc xac dinh bdi cong thiic

u(x) = Y 4(&)ee(x), xeQ,

e
trong d6 4(&) thoa man 4(&) = g(&) véi & € JE va
—/ V( Y ﬁ(g)%)wgdx: / fordx, {eZ\0E.

o \iz Q
Thay & € E & vé trai bdi mién dia phuong & € E¢, trong do E gdm ( va dinh ctia cac
tam gidc c6 chung dinh ¢, (xem Hinh [1.3)), ta dugc

-y ﬁ(g)/ V(p§Vq0§dx:/f(p§dx, L €5\ JE. (1.26)

E€E, Q 2
Tich phan & vé trai cta (I.26)) x4c dinh cdc phan ti cia ma tran hé s6 va dudc goi 1a
ma tran cing. bat

We g = _/QV(P&EV(PCdx? & € E’C’
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khi do wy ¢ 1a trong s6 clia phuong phép phan ti hitu han. Ludc d6 thong thudng cla
phuong phap phan ti hitu han tinh tich phan & vé phai cta (1.26)) 1a quy tac trung diém
céac canh ciia mdi tam gidc trong gid clia ¢¢- Goi Ty la tam giac co trong tam 6 va O¢

la tAp cdc trong tdm cla cdc tam gidc c¢6 chung dinh { (xem Hinh |1.3), khi d6

/Qf(pgdx: y /Tef(pgdx% Y %(T")f(e).

6€®C GGQC
Vi vay, phuong phap phan ti hitu han ciing roi rac Bai toan () 6 dang (1.23)-(1.24),
v6i

_ area( 7T

A\
(1]

Hinh 1.3: Ri rac mién Q bdi cac tam gidc va cdc diém cla cdc tap Z, O, EC va ®C caa
phuong phap phan ti hitu han.

1.7 Giai phuong trinh dao ham riéng bang noi suy RBF

St dung ham co s6 ban kinh gidi phuong trinh dao ham riéng 1a céch tiép cin
khong ludi, dudc dé xuit dau tién vao nim 1990 bdi Edward Kansa [39], bang viéc
st dung ndi suy RBF dé tinh gan ding dao ham, sau d6 phat trién d€ gidi gan ding
phuong trinh dao ham riéng [40]. Day 1a céch tiép can theo hudng trung khdp toan
cuc dudc phat trién sau ndy trong [28] (dudc goi 1a “phuong phap Kansa”). Tu tudng
chinh 1a thay « bang ham ndi suy RBF va giai hé phuong trinh bing ndi suy RBF dé

tim nghiém x4p xi, cu thé nhu sau:
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Gia st mién Q dugc roi rac bdi tap cac tim tring khép = = {&1,&,...,&,}. Tim
nghiém x4p xi ctia Bai toan (T]) bsi ndi suy RBF c6 dang
n
a(x) =Y oo(llx—&l), xeZ. (1.27)
i=1
Khi d6 Bai toan (1)) c6 dang
Di(g) = f(¢), CeE\JE,
a(g)=g(8), & edE.
Gia st tdp E ¢6 m diém trong mién vdi chi s6 tif 1 dén m(m < n) va n —m di€ém bién
cé chi sb tuong ung la m+ 1 dén n. Thay (1.27)) vao (1.28) ta dugc
[ Do([&1=&Gill) -+ Do([|&1 —&ll) | [ f(S1) ]

(1.28)

Do(l&n-&l) - De(lén—&l | || _ | & 129
ol ~&l) -+ @(lEns— &) G|

L o8 —&ill) - e(l&a—Gal) | | 8(xn)
Giai hé phuong trinh (1.29) ta tim dudc cac hé sb o, thay trd lai (1.27) ta tim dudc

nghiém xap xi i1. Cau hoi dit ra 1a chon hAim ¢ nhu thé nio dé€ ma tran ctia hé phuong
trinh khong suy bién. Kansa da ky vong ring, véi cach tiép cian nhu viy thi ma
tran A sé khong suy bién nhung thuc té thi khong phai nhu vay. Do d6, day chinh 1a
nhugc diém ctia phuong phap. Hon nita phan dit nhit cia phuong phap Kansa la chi
phi tinh todn rat 16n, O(n?) 1a chi phi gidi hé tim nghiém x4p xi, O(n*) cho méi lan

tim hé s6, nén phuong phap khong phi hop véi bai toan c6 dit liéu 16n.
1.8 Két luan

Trong chuong da trinh by mot sd cac khai niém co ban 1am co s6 dé€ xay dung
phuong phap khong ludi RBF-FD gidi phuong trinh dao ham riéng. Dong thdi trinh bay
mot s6 phuong phap ludi truyén thdng nhu phuong phap sai phan hitu han, phuong
phap phan ti hitu han.

Phuong phép khong 1uéi tring khép trén toan mién gip khé khin véi bai toan cé
dit liéu 16n, vi khi d6 sb diéu kién ctia ma trin hé s6 va chi phi tinh toan ctia phuong
phap tang. Pay la dong luc chinh cho su ra doi cua phudng phap khong luéi RBF-FD
dua trén su rdi rac gidng nhu phuong phap sai phan hitu han va st dung ndi suy RBF

v6i cac tiép can dia phuong dé€ tinh trong so.
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Chuong 2

PHUGNG PHAP KHONG LUOI THICH
NGHI RBF-FD GIAI BAI TOAN
DIRICHLET CHO PHUGNG TRINH
ELLIPTIC

Phuong phap RBF-FD la phuong phap khong 1u6i dua trén su rdi rac gidbng nhu
phuong phép sai phan hitu han d€ tim nghiém xAp xi tai cac diém rdi rac trong mién
va st dung noi suy RBF vdi cach tiép can dia phuong d€ tinh trong sb. Cach tiép can
dia phuong dugc Oleg Davydov va Ping Thi Oanh dé xuit vao nim 2011 [16], cic
tdc gid nay da gidi thiéu phuong phdp RBF-FD dua trén ndi suy don di€m, ndi suy da
diém, thuat toan chon gid véc to trong s (chon tam) va thuit toan sinh tim (1am min)
thich nghi. Nam 2017, cac tac gia Pang Thi Oanh, Oleg Davydov va Hoang Xuan
Phi [48]] da tiép tuc phat trién thuat toan chon tAm hd tr¢ phuong phap khong ludi
RBF-FD, thuit toan sinh tam thich nghi trén c4c bai todn c¢6 mién hinh hoc phiic tap,
nghiém c6 do dao dong 16n. Trong chuong nay, bén canh viéc trinh bay cach rdi rac
bai toan trén mién rdi rac c6 tam phan bd bét ky bdi phuong phap sai phan hitu han,
chiing t6i con gidi thiéu cach tinh trong sb bang nodi suy RBF, cac thuit toan chon tim
trong khong gian 2 chiéu va phat trién thuat todn chon tam trong khong gian 3 chiéu,
dong thai trinh bay c4c thuit toan sinh tAm thich nghi cho phuong phap RBF-FD. Céc
thuat todn méi do ching to6i dé xuét déu cho thiy su hiéu qua trong cac thi nghiém
s6 ctia Chuong 3 va c6 thé dbi sanh véi két qua ctia FEM va cdc thudt todn di cong bd

trude do.
2.1 Ri rac bai toan

Phuong phap khong luéi RBF-FD dua trén su roi rac bai toan (1) véi D la toan
ti Laplace, gidng nhu phuong phap sai phan hitu han tdng quét nhu sau: Gia st
= C Q tap hitu han cdc tAm rdi rac. Goi Ejy := ENQ 12 tip cac tAm trong mién,

0% :=EZNJQ Ia tAp cdc tAm trén bién. V6i mdi § € E;y, ta chon tap gid véc to trong
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30 Z¢ :={&0,&1,&, ..., &} C B, v6i & = { va xlp xi Du (&) bdi cong thic

Du(§)~ ), weeu(§), §€Eim, 2.1)
§ely
trong do we ¢ la véc to trong s6 va cong thiic (2.1)) dudc goi 1a cong thiic vi phdn sé.
Khi d6, bai toan (I]) dugc rdi rac bdi hé phuong trinh

Y weea(€)=1f(8), {€Bin
"% 2.2)

a(g)=g(g), &edE,
v6i (&) 1a nghiém xAp xi clia nghiém u cda bai todn (1) tai diém & € =.
Dé giai dugc hé phuong trinh (2.2)) bing phuong phap RBF-FD ta can giai quyét 3

van dé sau:
* Lam thé nao dé tao ra dudc tip cac tAm rdi rac Z?
« Chon tap cac tam ho trg Z; (gid véc to trong s6) nhu thé nao?
« Cich tinh véc to trong s6 w¢ ¢ phit hgp?

Céc tac gia cta [16] da dua vao tip cac tAm trung khép © C Q va rdi rac Bai todn
trong khong gian 2 chiéu thanh hé phuong trinh (T.23)-(1.24). Tuy nhién chiing
toi khong nghién ciu mé rong nghiém cua bai toan, ma nghién ctiu thuét toan sinh
tam thich nghi cia mién = va thuat todn chon gid véc to trong s6 E¢ cho phuong phap
RBF-FD trong khong gian 2 chiéu va phat trién trong khong gian 3 chiéu.

Tap cdc tAm rdi rac E c6 thé dudc tao ra bang cach gidng nhau 1a sit dung phuong
phap 1uéi (phuong phap sai phan hitu han, phuong phap phan ti hitu han hoic phuong
phap thé tich hitu han). Tuy nhién trong cdc dng dung viéc tao ludi thudng rat khé
khan, dac biét la cho cac mo hinh 3D phuc tap. Pong luc chinh cho cac phuong phap
khong ludi 12 khong can duong lién két gitia cac diém trong =, diéu nay gitp don gian
héa hon trong viéc tao cdc tim clia mién rdi rac.

Trong khong gian 2 chiéu, viéc tao cac tAm clia mién rdi rac cho phuong phap
RBF-FD di dugc gidi thidu 1an dau tién trong [[16] bang thudt todn sinh tam thich nghi,
d6 1a thuat todn sinh tAm trung diém (xem Thuét todn D02, Phan . Thuat toan nay
tiép tuc dugc phat trién cho cac bai todn c6 mién hinh hoc phic tap, nghiém c6 ky

di, hodc c6 d6 dao dong manh trong [48], d6 1a thuit toan sinh 5 tam thich nghi (xem
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Thuét toan 0DP2, Phan . Dé&i véi mot thuat todn sinh tAm thich nghi khong ludi,
bdn cong doan chinh 4nh hudng dén két qua sinh tim 1a: Cach tinh do 1éch, ngudng
cia do léch, khoang cach tach biét dia phuong va ciu tric clia cdc tim dng vién.
Phuong phap tinh do léch t6t déng mot vai trd rat quan trong trong qua trinh sinh
tam thich nghi, nhu trong [48]] da st dung cich tinh tét v6i chi phi tinh todn 12 tuyén
tinh va da ching minh tinh hiéu qua bang céc thi nghiém sb, dic biét nghiém xip xi
phuong phap RBF-FD c6 dd chinh xéc tdt v6i ca bai toan c6 nghiém dao dong manh
nhu Bai toan [6|, Chuong 3 véi tham s& a = 100000. Trong thut todn sinh tim thich
nghi cai tién, chiing tdi tiép tuc st dung cach tinh do 1éch nay. Ngudng do léch xac
dinh cac canh c6 cheén thém tdm mdi hay khong, trong thuat toan sinh tam thich nghi
cai tién chuing t6i gi6i thiéu k¥ thuat xac dinh ngudng do 1éch dua trén su dao dong
ctia bai toan. Ky thuét nay tranh dugc viéc gidm ngudng nhanh c6 thé din dén viéc
chén cic tAm tai vi tri khong can thiét. V6i bai toan c6 ham dao dong manh, nén uu
tién cho mat do clia cdc tAm hon 13 su phan b6 déu. Do d6, thuat todn sinh tAm thich
nghi cai tién c6 buée diéu chinh giam tham sd hé s6 khoang cach tach biét dia phuong
dé€ cac tAm ting vién dudc chén vao nhiéu hon (xem Thuét todn 0T2, Phan .

Mbi phuong phap khong ludi déu dua ra thuat todn chon tip céc tm rdi rac = dé
tinh véc to trong s6, d6 1a viéc chon cac tap gid véc to trong s6 E¢, § € Ejp d€ tinh céc
trong 86 we ¢, § € Bin, & € E tuong ting. Viée chon gid véc to trong s6 E¢, § € Eiy
dnh hudng dén két qua tinh véc to trong sb. Céc thuét toan chon gia véc to trong sb
cho phuong phap RBF-FD dudc gidi thiéu trong [3, 10, 37, 41, 44, 45,151,155, 162]] cho
két qua khong tot qua thi nghiém sb trén ludi thich nghi trong [[16] va trong [16] cac
tac gid da dé xuat thuat toan chon tim mdi cho phuong phap RBF-FD, véi mot diéu
kién diing vé géc va gia véc to trong sb dudc chon cd dinh véi s6 tam 1a k = 6 (xem
Thuit toan D01, Phan . Trong [48] cac tac gia tiép tuc dé xuit thuit todn chon
tam vdi hai diéu kién diing, ngoai diéu kién ditng vé géc, thuat todn con c6 thém diéu
kién ditng vé khoang cach (xem Thuat toan ODP1, Phan [2.3.2). Tuy nhién viéc chon
gia véc to trong sd véi s6 tam cb dinh k = 6 c6 thé loai bd mdt sd diém phi hop hoic
chon mot s6 diém khong tot, hon nita tit cdc Hinh 1(d, f) trong [48] ¢6 thé chon dudc
gia véc to trong sb v6i k = 4 ¢6 cac tAm phan phdi déu va gan hon, hoic k = 5, thAim
chi k = 7 hodic k = 8, diéu nay da thiic diy ching t6i dé xuat thuat toan chon gia véc

td trong sb c6 s6 tAm khong cb dinh va dua ra tiéu chi méi d€ chon mot s6 diém phu
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hop (xem Thuit toan 0T1, Phan . Thi nghiém sb trén cdc bai toan c6 mién hinh
hoc phiic tap hoidc nghiém c6 do dao dong 16n trong Chucng 3, cho thiy, thuét toan
chon tAm md&i chii yéu chon dugc gid véc to trong s6 4 diém (k = 4), nén mat do ma
tran hé s6 nhd hon mat d6 ma tran ciing ctia FEM, hon nifa sai s6 rms ctia phuong phap
RBF-FD khi st dung thuét toan nay 6n dinh va nhé hon sai s6 rms clia phuong phap
RBF-FD st dung thuét toan chon tim trong [48] va cling nho hon sai sb rms ctia FEM.
Bén canh d6 chi phi tinh toan ctia thuit todn chon tim mdi dé xuit ciing nhd hon so
v6i thuat todn chon tAm trong [48]], diéu nay dudc thé hién dua vao viéc so sanh 2 gia
tri 12 s6 phan trim thuat toan chon tim m&i diing lai & Buéc 11 (chon dudc gid véc to
trong s6 4 diém (k = 4)) tit 74% dén 90% va mat do ma tran hé sd.

Céc véc to trong s ctia bai toan (I trong phuong phap RBF-FD c6 dang tdng quat
1a cong thic vi phan s6 (2.1)), véi D 1a toan tif Laplace A. Céch tinh véc to trong sb
we g, (e, €€ E¢ anh hudng dén do chinh x4c ctia cong thic (2.1), n6 c6 thé
dugc tinh bing cach st dung cic da thifc ¢6 bac nhat dinh hodic ham co sd ban kinh
(xem [26]]). D6 chinh x4c ctia cong thiic vi phan s trén cac tAm phan b khong déu
ctia mot s6 phuong phap ducc gi6i thiéu trong [21], 22] 23]]. Trong [16] da gidi thiéu
cach tinh trong s6 RBF don diém, trong s6 RBF da diém va trong s6 RBF Hermite, tuy
nhién thit nghiém sb cling cho thy trong s6 RBF don diém c6 céch tinh it ton kém va
ciing hiéu qua, vi vy cach tinh nay tiép tuc dudc st dung trong [48]] trén cac bai toan
c6 mién hinh hoc phtc tap, hodc nghiém c6 ky di, hoic c6 do dao dong 16n. Do do,
chiing t6i khong nghién cifu va mé rong céch tinh trong sé6 ma chi nghién citu thuét
toan chon tdm hd trd tinh véc to trong s, cng vé6i thuit todn sinh tam thich nghi cho
phuong phap RBF-FD. Trong phan tiép theo ching tdi sé gidi thiéu mot sd cach tinh

véc to trong s6 don diém dua trén ndi suy RBF.

2.2 Néi suy RBF tinh véc to trong sb
2.2.1 Véc to trong sb

Trong phan nay, ching t6i sé trinh bay cach tinh trong s bang ndi suy RBF dudc
gidi thi€u trong [49]].

Ménh dé 2.2.1. Cho ® : R — R la ham xdc dinh duong, xdc dinh béi ® (x) =
o (||x|]), x € RY, trong dé ¢ : R, — R va ||-|| la chudn Euclid trong R?. Gid sit
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X = {x1,x2,...,x,} C R la tdip cdc tam rvi rac va ham s6 lién tuc u : RY — R c6 ham
noi suy RBF la
n
s(x) = Z a;®(x—x;), x e RY.
j=1
Khi dé véc to trong sé trong cong thitc (2.1)) dugc tinh bing ndi suy RBF bdi cong thitc
T —1

wi= [W17W27"'7wn] = (CI)X) Dq)(x_')p(a (23)

vdi D la todn tit vi phdn va

Dy 1 =[P (xi —x))]} iy

DO (x—)x : = [DP(x —x1), D®(x—x3),...,DP(x—x,)]", x e R%.

Chitng minh. Gia st X = {x1,x2,...,x,} C R? 1a tip cdc tam r3i rac, khi d6 ham ndi

suy RBF s ciia ham u : R — R ¢6 dang
- d
s() = ) aj®(x—x;), D) :=@([lx[]), x € R,
j=1
s(xi) = u(x;), i=1,2,...,n,

trong d6 a;, j = 1,2,...,n1a cdc hé s6 ndi suy. Tu diéu kién noi suy ta c6

n
Zajcb(x,-—xj):u(x,-), i:1,2,...,n,
j=1

hay
Pxa = upy,
trong do
ai u(x1)
a u(xp)
a = . s M‘X = . s
a u(xp)
va
D(x;—x1) Plx;—x) -+ D(x;—xp)
Dy —x1) Plrp—x2) -+ D(xp—xp)
Py : = . . , .
D(x,—x1) Plxy—x2) -+ D(xy—xp)

= [®(x; _xj)]Zj:I ’
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12 ma tran d6i xing x4c dinh duong. Do d6
~1
a = (CI)X) bt| X-
Gia st D 1a toan ti vi phan. Tu cong thiic noi suy, ta xap xi Du(x) bdi cong thiic

Du(x) ~ Ds(x) = ilajDCD(x—xj)
=
= a'DP(x—)x
T

= {(CDX)IMX} D®(x—-)x

= uly (Px) ' DP(x—)x

= ;wiu(x,-)

= [wiulx)]iy (2.4)

trong do

we=[wi,wa, . wal” = (@x) 7 DB(x— )y,

goi 12 véc to trong s6 va
D®(x — ) x := [DP(x —x1),DP(x —x2),...,DP(x —x,)]" .
O

Tham khéo thém tinh chit, vi du vé ham xac dinh duong trong [[7, 24, 61] va ly
thuyét vé noi suy RBF trong [[16], 26, 48]].
2.2.2 Véc to trong so véi thanh phan hang s6

Céch tinh véc to trong sd cho phuong phap RBF-FD bing ndi suy RBF véi thanh

phan hing sd, da dudc céc tac gia gi6i thiéu trong [[16] nhu sau:

Ménh dé 2.2.2. Cho ® : R? — R la ham xdc dinh duong, xdc dinh bdi ® (x) =
o (|[x])), x € RY, trong dé ¢ : R, — R va ||-|| la chudn Euclid trong RY. Gid sit

X ={x1,x2,...,x} C R? la tdp cdc tam roi rac va ham so lién tuc u : R — R ¢6 ham

noi suy RBF vdi thanh phan hdng so la

s(x)=Y aj®(x—xj)+c,xe R4
j=1
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Khi do véc to trong sé w trong cong thitc [2.1)) duoc tinh bang noi suy RBF bdi cong

B R e

trong dov € R", D la todn tw vi phdn va

thuc

Py = (B (=)l .

D®(x—)x : = [DP(x —x1), DO(x —x2),...,DP(x —x,)]" , x € R

Chitng minh. Gia st X = {x1,x,...,x,} C R? 12 tAp cc tAm rdi rac. Khi d6 ham ni

suy RBF s ctia ham u : R — R v6i thanh phan hing s6 c6 dang

s(x) =Y aj®(x—x;)+c, P(x) = @(|lx]]), x € R4 (2.6)
j=1
s(xj) =u(x;), j=1,2,...,n, 2.7

ra
Zaj¢(xl—xj)+6—u(xl),l:1,2, NR
j=1
Zaj :0,
j=1
hay
CI)X 1 a . u|x
ERIEEE e
trong do
1m:=[11 - 1],
—— ———
d(0) - D (x) —xp)
(I)X = s
D(x,—x1) - d(0)
ai u(xp)
ar u(x;)
a:= ) M|X = .
an u (xp)

Vi @ 1a ham xdc dinh duong trén X nén ®x 1a ma tran dbi xiing xac dinh duong, do
d6 giai phuong trinh (2.8)) ta ludn tim dugc duy nhit hé s6 tuong dng la

lﬂ:ﬁ% é]_llug{] 2.9)
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Cho D 1a toan t vi phan. Ta xAp xi Du(x) bdi cong thiic

Du(x) =~ Ds (x) = iaquD(x—xj)
=

L) e

Thay (2.9) vao (2.10) ta dugc

=1
vOi
D® (x —x1)
D®P (x—x)
DP(x—.)|y:= .
D® (x—x,)

va véc to trong s6 w thda man phuong trinh

% L)

Khi hing s6 ¢ = 0 thi ta dudc Ménh dé Céc tac gia trong [16] da st dung
cong thiic dé tinh trong s6 don diém va trong sd da diém (tic 13 st dung thém
cdc tim trung khdp), con trong [49], ching t6i da tinh trong s6 bang ndi suy RBF bdi
cong thuc (2.3).

2.2.3 Véc t trong s6 véi thanh phan da thic

Trong [[18]], chiing t6i da gidi thiéu céch tinh véc to trong s6 RBF-FD bang ndi suy
RBF vdi thanh phan da thiic nhu sau:

Ménh dé 2.2.3. Cho ® : RY — R la ham xdc dinh duong, xdc dinh béi ® (x) =

o (||x|]), x € R4, trong dé ¢ : R, — R va ||-|| la chudn Euclid trong R?. Gid sit
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X ={x1,x2,...,%,} CR? la tdp cdc tam roi rac va ham sé lién tuc u : R — R c6 ham

noi suy RBF vdi thanh phan da thiic la

n
Za] X—Xj +Zc]pj xeRd,

voi {p1,...,px} la mét co sd cia khéng gian tuyén tinh cdc da thiic ¢6 bdc nhé hon

hodc bang {. Khi do véc to trong s6 w € R" trong céng thitc 2.1) duoc tinh béi cong

HEEEIR =l

trong do v € R, D la todn tit vi phdn va

thue

Py 1= [q)(xz xj)]lj I

Px:=[p;(x)ll_,, DP:=[Dp1,Dps,....Dpi]",
DO (x—)x : = [DP(x —x1), D®(x—x3),...,DP(x—x,)]", x e R%.

Néu k = 1 va p; 1a hang s6 thi ta nhan dugc Ménh dé

Chitng minh. Gia st X = {x1,x2,...,x,} C R? 12 tAp c4c tAm rdi rac. Khi d6 ham ndi

suy RBF s ctia ham u : R? — R v6i thanh phan da thiic bic £ c6 dang
n k
=Y a;®(x—xj)+ ) cjpjx), (2.11)
j=1 j=1

trong d6 {p1,...,px} 1a mot co sé clia khdng gian tuyén tinh cdc da thic c6 bac nhd

hon hoac bang ¢ va a, c 1a cac hé so xac dinh bdi cac dicu kién ndi suy

n k
Zajcb(xi—xj)—l—chpj(xi):u(xi), i=1,2,....n, (2.12)
- =

n
Y ajpi(x;) =0, i=1,2,... k. (2.13)
Phuong trinh (2.12]) 1a théa man diéu kién ndi suy
s(xi) =u(x;),i=1,2,...,n

Phuong trinh (2.13)) 1a diéu kién ctia hé s6 ndi suy. Dic biét, néu k = 0 va £ = —
thi d6 1a trudng hop ndi suy khong thanh phan da thic. Hé phuong trinh tuyén tinh
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(2.12)-([2.13) dudc viét dudi dang ma tran 1a
dya+ Pxc = Uy

Pia —0, (2.14)
trong do
ai ¢l u(r)
a:= 61.2 ’ . C.2 7 . u(xp) |
" & ()
va
D (x1—x1) P(x1—x2) ® (x] —xn)
Dy 1= [P (x; xj)]Zj:1= D (x2 —x1) <I>(xz:—x2) D (x —x2) |
D (x, —x1) <I>(xn.—x2) ® (2, — )
p1(x1) pa(xr) i (x1)
Py = [p;(x)]l, = pi(x2) p2 ('x2) pr (x2)
p1(xn) pa(xn) -+ pr(xn)

Do ¢ 1a ham xac dinh duong cé bac nhoé hon hoic bang £+ 1 va Py ¢6 hang bang s
cot [[7] nén ma tran cla hé la dbi xiing, x4c dinh duong. Diéu kién sau ctia hé
dugc thda man néu n > k va tuong duong vdi diéu kién p = 0, tiic 12 da thic bac £ bi
triét tiéu trén X. Gia st cac diéu kién dudc théa man va ndi suy dudc xac dinh
duy nhét, khi d6 céac hé sb a, c tim dugc ti 1a

a | CI)X PX ! L£|X
c| | PL O 0 |
DE tim cong thiic vi phan clia todn ti Du(x), ta xap xi Du(x) béi Ds(x), khi dé6 ta c6

cong thuc vi phin

n k

Du(x) = Ds(x) = Z a;iDP(x—x;)+ Z’I c;jDp(x)
-

[ [

—_

~
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trong do

DP :=[Dpy,...,Dp]"

va cac véc to w € R”, v € RF dudc xac dinh bdi

w] [®x P | ' [ D),
v | | PO DP(x) '
Khi d6 véc to trong s& w théa man hé phuong trinh

Dxw+ Pyv = DCI)(X— .)|X’

Plw = DP(x).

Ma trin ctia hé phuong trinh nay trung véi ma tran ctia hé (2.14)), do d6 n6 khong suy
bién.

Viy, cdc véc to trong sd w;, i = 1,...,n clia phuong phap RBF-FD trong cong thtic
tim dudc bang cach giai hé phuong trinh d6i xiing, xac dinh duong

n k

Z wiP(x; —xj)+ Z vipj(xi) = DP(x —x;), i=1,2,....n,

= =1 (2.15)
ijp,-(xj) = Dp;(x), i=1,2,...k,
j=1

trong d6 ®(x) = ¢(||x||), x € R? 1a ham co s& ban kinh, xac dinh duong c6 bac < £+ 1

va da thic bac ¢ v6i hang ctia ma tran Py bang sb cot. []

Trong [16] 48], d€ tinh trong s6 bang ndi suy RBF cho phuong phap RBF-FD, cic
tac gia stt dung ham Gauss ®(x) = ¢(r) = e €7 véi hing s6 ¢ = 0 hodc £ = —1 cho
trudng hop khong thanh phan da thic, né rit hiéu qua cho Bai toan Dirichlet trong
khong gian 2 chiéu, ké ca véi bai toan c¢6 mién hinh hoc phiic tap, nghiém u c6 ky di
hodc dao ddng manh, v6i tap cac tam rdi rac & dudce sinh thich nghi. Tuy nhién, cach
tiép cAn nay 1a phai chon tham s hinh dang € phu hop, nhu trong [27] st dung mot
gia tri rat nho € = 107> cho phuong phap Gauss-QR, con trong [17] ciing dua ra mot
s6 cach chon € hiéu qua.

Trong khong gian 3 chiéu, khi st dung céc tap gid véc to trong s6 dudc chon béi
cac thuat toan chon tim, s6 diém clia tAp X nhiéu nhét 1a n = 17. Do Py khong suy

bién nén phai han ché bac ctia da thic ¢ < 2. That vy, khong gian céc da thic ba bién
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so bac ¢ c6 s6 chiéu 1a (%3), do d6 k > 20 > n néu ¢ > 3 va hang cta Py ludn nhd
hon k. Khi £ = 2 thi k = 10 hoan toan thdéa man, nén Py cé hang bang sb cot khi st
dung gid véc to trong s6 tim dudc bang céc thuat toan chon tim trong khong gian 3

chiéu. Trong cac thit nghiém s, st dung ham RBF
D(x) = @(r)=r, r=|x], x e R?

va da thic bac ¢ = 2. Ham RBF ®(x) = ¢(r) = r° 1a ham x4c dinh duong bac 3 [61]],
khong phu thudc vao tham sd hinh dang, dugc st dung cho phuong phap RBF-FD
trong [235]].

2.3 M@t s6 thuat toan chon tim trong khéong gian 2 chiéu
2.3.1 Mot sb thuét toan chon tam phd bién

* 6near (6-nearest neighbours): Thuat toan nay tim tap =, gdm ¢ va 6 diém gan
¢ nhét. Thuat todn dugc dé xuit trong [37] cho phuong phdp sai phan hitu han.
V6i phuong phdp RBF-FD, chon n = 6 diém 1an can dé ddm bao mat do ma tran
[we ¢] gan v6i mat do ma trén ciing ciia phuong phédp phan tit hitu han va sit
dung ham RBF ¢pvq. Két qua thd nghiém s6 trén cdc tAm thich nghi ctia FEM
dugc biéu dién trong Hinh 2.2(a, b).

« nn (Natural neighbours): Thuét todn chon gia véc td trong s6 E¢ gdm { va dinh
clia cac tam gidc phan Delaunay c6 chung dinh ¢ trong Z. D€ thuc hién dugc
thuat todn can tao lu6i tam giac. Thuat toan dudc gidi thiéu trong [10, 62] va
mé rong trong [51]. Két qua thit nghiém sb trén cac tim thich nghi ctia phuong
phdp phan i hitu han dugc biéu dién trong Hinh a, b).

* 4quad (Four quadrants criterium): Thudt toan dugdc dé xuat trong [44]] va dudc
st dung trong [3}, 45]]. Thuat toan nay dudc ap dung cho phuong phap sai phan
suy rong vdi gia véc to trong s6 Z¢ \ {£} dugc chon la 8 diém, trong d6 céc véc
to trong s6 dudc tim bang phuong phép trung khép binh phuong cuc tiéu dia
phuong béi cic da thic bic hai trén E¢. Vi s6 tam dudc chon cia tap Z \ {{}
bing 8, nén mat do ma tran cta phuong phap cao hon cic phuong phap khac,
xem Hinh [2.2|b).
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* LLF: Thut toan dudgc gi6i thiéu trong [41]], v6i budc dau tién 1a tim khodng cach
16n nhat d; tit { dén céc lan c4n gan nhat ciia n6 trong &\ {{}, tiép theo xdc
dinh E; gdm céc diém trong E sao cho khodng cach tir di€m d6 dén { khong
vugt qua p dg, voi hing s6 p > 0. Trong thii nghiém s6, p dudc chonla p = 1.4
va st dung ham RBF @y nhu trong [41]]. K&t qué thit nghiém s trén cdc tim
thich nghi dugc biéu dién trong Hinh[2.2(a, b), mét d6 ma tran ctia phuong phap
trong Hinh b) cao hon ding ké mat d6 ma tran cing ctia phuong phap phan
tu hitu han.

* SLS: Thut todn dudc gidi thiéu trong [55, Thuat toan A], tap E, = {{,&1,..., &5}
dugc chon gom 6 diém, vé6i cac diém &; dugc chon tiing diém mot sao cho diém
dugc chon gin ¢ nhét va nam trong mot mién con nao d6 xung quanh ¢, thuat
to4n nay c6 thé xem nhu 13 mot su cdi tién ctia thuat todn 4quad. Két qua thi
nghiém s6 trén tAm thich nghi cia FEM cho thdy, mat do ma tran hé s6 ciia thuat

to4an nhé hon mat do ma tran clng ctia phuong phap phan t hitu han.

Céc thuat toan: 6near, nn, 4quad, LLF, SLS, dp dungcho phuong phap khong
luéi RBF-FD dudc cac tac gia gidi thiéu trong [16] véi bai toan:

Bai toan 1. [50, function adaptmesh] Xét bai toan Dirichlet véi phuong trinh Laplace
Au = 0 trong mién hinh quat Q dudc xéac dinh bdi bat phuong trinh r < 1, =37 /4 <
@ < 37m/4 trong toa d cuc, vdi didu kién bién Dirichlet dugc cho bdi u(r,@) =
cos(2¢/3) doc theo cung cong va u(r, @) = 0 doc theo hai doan thang. Bai toan c6
nghiém giai tich 12 u(r, @) = r*/3cos(2¢/3).

W

5

K
YAV
X

<
N

Hinh 2.1: Luéi tam giac thich nghi cia Bai toan
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Céc tam thich nghi trén mién Q 1a dinh clia cic tam giac, dugc tao bdi PDE Tool-
box trong MATLAB [50] ctia phuong phap phan tif hitu han. Tai vi tri 1an c4n cta diém
ky di ctia nghiém chinh xdc thi céc diém 1u6i dugc tao ra nhiéu hon nhu Hinh

T T
- = =FEM = = =FEM
—%—nn

—€— 4quad

rms error
3

density
<

1

(number of interior centres)™ (number of interior centres)’1

(a) Sai s6 RMS (b) Mat d6 ma tran hé s6

Hinh 2.2: Sai s6 RBF-FD trén cdc tam thich nghi ctia FEM, st dung céc thuit todn chon
gia véc to trong sb 6near, nn, 4quad, LLF, SLS. (a) Sai sb rms Vvéi véc to trong )
RBF-FD dudc tim bdi ndi suy ham RBF IMQ khi st dung cac thuit toan chon 6near va
LLF va ndi suy hAim RBF Gauss vdi cdc trudng hop khac. (b) Mat dd ma tran hé s6 clia hé
phuong trinh ung véi cac phuong phap RBF-FD va ctia FEM.

Két qua tht nghiém s6 ctia phuong phap RBF-FD st dung cic thuit todn 6near,
nn, 4quad, LLF, SLS va cua FEM dudc trinh bay trong Hinh Hinh b) biéu
dién mat do ma trin hé s6 density ctia hé phuong trinh (2.2). M4t do clia ma trin
A € R™" 1a s6 dau vao khac khong trung binh trén mdi hang, dudc tinh bdi cong thiic

density =nnz(A)/n, (2.16)

trong d6 nnz(A) 1a tdng s cac hé s6 khiac khong ctia ma tran A. Két qui clia density
cho thy, Thuat toan SLS c¢6 mat do ma trin hé s6 nho hon so véi mat do ma trin hé
sO clia cac thuat toan khac va cia FEM.

Hinh [2.2{(a) 12 dd thi biéu dién sai s6 trung binh binh phudng rms (root mean

square) dudc tinh bdi cong thuc

rms —

: Y, (g —u(g))? (2.17)

#2; =
nt g S

trong d6 #Z;,, 12 s6 tim clia tAp Z;,.. Tu do thi cho thiy sai s6 rms ctia phuong phéap

RBF-FD st dung cdc thuat todn chon gid véc to trong sb6 6near, nn, 4quad, LLF,
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SLS déu cao hon sai sd rms clia phuong phdp phan ti hitu han, day 1a dong luc dé&
cdc tac gid dé xult thuat toan chon tim cho phuong phdp RBF-FD trong khong gian
2 chiéu [16), 48, 149] va phat trién trong khong gian 3 chiéu [19, [18]]. Trong phan tiép

theo chuing t6i s€ gidi thi€u cac thuat toan nay.
2.3.2 Cac thuat toan chon tam cho phuong phap khong lu6i RBF-FD

Thuat toan chon tdm cho phuong phap khong ludi RBF-FD (hay chon gia véc to
trong s0 Z) dugc dé xult dau tién trong [16]], sau d6 dugc phat trién cho 16p bai toan
¢6 mién hinh hoc phiic tap, nghiém c6 ky di, hoic c6 d6 dao dong manh trong [48] va
dugc cai tién trong [49]]. Két qua trong céc cong bd nay cho thiay nghiém cla phuong
phap RBF-FD khi st dung cac thut todn chon tAm c6 do chinh xac tot hon nghiém cia
cac phuong phdp phan ti hitu han. Y tudng chung cla cac thuat toan nhu sau:

V6i m6i § € Eip, chon tap cac taim E; = {£,&1,&,,..., &} C &, trong d6 céc diém
£, &, ... & dudc sap xép theo chiéu ngudc chiéu kim dong ho dbi véi . Pit

k

(&, 82,5 8) 122%2;

i=1

trong d6 o; 1a géc gitta hai tia & va (&;, 1 theo hudng ngugc chiéu kim dong hd, véi
chu trinh & ; := &;. Goi

g(&l,ﬁz,...,ék) = min{OCl,OQ,...,OCk}, 6(51,52,...,&() = maX{Ocl,OCQ,...,OCk},

la géc nhé nhit va géc 16n nhat. Vi Y, oy = 27, nén Y, o dat gid tri nhd nhit
khi va chi khi o = ap = --- = o = 27/k, tiic 1a cic tia {& cach déu nhau néu
E1,E, ... & dude chon tuy y trong R?. Tuy nhién, cdc diém nay phu thudc vao su
phan b cac tAm cia tip E, do d6 muc tiéu cta thuit todan 1a chon ducc bd tim

Ec=1{8.&1,&,...,&} C Esaocho u(&1,&,, ..., &) dat cyc tiéu, dong thoi van dam
béo khoéang céch ||& — {||,i = 1,2,...,k nhd nhit ¢6 thé.

a) Thuét toan chon véi s6 tam c6 dinh va 1 diéu kién dirng D01

V6i moi § € Zip, thudt todn chon tap cac tam dia phuong E, = {{,&1,8,..., &} C
= trong [[16, Thuit todn 1] v6i sb tim dudc chon ¢ dinh k = 6 (goi tat 1a thuat toan

chon DO1). D€ dat dugc u nhd va khoang cach ciing nhd, thuit toan bat dau véi m diém
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&,i=1,2,...,mxung quanh va gan { nhit, thuat toan diing néu tap {{, &1, &, ..., &}
thoa man

a<§1,52,...,§k)Svg(él,éz,...,gk), (218)

trong d6 m > k va v > 1.0 la cac tham sb.

Thuat toan 1 (Thuét toan D01, [16], Thuit toan 1).

Input: &, .

Output: = ¢.

Parameters: k (the target number of points &;), m > k (the number of points in the
local cloud) and v > 1 (the angle uniformity tolerance). Parameter values used in our

numerical experiments: k = 6,m = 30,v = 3.0.

I. Find m nearest points &;, &y, ..., &, in E \ {{}, sorted by increasing distance to
¢, and initialise Z; :={{,&1,&2,..., &} If

a(élag%-“)ék) < Vg(élvéza“'vgk)a
then STOP: return EC'
I. Fori=n+1,...,m:

1. Compute the angles o, @), ..., 0y, ; formed by the extended set

{61/752/7"'7€Ié+1} = {§17527"-7§k7§i}'

2. If both angles between {&; and its two neighbouring rays are greater than the
minimum angle o’ := (&1, &y, ..., &, &) then:

a. Find j such that o} = &’ Choose p = j or p = j+ 1 depending on whether

/ / / /

b If n({&[,&5, . & P\ {E ) <m(r,..., &) then:
i) Update {£1,&,....&} = {&].&,....&, }\{&}-

11) Ifﬁ(gl,gz,...,ék) < vg(ﬁl,éz,...,ék) then
STOP: return the current set £, = {,8;1,8,..., 6}
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III. Observe that
6(517527“'7&() > vQ(glaiéZ)"w&k)

must hold for the current set E; = {{,&1,&,,..., &} if the algorithm has not
been terminated earlier. Find j such that o; = (&1, &,...,&). Choose p = j

or p= j+ 1 depending on whether o(;_| < o¢j1 or @j—1 > ;1. STOP: return

Er={&,8, &\ {5}

Nhan xét:
Néu thuit toan két thic truée Budc [l thi Z; ¢6 k+ 1 diém (bao gom ca §). Trai
lai, s6 di€m la k. Thuat todn chon k = 6 d€ mat do ma tran hé s6 [we ¢]rez, cem\ (¢}

ctia hé phuong trinh (2.2)) x4p xi mat do ma trin cling cta FEM.
Viéc chon p trong Budc [[I(2)aldam bao rang

u ({él/v 52/= R &Ié+l}\{§[/7}) = min {“({51/> éé? cey éléJrl}\{éJ/})a u ({51,7 éé? LR élé+l}\{§1/+1}) }
Do phire tap cua thuét toan chon tim DO1:

Ménh dé 2.3.1. Dt n :=#Z la s6 cdc tdm roi rac ciia E, Nig := #Zin0, k la s tdm
cdn chon ciia tdp = ¢vam>kla 56 tam gan £ nhdt. Khi do, do phiic tap ciia Thudt
todn[l|la O(Nypgmlogn).
Chitng minh. V6i moi § € Ziy,

I. Tinh chi phi tinh toan tai Budc I: D6 phuic tap khi st dung thuat toan k-d tree dé

tim m diém ban dau gan ¢ nhit 12 &'(mlogn) [6, 38,601, véi n := #Z.

II. Chi phi tinh todn d€ loai bd diém "x4u" va két nap diém "t6t" trong m — k tim
con lai, theo nghia céc tia lién ké {&; va & tao thanh cic géc déu nhit nhu ¢
thé va dong thdi cac tim & v6ii = 1,2,...,k — 1 gan tam { nhat nhu 1a c6 thé.
1. Chi phi tinh toan tai Budc IL.1 1a &(k+ 1).

2. Chi phi tinh toan tai Budc II:

a. Chi phi tinh todn tai Budc I1.2.a1a O'((k+1)?).
b. Chi phi tinh toan tai Buéc I1.2.b1a £/(1).

Do d6 chi phi tinh todn tai Budc I11a & ((m — k)log((k+1)?)).
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III. Chi phi tinh toan khi thuat toan khong két thiic sém 1a &'(k?).
Suy ra do6 phic tap thuit toan tit Budc I dén Buéce III theo quy tic cong la:
O(mlogn) + O((m—k)log((k+1)%)) + O(k*) = O(mlogn).

Vay do phuc tap ctia thuat toan[1]1a & (Niymlogn), v6i Nipg = #Zi,. O

b) Thuét toan chon véi sé tam ¢ dinh va 2 diéu kién dirng 0DP1

Thuét toan DO1 cung véi thudt toan sinh tim thich nghi D02 da dudc céc tac gia dé
xuat va danh gia hiéu qué so v6i phuong phap phan ti hitu han trong [[16]]. Tuy nhién
v6i bai toan c¢6 mién hinh hoc phtc tap, nghiém c6 ky di hodc ham vé phai c6 do dao
dong 16n thi do chinh x4c ctia nghiém xap xi gidm so v6i phuong phap phan ti hitu
han sau mdi 1an sinh ludi thich nghi. Hon nita, Thuat todn DO1 chi st dung diéu kién
diing vé goc nén c6 thé cac diém & gan khong dudc chon. Vi vay trong [48]],
nhém tac gia dé xuat thuit toan chon véi sd tim cb dinh va 2 diéu kién ding, 1a thuat
todn céi tién ctia Thuat toan D01, chiing t6i goi thut todn nay 1a thuit todn chon ODP1.

Thuat toan chon ODP1 véi s6 tam cb dinh va 2 diéu kién diing c6 y tudng gidng nhu
Thuat todn D01, d6 1a v6i mdi § € Ziy, chon dudc tap Zy = {£,&1,8,...,. &} CE
thda man y nho va khoang céch ||& — £||,i = 1,2,...,k cling nhd nhit c6 thé. Thuat
todn nay ciing dung s6 tAm can chon cb dinh k = 6 va st dung diéu kién ditng vé gbc
([2.18)). Ngoai ra cic di€ém & gan ciing c6 thé phu hgp, nén thuat todn chon tdm trong
[48] st dung thém diéu kién diing thif hai

c K
1€ =8l1= 57 2 (18 = Cll+ 118 = &+1ll) (2.19)
j=1

véihésoc>10vag e E\Z,.

Thuat toan 2 (Thuét toan 0DP1, [48], Thuit toan 1).

Input: 2, €.

Output: Z¢.

Parameters: k (the number of points in E¢\ {C}), v > 1.0 (the angle uniformity toler-
ance), ¢ > 1.0 (distance tolerance), and m > k (the increment size of the local cloud).
Parameter values used in our numerical experiments: k = 6, v = 2.5, ¢ = 3.0 and

m = 50.
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I. Find m nearest points &1, ...,&, in E\ {{} to {, sorted by increasing distance to

¢, and initialize &y := {{,Cy,..., G} = {C,61,..., & and i := k+ 1.

II. Whilei <m:

LIFNIE =&l = 5 X5t (16 = Ell+ 18 = &jall)., then STOP and return Eq.

2. Compute the angles @y, ..., o | formed by the extended set {{7,..., ([, |} =
{&1,..., &, &} If both angles between &; and its two neighboring rays are

greater than the minimum angle &’ := a({,...,{/ ):

i. Find j such that a; = o'. Choose p = j or p = j+ 1 depending on
whether o} | <@ jora | >af, .

i If (G- G PG <m(Gr- - G
a. Update E¢:={,&y,..., G} ={C, {1, G P\ G}

b. If a(Ci,-.., &) <va(li,...,E), then STOP and return Z.
3. Ifi=m:

Find the next m nearest points &, 1,...,&, in E\ {{} to , sorted by

increasing distance to £, and set m := 2m.

4. Seti:=i+1.

Nhan xét:

Cac Hinh a—d) biéu dién cic cu triic clia tap E¢ thu dugc tu Thuat toan ODP1
trong cdc thit nghiém. Viéc chon céc tham s6 ¢ va v sao cho cai tién dudc goc déu o
va tranh két nap cac diém qué xa. Hinh e) 1a mot vi dy cua tap &, thoa man diéu
kién ding tai Budc I1.1 cda Thudt toan ODP1, tim &; (i = 52) hinh ch@ "x" thda man
diéu kién ding va vi viy khong cai thién dd déu cla cc goc, trong trudng hop
nay thi o/a = 4.3343 > v. Hinh f) minh hoa mdt vi du khac, trong d6 diéu kién
dung tai Budc I1.2.ii.b sao cho &/ = 2.4410 < v, n6 dat dugc tap E¢ v6i mot tdm 6
xa (dau cham tron gan cubi).

DE ki€m tra chit lugng phén bd déu cac diém trong & = {{,&;,&,...,&,} duge
chon bdi Thuat todn ODP1, céc tic gia da dua ra mot sb gia tri sau: vipax 12 16n nhit va

Vaver 12 gid tri trung binh ctia ti s6 O/ trén tat ca E¢, cmax VA Cayer 12 gid tri 16n nhat
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va gid tri trung binh cta ti s6
1 n
max |¢ — §j||/2— Y (1€ =l +1&; = &jall)- (2.20)
j=1,...n njzl

Do phirc tap cta thuit toan chon tim 0DP1:

Ménh dé 2.3.2. Ky hiéu n := #2, Niy := #Zin0, k la 56 tdm cdn chon ciia tdp Egva
m > k la sé tam gdan { nhdt dugc chon ban ddau. Khi do, dé phiic tap ciia Thudt todn
0DP1 la O'(Nipgmlogn).

Chitng minh. V6i moi § € Ziy,

I. Tuong ty Thuat toan DO1, chi phi tinh toan khi st dung thut todn k-d tree dé tim
m diém gan ¢ nhat ban dau 1a & (mlogn), v6i n := #Z [6,38,160]. Thoi gian xac
dinh tdp ban dau E 1a &(1). Do d6 chi phi tinh todn tai Budc I 1a &(mlogn).

II. Chi phi tinh toan tai Budc II:

1. Chi phi tinh to4n déi vé6i budc 1.1 1a &(1).

2. Chi phi tinh todn dé& chén thém mot tim méi tai Budc I1.2 néu thuit toan
khong ding lai tai Bude 1.1 1a &(1).

3. Chi phi tinh toan khi thuét todn khong két thic tai Budc I1.2 1a &' (mlogn).

4. Chi phi tinh toan tai Budc I1.4 1a O/(1).

Do d6 do phic tap thuat todn tai Budc II theo quy tic cong 1a &' (mlogn). Suy ra
do phuc tap thuat toan tit Buéc I dén Buéc 11 1a &' (mlogn).

Vay do phtic tap cta Thuit toan ODP1 1a & (Nijpmlogn), v8i Nig := #Eiy. O

¢) Thuét toan chon véi s6 tim thay déi va 1 diéu kién dirng 0T1

Thuat toan chon D01 [[16, Thuat toan 1] va Thuat toan chon 0DP1 [48, Thuat toan
1] chon dugc tap Z; v6i s6 tam cb dinh 1a k = 6, da cho cdc két qua tot. Tuy nhién,
quan sat cac hinh d, f), tap cac tam = s€ déu va gan { hon néu chon k = 4, hoic
k =5, hon nita c¢6 thé chon k = 7 hodc k = 8. Vi vy, trong thuét to4n nay ching toi

da cai tién va khong cd dinh gid tri ctia k. Thuat todn dudc cong bb trong [49, Thuat
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toan 2] va dudc goi 1a Thuat toan chon 0T1 c6 s6 tAm can chon thay ddi véi 1 diéu
kién dung.

Thuét todn ciing bét dau véi m diém =7 := {&,&,...,&x} C E\ {{} thda man
1 =&l <[ =&l < < S —Gull va [[§ =Gl < I =&l véi & € Z, & €

E\{EFU{{}}, thuat toan sit dung 1 diéu kién ding

a(Zg) —a(Ey) <6, (2.21)

trong d6 hing s6 § € (0,7/2), gid tri cia § thé hién su khéc biét gifta géc 16n nhit &
va géc nhé nhit a. Ky thut nay 1am gidm su chénh léch giita géc 16n nhét @ va géc
nhé nhit & so véi diéu kién ditng ctia cac thudt toan chon tim D01 va 0DP1 (xem Bang
Chuong 3). Vi muc dich 1a chon dugc tap cac di€ém &, &, ..., & c6 khoang cich
gan ¢ nhét va phan bd déu xung quanh tim {. Thuit todn gdm hai pha, cu thé nhu

sau:

« Pau tién 12 x4c dinh s6 tAm k can chon cta tip gid véc to trong s6 = ¢ twd diém
dén 8 diém. Vi 4 diém dng véi luge do clia phuong phéap sai phan hitu han, nén
gia tri ctia 8 trong (2.21) nhd (gan bang 0). Gia tri ctia § ting khi k ting tir 5

di€ém 1én 6 di€m va sau d6 giam khi k ting tir 7 diém 1én 8 diém.

« Pha 1 bat diu bang viéc chon k diém gan nhit { (bat dau v6i k = 4). Néu tap
nay théa mén diéu kién diing v6i gia tri 0 ung véi k = 4, thi thuat toan
ditng va chon dudc tap gid véc to trong sb k diém. Néu khong, ting k 1én mot
don vi va lip lai cho dén khi tap cdc tAm ting vién d4p tng tiéu chi diing
hoic s6 luong cia ching vudt ngudng cho trudc. Néu thuat todn ding lai & giai
doan nay thi tap gid vé to trong s6 chon dugc 12 tdi vy, tic 12 cic thm dudc chon
gan { nhit va phan phdi déu xung quanh {. Giai doan nay c6 chi phi thip. Néu
khong c6 b tim ting vién nao thoa man thi chuyén sang Pha 2.

* Pha 2, chiing t6i gidm sd lugng tm ctia bd tam ing vién trong Pha 1 tiing buéc.
Céc tam ung vién & dugc chon hodc loai bé nhu trong Bude I1.2.i.a ctia Thuét
toan D01 hodc Budc I1.2.ii.a cia Thuét toan ODP1 theo tiéu chi diing (2.21). Néu
tat ca cac tam ting vién & da dudc xem xét nhung khdng c6 tip ¢ nao théa man

(2.21]) thi
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— Néu khong c6 tim ting vién & nao dudc thay thé trong Pha 2 hoic @(E;) <
7, trong d6 E; 1a tap cdc tim cudi ciing trong Pha 1, thudt toan s& két thic

va chon tap cac tam nay la gia vé to trong so, nd co6 so tam 16n nhat.

— Cic trudng hgp khéc, thuat todn ciing tré vé tap Z ¢6 s6 tam 16n nhat véi

it nhat mot tAm da dudgc thay thé.

Bing cach thay ddi & (s6 tam dudc chon ciia tap E¢), thudt toan s€ xac dinh dugc
bd tAm t6t nhit theo nghia khoang cach tit cac tam dudc chon dén gbc { khong qud xa
va c6 phan bd déu nhit c6 thé xung quanh ¢. Hon nifa, c6 it kha niing chén mot tim &
xa {. Gia st, dau tién chon k = 4, v6i cdc tam tng vién &1, &, &3, &4 gan £ nhit. Néu
4 tam nay dap ting tiéu chi thi thuét todn dimg va E; := {{} U{&1, &, &3, &4}
Néu & budc thi i, cac tim ting vién &1, &, ..., &3 khong thod man diéu kién (2.21)),
thudt todn giit nguyén tap £, ting i thém 1 va chon i+ 3 tim gin ¢ nhét, .... Qua
trinh két thic khi tap () thoa man hoic i dat dén ngudng v. Cic budc nay
dudc goi 1a Pha 1 cia Thuit toan

Pha 2 chi dudc thuc hién khi thuit toan khong két thiic tai Pha 1, thuit toan sé
giam s6 tam ctia Z() tir v 4 3 xubng con 4 va cdc tim dng vién & duge xem xét tuong
tu nhu trong cac buéc II.1, I1.2.i va I.2.i.a cia Thuat toan DO1 hodc cac buée I1.2.i
va I1.2.ii.a ctia Thuat toan ODP1 nhung véi diéu kién ditng (2.21). Pha 2 s& bit dau tit
Budc Ila ctiia Thuét toan

Thuat toan 3 (Thuét toan 0T1, [49], Thuit toan 1).

Input: &, (.

Output: Z¢.

Parameters: m (the number of points in the local cloud), v € {3, 4, 5} (the number of
points in £\ {{}), and 6 := {6}, &2, ..., 0y} (the angle uniformity tolerance). In our
experiments, m = 200 and d := {0.0001, /4, n/3, n /4, /8}.

Ia. Determine the set & := {&;,&,,. ..,y }. Initialize 1 := 0 and i := 0.
Ib. Whilei <v:

1. Seti:=i+l and 20 := T U{{} where k = i+3 and k) := i +4.

2. If a(EW) — a(2") < §;, then STOP and return E; := E(.
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a. While k") < mandi> 1

1. Compute the angles ..., ¢, , formed by the extended set &’ (.= =0y
S0

2. If angles between { ﬁk(,-) and its two neighboring rays are greater than
o (/D) then:

i. Find j such that Oc = o/(2'¥), and then choose p = jor p= j+1

depending on whether OC- < Oc’- 4 or OC | 2> aJH,
ii. If p(EON{E}) < u(ED), then:
a. Update =() := Z/( \{3; }and I :=TU{i}.
b. If a(EY) — a(E) < §, then STOP and return E; := ().

respectively.

3. 0fi=1,then k") =k + 1andi:=v, Elsei:=i— 1.

Ib. If @(EE) < mor =0, then E; = E5U{{} where k = v 43, Else &; := E()
where i := max({I}).

Nhan xét:

1. Tai m&i vong lap thit i ciia Budc Ila, tap () gém k+ 1 diém {{,&1,&,..., &),
trong d6 k =i+ 3.

2. Néu tip E; dugc tra vé tai Budc Ib thi E, = {{, &1,&, ..., &} rong d6 &1, &, &
la k di€m gan { nhat. Néu E dugc tra vé tai Budc Ila thi E¢ c6 it nhat 1 di€m &’
dugc thay thé biang diém & véi ||E' — £|| < ||E — ||, diém méi & gitip cho u clia
tap cdc tim mdi nho hon, vi thé céc diém & € E, \ {{'} ¢6 phan b6 déu hon xung
quanh (.

3. Budc Ila chi thuc hién khi Budc Ib két thiic nhung a(Z7) — a(Z7) > §; véii=v,
do d6 n6 khong tré vé tap Z,. Vi vy i = v khi bat dau Budc Ila.

4. Trong trudng hop thuét toan khong trd vé tap E¢ hodc khong co tép 20, =

1,2,...,v nao dugc cip nhit tai Budc Ila, thi Z; vAn gom cdc di€ém gan { nhat néu
n6 thod man (& V+3) < 7. Néu khong, = Erlatap co s6 diém dugc chon 16n nhit,

trong d6 tim gan { dudc thay thé bang tim xa { hon va cac di€m & € E¢\ {{}
dugc phan bd déu xung quanh ¢ hon.
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5. D€ danh gid tinh déu va chi phi tinh todn khi tim tip cdc tim E ¢ boi Thuat todn
chiing t6i xdc dinh mot s6 gid tri sau. V6i mot bo tam Ey = {£,&1,&,,..., &}, goi
* Ol 12 gid tri trung binh ciia o trén tat ca cic E¢, (xem Béang Chuong 3).

o Saver 12 gid tri trung binh ctia hiéu @ — o trén tat ca céc E¢, (xem Bang
Chuong 3).

* Cmax VA Cayer 1an lugt 12 gid tri 16n nhat va gia tri trung binh ctia thuong, (xem

[48| Section 4] va Bang 3.3 Chuong 3).
1 k
a1 = max & max ¢ =&l /5= ¥ (16— ¢l +11E— &l ¢
j=1,....k 2kj:1

—Int 1 k
) {jn}ﬁ?ile - 5j||/ﬁ Z] (N =S+ 11&; — &jall) } :

Exint

1

Caver -+ = #—,:.
—int ¢

(2.22)

* iaver VA kayer 12 gid tri trung binh cua kév) va#(E,\{C}) trén tat ca { tuong ting,
(xem Bang[3.3] Chuong 3).

* p1 12 phan trim s6 1an Thuat toan 3| diing & Budc Ib. Gi4 tri ndy cang cao thi
chi phi tinh toan cang thip. Gi4 tri thu dudc cta p; ty 1& nghich véi iayer, k((ﬁ va
Oaver» (xem Bang Chuong 3).

Do phirc tap cta thuét toan chon tim 0T1:

Meénh dé 2.3.3. gt n = #E, k la s6 tdm cdn chon ciia tdp E¢. Gid sit dau vao ciia
Thudt todn 0T1 la cdc tdp Ef, (m > k). Khi doé d¢ phiic tap tinh todn cia Thudt todn
0Tl la O'(n)).

Chitng minh. D€ xac dinh do phiic tap cia Thuat todn 0T1, ta x4c dinh thdi gian tinh
todn cua hai cong doan chinh la budc khdéi tao va bude chon tép cdc tim Ey.
» Budc khdi tao:

Dé€ xdc dinh tap E, thuat toan sit dung thudt toan k-d tree d€ tim m di€m gan
¢ nhét ban dau, nén do phiic tap tinh toan tai budc khéi tao la & (mnlogn), véi
n:=#& (6,38, [60].
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* Thoi gian chon tap cac tam &, bang Thuat toan 0T1:

I. Tinh chi phi tinh toén tai Pha 1:
Budc Ia chi thuc hién 1 1an nén c6 thdi gian tinh todn 1a €'(1).
Gia stt Buéc Ib dugc thuc hién véi v < 5, khi d6 thdi gian tinh toan ctia nd
cing O(1).
Do do6 tong thdi gian tinh todn todn tai Bu6e la va Ib 1a ¢'(1). Bang 3 cho
thiy céc thi nghiém s clia chiing t6i c6 70% trudng hop thuét todn két
thuc tai BuGc Ib cua Pha 1.
II. Tinh chi phi tinh toan tai Pha 2:
V6i nhitng trudng hop thuat toan thuc hién Budc Ia: Két thic Pha 1 thi
k((;v) < 8, Bang 3 cho théy céc gia tri trung binh clia igyer V2 k((;v) thudng nho
hon 8. Vi vy, thoi gian trung binh cia Bude ITala O(1).
Budc IIb chi thuc hién mot 1an, vi vay chi phi tinh toan 1a ¢'(1). Bang 3
cho thy c6 khoang 30% cac trudng hop trong cac thit nghiém Thuét todn
0T1 két thic tai Budc IIb (Pha 2).
Do d6 néu phai thuc hién cac Budc I1a va IIb thi tng thdi gian d€ chon bo
tam Z; khi st dung Thuét todn 0T1 la &(1).

Vay néu dau vao ctia thuit todn 1a cic tip E (tap m gan ¢ nhat), thi tong thoi

gian tim tp E, cla thuat todn 0T1 1a O(n).

2.4 Mot s0 thuat toan chon tam trong khong gian 3 chiéu

Cac tap gid véc to trong s6 Z c6 th€ duge chon véi cau triic don gian 1a k di€m
gan ¢ nhit (thuat toan k lang giéng gan). P& ddm bio do chinh x4c ctia nghiém xAp xi
i thi s6 di€ém 1an can k dudc chon phai di 16n, trir khi Z 12 tap déu dia phuong, day 1a
van dé 16n khi tao cac diém clia mién rdi rac trong khong gian 3 chiéu. S6 k diém 1an
can ciing 4nh hudng truc tiép dén mat do ma tran ctia hé (2.2)), thuong 1a k + 1 diém
khdc khong trén mdi hang ctia hé phuong trinh (2.2). Do d6 mot trong nhitng muc
tiéu quan trong ctia cac phuong phap khong ludi la gitt k nhé nhit c6 thé. Ngay ca khi
st dung thudt todn chon E, t6n kém hon, thi tinh todn song song dé€ giai hé phuong
trinh tuyén tinh thua s& gidi quyét vin dé nay dbi véi cac bai toan c6 di lidu 16n.
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Tuong tu nhu trong khong gian 2 chiéu [16} 48, 49], muc tiéu ciia cic thuat todn
chon tim trong khong gian 3 chiéu nhu sau: V6i mdi tam { € E;,, chon dudc tap
cdc tim hd trg {&1,&, ..., &} xung quanh géc ¢ thda man 2 diéu kién déu va gan
¢ nhét c6 thé. Trong phan niy chiing toi sé trinh bay mot sd thuit todn chon tim hd
trg phuong phdp khong ludi RBF-FD trong khong gian 3 chiéu dudc cdng bd trong
(19, [18].

2.4.1 Thuat toan k-near

V6i mdi § € Eip, thudt todn chon gid véc to trong s6 Ey = {€1,&,..., &} lak
diém thudc =\ {{} gan ¢ nhét. Day 1a thut todn c6 chi phi ré nhét va dudc st dung
phd bién nhét. Thuat toan nay da dudc cic tac gia gidi thiéu cho phuong phdp RBF-FD
trong khong gian 2 chiéu trong [16] v6i k = 6. Trong khong gian 3 chiéu [[18]], k dudc
chon biang 16 dé mat do ma tran hé sd [WC,d xap xi mat do clia ma trin cing cla
FEM, k nhé hon din dén sai s6 16n hon dang ké. Trong [19] cic thi nghiém sb dudc
thuc hién v6i k = 20, nén mat d6 ma tran hé s6 ctia hé phuong trinh xap xi 20,
bén canh d6, trong mdt s6 thi nghiém sd chiing toi con kiém tra hiéu qua ctia thuat

toan v6i k = 30 (30near) va k =40 (40near).

2.4.2 Thuat toan dua trén cac ta dién tet

Thuét toan dua trén két qua roi rac mién Q bang cic td dién va tap Z 13 tap gdm tét
ca cac dinh cia ti dién. V6i mdi £ € Ejy, thuat todn chon gia véc td trong s6 Z ¢ gdm
¢ vacéac diém {&1,&,...,&) C E\ {{} 1a dinh clia tit ca cac td dién c6 chung dinh
. Piéu d6 dan dén mat do ma tran hé sb ctia hé phuong trinh biang mat do clia
ma trin cing ctia phuong phap phan ti hitu han [18]. Thuat todn don gian, dé thuc
hién va cho két qua kha tdt v6i cic bai toan c6 mién hinh hoc phiic tap, tuy nhién véi
mién c6 tim phan bb déu thi thuét todn cho két qua khong tot va khong 6n dinh. Mic
du cach tiép can nay khong thuc hién dudc khi mién rdi rac khong c6 Iudi vi né dua
trén Iu6i ti dién, nhung c6 thé thu duge Z, tuong tu bdi céc ti dién c6 thé dugc tao
ra trong 1an cin cta ¢, diéu nay c6 thé vuodt qua cdc rdo can chinh clia viée tao luéi.

Thuét toan chon tip E; trung binh khoéng 16 diém trong cac thi nghiém sb.
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2.4.3 Thuat toan dua trén cac Octant

Trong céc nghién ctu [[16, 48], céc tic gid da phat trién céac thuat todn chon thm
va sinh tam thich nghi cho phuong phéap khong Iudi RBF-FD gidi phuong trinh elliptic
trong khong gian 2 chiéu, véi cac tap gid véc td trong sd dudc chon gom 7 diém (tic
12 k = 6), diéu d6 din dén mat do ma tran ctia hé phuong trinh tuong tu nhu mat
dd ma tran ciing ctia phuong phap phan ti hitu han v6i cac ham tuyén tinh.

Trong phan nay, chuing toi sé gidi thiéu cac thuit todn chon gid véc to trong s dua
trén cac Octant trong khong gian 3 chiéu, dugc cong b trong [18], 1a téng quat cla
thuat toan trong khong gian 2 chiéu dudc gidi thiéu trong [44]], d6 1a thuat todn chia 8
Octant va thuit toan chia 16 Octant. Vi thuit todn chia 8 Octant, hai diém gan nhit
trong mdi Octant c6 tam tai { sé dudc chon hoiic v6i thuat todn chia 16 Octant, diém
gan nhat trong mdi Octant sé& dugc chon. Trong c4 hai trudng hop déu chon k = 16,
nén trong cac thit nghiém s6 mat dé ma tran hé sb cia hé xap xi mat do ma tran

cling ctia phuong phdp phan tii hitu han trong khong gian 3 chiéu.
a) Thuat toan 8-Octants

V6i mbi ¢ € Z;p, muc tiéu ctia thuét toan 1a chon céac di€ém &;,&, ..., & € Z xung
quanh gbc ¢ sao cho khodng cach || — &, i = 1,2,...,k 1a nhd, trong khi van giit
dugc cic diém &1,&,, ..., & déu nhit c6 thé. DE dat duge muc tiéu do, chiing tdi tinh
toan va phan hoach tp m di€ém gan nhat {&;,...,&,} C Z\ {{} vao 8 Octant c¢6 gbc
tai {, sau d6 chon 2 di€m gan nhit trén mo6i Octant. Khi d6 Z, gom § va céc di€m da
dudc chon.

Trong hé truc toa do Euclide 3 chiéu, mbi Octant trong 8 Octant c6 gbc ¢ dudc
x4c dinh bdi ddu cta cdc thanh phan toa do cta véc to C_ét =& —C = (x,9i,2),
i=1,2,...,m(m>k), trong d6 &;,&,...,&E, 1am di€ém gan { nhét trong =\ {{}. Ky
hiéu Octant thit j1a O;, j=1,2,...,38, moi Octant dugc xdc dinh bﬁng diu cta véc to
& — C tuong ting trong Béng trong d6 diu *+” chifa ca gid tri bang 0.

Y tudng cia thuit todn 8-0ctants la chon 2 diém gan ¢ trong mdi Octant cho tap
E¢. Ta bit diu véi m diém {&1,&,...,&,} C E\{{} gan ¢ nhét (trong thit nghiém
m = 99 d€ tap nay c6 100 di€m gdém ca §). Cac diém nay dudc phan hoach trén cac
Octant va 2 diém gan nhit sé dudc chon vao tap = ¢ (néu c6). Néu tat ca cac Octant c6

di 2 diém thi tap Z; ¢6 17 diém k€ ca {. Néu cac Octant khong chita diém nao hodc
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Bang 2.1: Bang chia 8 Octant

CacOctant | x | vy | 2
0O, + |+ |+
0)) + |+ | —
O3 + | — | +
04 + | — | —
Os — |+ |+
06 — |+ | —
Oy — | — |+
Og - = |-

¢6 1 diém thi tap Z; ¢6 it hon 17. Néu doan thing ndi { véi diém &; chita diém khong
thudc Q thi & dudc thay thé bang diém gin nhét trén bién (diéu nay chi xay ra khi Q
12 mién khong 16i, xem vi du Bai @phia sau). Cac diém bién dugc chon nam trong tap
E} va dude thém vao mién roi rac E sau khi két thiic qué trinh tim tap E véi tat cd
cdc diém ¢ nam trong mién.
Thuat toan 4 (Thuét toan 8-Octants, [[18]], Thuéat toan 1).
Input: E, { € By

e =/
Output: Eg Eee
Parameter: m > 16 (the number of nodes in the local cloud excluding {); we use

m = 99 in our numerical experiments.

=/

Initialization: E¢ := {(}, E,:=0.
I. Find m points &;,&,...,&,in E\ {{} closest to &.

II. Distribute the points &1,&,...,&, intoeightsets O; = {&;1,8j,...}, j=1,2,...
corresponding to the octants in Table 2.1} such that ||§;1 — {|| < [|Ep— | < ---.

III. For j=1to8
a. If #0; = 1 then EC = ECU{gﬂ}.
b. Elself #O; > 1 then E; := E,U{&;1,§}

IV. For each § € E¢\ {{} consider the segment (§,&) = {{+a(§-{):0<a<
1}.

If (§,§) NIQ # 0, then Ey := Tg\{é}U{é’} and E,C = ElC U{&’}, where &’
is the point in (§,&) N dQ closest to §.

,8,
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Sau khi 4p dung Thuét toan 8-Octants cho tt ca cic diém { € Z;,, ta cAp nhat tip

E bdi cong thiic

b) Thuat toan 16-Octants

Bing cich tuong tu, chiing toi chia d6i mbi Octant trong 8 Octant bdi mot mit
phing, khi d6 ta c6 thuit toan 16-Octants véi mot diém gin nhit trong mi Octant sé
dugc chon. Cu thé, phan hoach céc diém {&;,&,,...,Ex} vao 16 Octant c6 gbe { dudc
xdc dinh bdi diu cua toa do véc to @7 =C—& = (xi,yi,z), i=1,2,....,m (m > k)
va c4c gia tri x; — y;, X; — z;,; — z; tuong dng trong Bang Khi d6 diém gan nhat

trén mdi Octant khong rdng sé dudc chon vao tap Z; va E¢ ¢6 nhiéu nhat 17 diém.

Bang 2.2: Bang chia 16 Octant

Céac Octant | x | y | z | Diéukién
Oy + | + | + x>y
O, + | + | + x<y
O3 + | + | — x>y
O4 + |+ | — x<y
Os + | — | + x>z
O¢ + | — | + x<z
Oy + - -] y=—2
Og + |- -] —y<—z
O9 — |+ |+ y=z
O10 — |+ | + y<z
On — |+ | = | x=-z
O12 — |+ | -] x<—z
O | —|—|+| —x=>-y
O14 — =+ ] x< =y
Ois — =] x=-z
O16 — = =] —x< -z
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Thuat toan 5 (Thuét toan 16-0ctants, [18]], Thuat toan 2).
Inpur: E, { € By
o =/
Output: =, Ee-
Parameter: m > 16 (the number of nodes in the local cloud excluding {); we use

m = 99 in our numerical experiments.

=/

Initialization: E¢ := {C}, Z, =0
I. Find m points &;,&,,....&,in E\ {{} closest to §.

II. Distribute the points &1, &,..., &, into 16sets Oj ={&;1,8p,...}, j=1,2,...,16,
corresponding to the half-octants in Table[2.2] such that || — {|| < || — £ || <

III. For j=1to 16.
If#Oj > 1 then E’C = ECU{éﬂ}.
IV. For each § € E,\ {{} consider the segment (£, §).

If (§,£)NdQ # 0, then Eri=E\{&}U {&'} and E,C = E/C U{&’}, where &’
is the point in (§,&) N dQ closest to §.

Sau khi 4p dung Thuat todan 16-Octants cho tat ca cac diém ¢ € Ziy, ta cip nhat
bdi cong thuc
O =/
Yt 8 T U U HC .
¢) Do phirc tap cua cac thuit toan chon tam 8-Octants va 16-Octants:

Ménh dé 2.4.1. Pt n = #=. Khi dé do phiic tap tinh todn cua Thudt todn 4| va Thudt

todn|S|la O (mnlogn), vdi m la sé diém duoc chon ban ddu.

Chiing minh. * Budc khéi tao: DO phiic tap khi st dung thuat toan k-d tree d€ tim
m diém gan ¢ nhit ban dau 1a & (mnlogn), v6i n := #= [6, 38, 60].

* Thdi gian phan b6 m diém vao 8 Octant hodc 16 Octant 1a &'(1).
e Thdi gian d€ chon 2 di€m trén 8 Octant hodc 1 di€ém trén 16 Octant 1a &'(1).

* Thoi gian dé loai di diém ngoai mién dia phuong 1a &'(1) [34].
Vay tong thoi gian tim tap Z; ciia ctia Thuat toan 4 va Thudt todn |5/1a &' (mnlogn).
O
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2.4.4 Thuat toan oct-dist

Muc tiéu ctia thut todn 13 chon dudc tip gid véc to trong sb Ee=1{&,...,&} CE,
& = ¢ phi hop v6i k nhd nhit c6 thé, trong d6 cic diém clia Z dudce phan bd bat ky.
Thuét todn chon tAm don gian nhit 1a Thuit toan k-near, ttic 1a chon B¢ gdom { va
k —1 diém gan { nhét trong Z. Cac thi nghiém sb trong [2], ngay ca vdi b tim cd
phan phdi déu dudgc tao bang phucng phap tén kém, khi st dung Thuit toan k-near
thi s6 di€m ciia tap Z; it nhit phai glp doi s chiéu ctia da thic bac p d€ dat dudc su
hoi tu 1a &(hP), trong d6 h khoang céch cla cac diém. Trong khong gian 3 chiéu, dé
c6 dd chinh x4c ctia nghiém xap xi tuong duong véi nghiém xap xi ctia phuong phap
phan i hitu han va ¢6 tdc dd hoi tu 1a & (h?) thi Thuét toan k-near yéu cau k > 20.

Céc thuat toan chon tam D01, ODP1 va OT1 trong khong gian 2 chiéu, da chon tip
gia véc td trong sb B¢ dong thdi thoa man hai diéu kién 1a cac tam &, i =1,2,...,k
déu xung quanh ¢ va gan { nhit c6 thé. Ciing véi muc tiéu nay, hai thuét todn duva
trén cac Octant trong khong gian 3 chiéu da chon, n = 2 tim 1an cin gan nhét trén
mbi Octant trong 8 Octant xung quanh { € Z [[18, Thuat toan 1], hodic mot tAm gan
nhat trén mdi Octant trong 16 Octant xung quanh ¢ € Z [[18], Thuit toan 2]. C4c thuat
to4an nay nhanh va cho két qua tt dbi véi cac tiiy chon tuong ddi dep ctia mién rdi rac
=. Tuy nhién, cdc tam dudc chon bing cac thut todn nay c6 thé c6 phan bd khong
déu xung quanh ¢ hoic thim chi chita cic cum, trong khi v6i pham vi rong theo cic
hudng tit § c6 thé khong chon duge di€ém nao cho tp E; néu cic tam clia & dugc
phan bd bét thuvng.

Chiing t6i coi mot thut todn chon 12 thanh cong néu né théa méan (a) chon dudc tap
Ercok nhd hon hoic bang 20 trén mién 13i rac E dudc tao vdi chi phi ré, ma khong
can c6 su cdi tién ton kém dé cho cdc tAm dudc phan bd déu hon nhu trong [2] va (b)
dat dudc do chinh x4c tuong tu nhu phuong phap phan ti hitu han v6i cing mat do
ma trin hé s6. C4c thuit toan chon dua trén cac Octant trong [18] da thanh cong theo
nghia nay v6i mién rdi rac Z 1a dinh ctia céc tif dién dudc tao bdi PDE Toolbox trong
MATLAB. Tuy nhién, cic tAm nay c6 phan bd dic biét, do d6 khong thé hién ducc
nhiéu uu diém ctia phuong phap RBF-FD. Thii nghiém s6 trong Phan (3.2, Chuong 3,
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cho thiy, thuat toan don gi4n dua trén cdc Octant trong [18] thudng khong thanh cong
trén mién rdi rac E c6 cac diém phan bd it déu hon. Diéu d6 1a dong luc dé chiing toi
tiép tuc cdi tién thuat toan chon tAm dua trén cic Octant va dé né hoat dong tot trén ca
mién rdi rac E ¢ cdc diém phan bd it déu hon hoic 12 két hop cac nit ludi Descartes
hoic diém Halton trong khong gian 3 chiéu, véi mot s6 tiiy chon cic diém trén bién,
chung t61 goi 1a Thuat toan oct-dist.

Dé ¢6 thé chon dugc cic thm &, i = 1,2,...,k phan phdi xung quanh ¢, Thuét
todn oct-dist bit dau véi viéc chon n (n > 2) tam trén mdi Octant trong 8 Octant
xung quanh § € E, cac tAm nay dugc goi la cac tim tng vién, khi d6 cac tim tng vién
s& 13 cdc 1an can va bao phu tt ca cac hudng tir . Cong doan thi hai cta thuit todn
s& xem xét c4c tAm 1ing vién va chon t6i da k — 1 diém trong s c4c tAm nay dé két nap
vao gid véc to trong s6 = ¢» cac tam dugc két nap phai c6 khoang cach tach biét so vdi
cdc tim da dudc chon, dong thdi ciing vu tién nhitng tAm ting vién gan ¢ hon.

Dé dam bao khoang cach tach biét gitia cac tAm dugc chon trong gid véc to trong

s6 E¢, ching t6i st dung khodng cdch tdch bi¢t p; xac dinh béi cong thiic

S 6
pri=2 Y IE =&l
i=1

trong d6 &1, ..., &g 1a 6 niit gan ¢ nhét trong £\ {{}, || -|| 12 chuén Euclid trong R? va
5 12 tham sd thdamin 0 < & < 1.

Mbi Octant c6 gbc tai { trong khong gian 3 chiéu 1a mot hinh nén gdm cac diém
(x1,%2,x3) € R? sao cho gix; >0, i=1,2,3, trong d6 & € {—1,1}. Cic Octant khong
r0i nhau, do d6 ching t6i gidm bién ciia mot sd Octant d€ dam bao mdi diém (vi
du x; = 0) chi c6 mot Octant chita nd (xem Thuét toan 8-Octants va Thuét toan
16-0ctants). Cac diém trong ving lan can cta { dudc phan hoach vao 8 Octant
c6 gbc tai ¢. Trong Thuat toan 16-Octants [[18, Thuat toan 2], chiing tdi chia mdi
Octant thanh hai phan, din dén viéc chia khong gian xung quanh { thanh 16 hinh
nén rdi nhau va trong thuat toan nay mdi Octant c¢6 thé dudc chia thanh 3 phan, xac
dinh béi diéu kién max{|x;],|x2], |x3|} = |xi|, i = 1,2,3, v6i muc gidm bién thich hgp,

khong gian xung quanh { dugc chia thanh 24 hinh nén phén biét.
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Thuat toan 6 (Thuét toan oct-dist).

Input: E and § € E;y.

Output: E .

Parameters:

II.

m: the number of nodes in the initial local cloud including {;

k: the target number of nodes in E;

s € {1,2,3}: the number of subdivisions of octants;

n: the number of candidate nodes in each octant, n = sv for some v € N;

0 < & < 1: the standard distance tolerance.

. Choose a set E¢yng C E\ {{} of candidate neighbors.

Choose the initial cloud Ep := {&1,&2,...,En—1} CE\ {{} consisting of m —

1 nodes closest to §, sorted by increasing distance to (.

. Compute p; := ¢ X7 1€ &l

Determine 8s sets O;, j = 1,2,...,8s, corresponding to the octants, for s = 1,
half-octants for s = 2, or one-third-octants for s = 3, by collecting in each O j
at most v nodes in Ep,; closest to  and lying in the corresponding octant,
half-octant or one-third-octant. We set E¢,nq := U?Szl o) Iz

Determine subsets O; = {51’, 52’, o hj=1,2,...,8, of Ecung consisting of the
nodes lying in the eight octants as follows. If s =1, then O; = 0 ;> otherwise O;
is the union of s sets of the type O,. Assume that the numbering of the nodes is
such that || — &l < IE &l < - < 1€ - &,

some O; may be empty.

, with 0 < n; < n. Note that

. f #Zcang < k— 1, then STOP and return & 1= Ecang U { }

Choose the influence set Ey C Ecang U{C}-

Initialization: Eg = 0.

1.

For j=11t08:
IfO;#0, then E; :=E, U{E]}.
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2. Set Ecand := Ecand \ E¢, such that Ecung = {51,52,...}, where &1, &,... are

sorted by increasing distance to (.
3. Fori=1to #X.44:
If dist(&;,E¢) > pg, then:
CU{&}
b. If #Z; = k— 1, then STOP and return E; := Z; U{{}.

4. Set p; := dp; and GOTO[IL.2}

[x]

- .
a. HC e

Nhan xét:

- C4c thit nghiém sd cho thiy, m = 100 1a mot lua chon tdt cho tham s nay, s = 1
v6i n = 3 thi thuat todn hoat dong t6t trong hau hét cac trudng hop, nhung véi trudng
hop céc tAm dugc phan phdi it déu hon, cc gia tri ctia s va n 16n hon déi khi c6 10i.
Chiing t6i dé xuét k = 17 1a gia tri mic dinh, v6i k nhd hon déi khi cho két qué tt
hon trén cac tam dudc phan bd tot. Gia tri ctia § dudc chon tir 0.7 dén 0.9 va chon gia
tri cao hon cho céc bai toan ¢6 mién hinh hoc phtc tap, xem Phan Chuong 3.

- Cong doan dau tién cia thuat toan, tp dia phuong ban diu cé m — 1 di€ém gan
¢ nhét dudc gidm xudng tap Ecang €6 nhiéu nhit 8z tam 14n cin clia tht ca cac Octant
c6 gbc €. Viéc st dung tham sb s 16n hon lam cho cdc tAm ing vién nay dudc phan
phdi déu hon, khoang cach dén { c6 thé 16n hon. Néu Z g chifa it hon k diém, thi
thuat toan bd qua cong doan thi hai va tra vé E¢ = Ecand U{{}. Trong thi nghi¢m
s6 chiing tdi thudng chon n > k/8, nén trudng hop nay chi xay ra khi mot s6 Octant
chita qua it diém cla Z trong viing 14n can cua (.

- Cong doan thi hai, chon nhiéu nhit k — 1 tAm dng vién ctia tip Ecang két nap vao
tap gid véc to trong sb Ee. Pau tién, diém gan nhat trén mdi Octant sé dudc chon va
x0a khoi E.,,q. Budc s€ xem xét cac tam ung vién con lai theo khoang cach cua
ching dén ¢ va thém vao tap E; néu tam d6 tich biét véi cic di€m da dugc chon it
nhét bang khoang cach p¢- Vong lap nay sé két thic néu chon dudc k — 1 tAm dng vién,
khi d6 thudt todn sé tra vé tap gid véc to trong s6 E, c6 k diém gom { va k — 1 tim
dugc chon. Néu khong, sé giam khoang céch tach biét bang cach thiét 1ap pr := §p¢
va quay lai Budc v6i cac tAm dng vién con lai. Vi s6 tAm dng vién & cong doan
tht hai it nhit 12 biang k va diéu kién khoang cich tach biét gidm dan nén qua trinh

naty s& két thic & Budc|[IL.3]b.
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- V6i Thuat toan 8-0ctants va Thuat toan 16-0ctants [[18, Thuat toan 1 va 2] ap
dung cho céc bai toan c¢6 mién Q phiic tap (mién khong 16i, xem Phan Chuong
3), sau khi chon dugc tip Z, ching t6i da ki€m tra va diéu chinh nhu sau: Vi méi
e N\{C} niam ngoai mién dia phuong, tiic 12 doan thang (£, &) giao véi IQ tai
diém &’ nam gitta ¢ va &, thi thay thé £ béi diém &' € (£,E) N IQ gan ¢ hon. Tuy
nhién trong thuat todn ndy khong 4p dung, vi cic diém méi &’ ¢6 xu hudng lam gidm
déng k€ khoang cich tich biét cac di€m trong Z, va thudng dan dén két qué trong so
khong tot. R rang, viéc st dung cac diém & vé6i (£,E) N IQ # 0 c6 thé ¢6 hai trén
cac mién c6 16 hodc vét niit mong, v6i nghiém trén mién nay c6 bude nhdy 16n. C6 thé
cAn mot bién phap xi ly dic biét trong trudng hdp nay, chang han nhu tap cic diém
lan can ban dau Zp,; & Buée dugc chon sao cho né chita cac 1an can £ cua { ma
¢ va & khong dudc ndi bang mot dudng ngan nhit nam trong Q. Tuy nhién, cic diém
nam ngoai mién dia phuong khong phai 1a vin dé néu tap = c6 sb tam di day trong
Q.

Do phirc tap cta thuit toan chon tim oct-dist:

Ménh dé 2.4.2. Dt n =#2 va k la s6 tam cdn chon ciia tdp E¢. Khi do do phiic tap

tinh todn ctia Thugt todn6|la € (mnlogn), vdi m la sé diém dugc chon ban dau.
Chung minh. 1. Thoi gian chon tdp cdac tam ing vién 1an can Z.,,q tai Buéc

1. Do phiic tap khi st dung thuét toan k-d tree d€ tim m diém cta tap khdi tao
Emnic tai Bude[L1]1a &' (mnlogn), véi n := #Z [6, 38, 60].

2. Thoi gian tinh khoang céch tach biét py 1a &(1).

3. Thoi gian xdc dinh 85 tap O, j = 1,2,...,8s tai Budc|L.3[1a O(1).

4. Thoi gian x4c dinh cdc tp con O; va sip xép theo thi ty ting dan dén ¢ tai
Buéc [L.41a &(mlogm).

5. Thdi gian tinh toan tai Bu6c[l.5|1a &'(1).

Do d6 thoi gian tinh toan cua cong doan chon tap cac tam Gng vién 1an can E,pq

la &(mnlogn).
II. Xac dinh tap E tai Bude

1. Thai gian xdc dinh tap Z; tai Budc [[1.1]1a &/(1).
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2. Thoi gian xdc dinh tip Zcang va sap xép theo thi tu ting din dén { tai
Budc[[L2]1a &((m — 8)log(m —8)).
3. Thoi gian xdc dinh tap Z, tai Budc 121 o(1).

4. Thoi gian tinh gid tri p; tai Budc[[L4/1a O(1).

Do d6 thoi gian xdc dinh tép E, 1a &((m —8)log(m —8)).
Vay tong thoi gian tim tip Z ciia clia Thudt todn @ la O (mnlogn). [

2.4.5 Thuan toan pQR

Thuat toan pQR dugc Oleg Davydov va Mansour Safarpoor gidi thiéu trong [[15)
201, 1a thuat todn tim tip gid véc to trong sb E¢ va tinh trong s6 We e bang phuong
phép da thiic. Trong phan nay chiing toi s& gi6i thiéu lai thuat todn va st dung n6 tim
gid véc to trong s6 cho phuong phap RBF-FD. Y tudng va ndi dung ctia thuit toan nhu
sau:

Gia st todn ti vi phan c6 dang (2.1)), trong d6 D 12 toan ti vi phan tuyén tinh

ol
_ o o._
Du = Z cqd%u, 0%:= S 9
o e 103" 0xg

o] <k

| =+ o+ +ag,

v6i k 12 bic cla todn ti tuyén tinh D, cq 12 cic hé sd va cong thic (2.1) 1a két qua
chinh x4c véi cac u thudc khong gian cac da thic d bién HZ c¢6 bac nhd hon hoic bing

q(g>1),ticla

Du(C)=Y weep(§), {€Ein, vimoip el (2.23)
5634

Trong [21} 23] da dua ra cong thuc sai s6 cua @2.1)
Du(§)— Y, weeu(§)
éGEC

bi chan trong 14n can cua §

Y weelll—EN5. (2.24)
E€E,
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Hon nifa, gi4 tri nhd nhit ctia (2.24) dng véi (2.23)) triing v6i ham p dudc dinh nghia

nhu sau

pun (£.50) =sup{Dp(8): pe T, |p(&)] < I~ I, VE € 2, )

va n6 dudc st dung dé danh gi4 sai sb.

Dé c6 dudc do chinh x4c cao trong cong thiic vi phan s, ta can tim dudc gia tri
trong s6 w¢ ¢ nhd nhit 6 thé trong cong thiic (2.24), diéu nay thuc hién dugc khi
chon dudc gid véc to trong sd E¢ €O Vi tri tot. Cac tac gia trong [13] da gi6i thiéu
phuong phap pQR vé6i viéc phan tich QR clia ma tran hé s6 khi bién ddi va danh

gia cic trong s6 bi chin bdi cong thifc

Y [weelllE =&l <Cpyp (£.E¢)
EeE,
trong d6 hing s6 C > 1.

Bé chon dugc gid véc to trong s6 E, ¢6 vi tri tt, trong [20] céc tac gia bat dau
thuat toan véi tip gdm m diém Eié‘it = {y1,¥2,...,Ym} gan { nhit. Gia st co s6 cia
khong gian Hfl la {p1,p2,-..,pv}, vOiv = dimHZ =veaval=y,pi=1,p(y1) =
--- = py(y1) = 0. Khi d6 diéu kién dé€ tim véc to trong sO w; cho ta hé phuong
trinh tuyén tinh

Aw = b,

trong do
A= [pl (yj)];:?:za W= [Wj]Tzzv b= [Dpl (C)];:Z .

Bién d6i A, w vé dang
A= A®, w= 0y

v6i

© =diag (65, 63,...,6,), 0;=|y; =<7, j=2.3,....m, (2.25)
ta dudc hé phuong trinh Av =b. Trong [15]], da gidi thi€u phuong phap phan tich
QR tuong tu trong [32, Phan 12.2.1], giai hé phuong trinh nay ta tim trong s6 w* ctia
[2-23) v6i nhiéu nhat la rank(A) + 1 < v, 4 thanh phan khéc 0. Bing céch git lai nhiing
nut trong Eigl‘“ ting vdi céac trong sb we ¢ khac 0 ta co tap gia véc td trong s6 E¢ tuong

ting c6 nhiéu nhit rank(A) 4+ 1 < v, 4 diém. Noi dung chi tiét ctia thuat toan nhu sau:
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Thuat toan 7 (Thuét toan pQR bic g, [20], Thuit toan 1).

Input: § € E;p and Egﬁt = {y1,Y2,---,Ym} such that y; = ¢.

Output: w* € R™ and E, C Eignit.

1.

8.

Choose a basis {p1,p2,...,py} for 1, such that { =y, p1 = 1, p2(y1) = --- =
pv(y1) =0, withv = dimngl = Vyd-

Compute the matrix A = [p; (y;)],"/_, and vector b = [Dp; ({)];_,.

. Compute A = A®, where O is defined in (2.25).

Compute the QR decomposition with partial pivoting
~ R T
AP=0 { kT ] ,

where P is a permutation matrix, Q an orthogonal matrix and R € R"*" is upper

triangular and nonsingular, T € R™ ", with r = rank(A) = rank(A).

Compute 7 € R” such that R = b, where b € R’ consists of the first » compo-

nents of Q7b.

77
Compute the vector w = OP [vT O} € R™~! that has at most r nonzero compo-
nents.
. Return the vector w* € R is defined by
( ) m—1
covi)— X wj
W* - j=1 / )

w

where co (y1) = Dp1(y1).

Return &y = {yj: j=12,....m, wj. #O}.

Trong [19] chung t6i st dung Thuat toan pQR véi 3 truong hgp:

* pQR4sel: Bit diu véi 100 diém gan ¢ nhit, chiing ti chon tap gid véc td trong

s6 = ¢ bing Thuét todn pQR bac 4 va tinh trong s6 bing phuong phép st dung ndi
suy RBF-FD nhu trong [19], nén s6 tim chon dudc ciia tdp Z, xap xi 20 diém.
Do d6, chiing toi ciing xem xét hai phuong phdp chon sau véi trong s6 pQR nhu
trong Thuét toan [7 ma viéc tinh toan cua ching khong dua trén cdc ham cd sé

ban kinh.
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* pQR3, pQR4: Chung tdi ap dung Thuét todn [7| cho ca viéc chon tip E, va tinh
véc to trong sd bing da thiic trong 2 trudng hdp bac 3 (pQR3), bac 4 (pQR4). Bat
dau v6i 100 diém gan ¢ nhat, khi d6 sd luong tAm cua tap E¢ dugc chon trong
truong hop bac 4 triing vé6i trudng hop pQR4sel va xap xi 10 véi pQR3.

2.5 Thuat toan lam min thich nghi khong ludi

Dé danh gid hiéu qui cta phuong phdp RBF-FD trong khong gian 2 chiéu khi st
dung céac thuét toan chon tam D01, ODP1, OT1 trong cac cong b6 [[16, 48, 149], cac tac
gia déu két hop v6i mot thuat toan lam min thich nghi khong ludi hay thuat toan sinh
tdm khong ludi thich nghi (goi tat 1a thudt toan sinh tdm), tic 1a mat do sinh tim tai
vi tri nghiém c6 ky di sé nhiéu hon nhiing vi tri khdc. Mdi thuét toan sinh tim khong

lu6i thich nghi gom 2 cong doan chinh:
* Tinh cac d6 1&ch va xac dinh ngudng cia do l1éch 7;

+ Xem xét viéc chén thém tam mdi d6i v6i mdi canh (& c6 gia tri dd 1éch tuong
ting 16n hon hoic bang 7. TAm ting vién dugc thém néu théa man diéu kién vé

khoéng céch tach biét dia phuong so véi cdc di€ém 1an can.

Néu két thiic cong doan 2 ma s6 tAm clia mién rdi rac khong dat s6 tAm dinh trudc
thi gidm ngudng 7 va lap lai cong doan nay.

Trudc khi md ta ndi dung clia cac thuat todn, ching toi sé trinh bay mot s6 khai
niém va su thay d6i chinh tif Thuat todn 2 trong [16] so v6i Thuat todn 2 trong [48] va
két qua cong bd gan day clia chuing t6i Thuit toan 1 trong [49]].

- D¢ léch (error indicator): Pay 1a cong doan dau tién quan trong cda thuit todn
sinh tdm thich nghi, n6 cung cap thong tin vé dbi tuong can sinh tim hoic khong can
sinh tam, v6i y tudng sinh tdm tai nhitng noi c6 do 1éch vudgt mot ngudng dinh trude.
C6 mdt s6 cach tinh do 1éch cho phuong phdp RBF-FD khéc nhau, nhu trong [16] n6
dudc tinh bdi su khac nhau giita nghiém xap xi tai hai diém dau va cudi cia canh nhu

sau:

Pinh nghia 2.5.1. Vi moi § € E;y, do léch (error indicator) €(&, &) wng vdi ‘canh’
€&, & € E¢\{L} dugc tinh bdi cong thiic

€(8,8) = lig —tie], (2.26)
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trong do 1 la nghiém xdp xi ciia Bai todn (1)) dwoc xdc dinh béi hé phuong trinh (2.2)
trén mién roi rac E.
Cung vdi cach tinh do 1éch theo canh, céach tinh dd 1éch tai cic diém ciing dudc st

dung, nhu trong [43]], cach tinh nay dua trén cac tam giac Delaunay dudc tao bdi tap

E¢ €6 cOng thiic nhu sau

1 1 2
o= [, 10u= e Sactoug il = | B [55(0us -]
(2.27)

trong d6 Q¢ la cac tam gidc Delaunay dugc tao boi E¢ va A NS E¢ la dién tich cua
tam giac Delaunay tuong ung.

Céch tinh do 1éch tai cdc diém ciing dugc st dung trong [57]] bdi cong thiic

e0)= [ Y @ -a@)f. a@)=— Y a). @28
GEC

éGEC

H#Eg,

Ngudng lam min ctia né ciing dugce xac dinh tuong ty nhung trén mién dia phuong.

Tuy nhién, cic tac gia trong [48] di chi ra, v6i mot sd trudng hop cach tinh do
léch bdi cong thic trén mién dia phuong lam cho nghiém x4p xi ctia phuong
trinh dao ham riéng 16n, din dén viéc sinh tAm khong hiéu qua. Vi vay, trong [48], 49]
da thay thé bang céch tinh cta Zienkiewicz va Zhu [64], d6 1a cach tinh do léch theo
canh dudc st dung phd bién cho phuong phap FEM bdi cong thiic

Pinh nghia 2.5.2. Vdi moi { € Sy, do léch €(8,8) ving vdi ‘canh’ £&, & € Z,\{L}

dugc tinh bdi cong thiic

£(8,8) =&(C,6) = |(dg —ag) — (€ (§) = £(8))], (2.29)

trong do it la nghiém xdp xi ciia Bai todn (1)) duoc xdc dinh béi hé phuong trinh (2.2)
trén mién roi rac = va
le(x) == a+bT(x—{)
la da thitc tuyén tinh iing voi dit liéu {(&,dg) : & € B¢}, vdi cdc hé séacR beR?
dugc chon théa man diéu kién
A 2
Yl —€c(8)
éEEC

dat cuc tiéu.
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Trong [48]], cdc tdc gid da danh gia su khac biét giita viéc tinh do léch bang cong
thic va cong thuc trén Bai todn |5 véi o = 75— K&t qua thit nghiém cho
thay, néu st dung cong thic d€ tinh do6 1éch thi cac tAm dudc sinh ra nhiéu hon
& cac viing c6 do cong cao (& dinh va ddy ctia séng) va bd qua viing bang phang giita
ching nhu Hinh 13 (g) trong [48], cach sinh tdm nay tucong tu nhu cach sinh ludi thich
nghi ciia FEM (xem Hinh 13 (h) trong [48]]). Tuy nhién, néu st dung cong thiic
thi c4c tim dudc sinh ra nhiéu & cac ving phang c¢6 nghiém xAp xi cao nhu trong Hinh
14 (b) trong [48], din dén sai s 16n hon va dd chinh x4c kém & dinh va ddy cla séng,
xem Hinh 14 (c, d) trong [48]].

- Ngudng do léch va chién lugc ddnh ddu (Marking strategy): D6i véi sinh tam
thich nghi khong 1udi, ngudng do 1éch 1a yéu t6 quan trong quyét dinh vi tri va chét
luong sinh tAm (1am min). Vi néu gid tri ngudng qua 16n sé& dan dén bd s6t nhitng vi tri
can phai sinh tAm, con gid tri ngudng qua nho thi sé dan dén viéc sinh tAm tai nhiing
vi tri chua can thiét. Gi4 tri clia ngudng do 1éch T phu thudc vao gia tri max(e(Z)).

Do d6 diéu kién dé€ canh & dudc danh diu 1am min 1a

e(f,8)>r. (2.30)

V6i cach tinh d¢ 1éch theo canh trong [16, /48] bdi cong thiic (2.26]) va cong thic (2.29),
ngudng do 1éch 1a 7 := v, véi

E=¢(Z):=max{e({,8): (€& i}

va hé s y € (0, 1]. Céc gid tri nay xdc dinh trén toan mién rdi rac Z. Con véi canh tinh
do 1éch theo tAm nhu trong [43],157] bdi cong thiic (2.27)) va cong thiic cling st
dung ngudng do léch T nhu trén nhung 7, € 1a c4c gia tri trén mién dia phuong.

Dé c6 thé sinh tAm & nhiing vi tri cAn thiét, trong [49], chiing tdi x4c dinh ngudng

dd 1éch 7 *hdn hop’, cu thé nhu sau:

» Ngudng dd 1éch 7 := yg;, v6i hé s6 y € (0,1). Day 1a chién ludc tdi da (Maxi-
mum strategy) va dudc ap dung cho mot trong ba truong hop dac biét sau: VGi
prev prev

tap khdi tao E hoac € > 2 hoac ¢ > 10281 , vOi € la gia tri d0 1éch 16n

nhét cta 1an 1am min trude va

e(8):={e(£,8): £ € Eini, € € B¢\ {C}}, (2.31)

el :={e1,&,...,ex}, trongdd € > & >--->¢ey,e? Ce(E).  (2.32)
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« Cédc trudng hop con lai 7 := max(yTP™®, ¢;), trong d6 €; € €, j:= [pn], p €
(0,1), n = #E;,%.

Chién lugc nay tranh viéc T giam nhanh din dén viéc sinh tAm méi tai nhiing vi tri
khong can thiét. Trong céc thi nghiém sb, véi 1an lip dau tién T = y7P™ va sau d6 ©
giam rat nhanh.

- Cdc tdm iing vién: V6i mdi canh dugc danh diu (&, cac tim dng vién khi st
dung Thuét todn 2 trong [16] 1a trung diém &mig = (£ + &) /2 va 2 trung diém &}, &
trén bién néu & 1a diém bién. PE cic tim dudc phan bb déu xung quang ¢, ngoai tam

ting vién la trung diém thi cdc Thuat todn 2 trong [48] va Thuit toan 1 trong [49]
+ .
mid ~

vuong goc véi canh &, xem Hinh Pé6i v6i cac thuat toan st dung cong thifc do

con c6 cac tng vién &= . 1= Enig £dV, trong do d = ||§ — £|| /2 va v 1a véc td don vi

) 6;id 13

e J
a3
Ay

mid

L] g;nid

Hinh 2.4: Céc tam Gng vién &yig, &5y, &1, &, €/ trong 1an can cta canh dugc danh diu.

1éch theo tAm bdi cong thic (2.27) va cong thiic nhu trong [43,57] thi cac tim
Ung vién l1a 4 diém &; := { +hv;, j=1,2,3,4, v6i h 1a khoang céch ting véi di€m ¢,
v, 1a véc to don vi theo tat ca cac hudng.

- Khodng cdch tdch biét: Cac tam ing vién c6 thé nam & vi tri rat gin di€ém da ton
tai hodic mot tAm khac dugc tao ra khi 1am min mot canh khéc. D€ tranh diéu nay cac

thuat toan trong [[16, 48, 49] da gidi thiéu khoang cach tach biét nhu sau

Pinh nghia 2.5.3. Khodng cdch tdch biét ciia tam &' vdi tdp &' dugc xdc dinh bdi

cong thiic

N

dist(&, E"\ {&}), (2.33)

=1

sepe:(2') =

EN,

~
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trong do &1,&, ..., & la 4 diém thuoc E' gan &' nhdt va
dist(x,Y) :=inf{|[x—y||: y €Y}
la khodng cdch tiv x dén tdp Y .
Trong [[16], cac tac gia st dung cach tinh dist(x,Y’) bdi cong thiic
dist(x,Y) := min{|[x—y| : ye Y}.
Tam ting vién &’ dudc két nap néu
dist(§',2") > psepe (Z'), (2.34)

v6i € (0, 1). Trong [43] [57] tam tng vién &’ dugc két nap néu né thdéa man diéu
kién ||E" — &|| > h, v6i € 1a diém gan &’ nhit.

Trong [49], véi cac truong hop € > 5 hodc € < 10710 hodc & > 1028{)rev, thi s€
giam u := p — 0.2 (xem Bud6c 1.2 Thuat toan , dé€ uu tién phan phdi tAm vdi gid tri
16n nhét khong dong déu hon phan phbi déu.

2.5.1 Thuit toan sinh tam trung diém D02

Thuét todn da dudc cac tac gia gidi thiéu trong [16, Thuit todn 2] (goi tit la thuét
toan sinh tdm D02), v4i do 1éch xac dinh bdi cong thic (2.26). Thuat toan lam min
canh & bing cach chén thém tim mdi &g 12 trung diém cia canh nay. Néu & € 92
thi tim 2 diém 14n cén §_, &, € JE va chén thém 2 trung di€m &', &) cha cic canh

§G-Vagey.

Thuat toan 8 (Thuét toan D02, [16], Thuét toan 2).
Input: The set of centres E, stencil supports {Z; : § € Eip}.
Output: The refined set of centres ' and stencil supports {E/C : L e &\ JE}.

Parameters: 7y (error indicator tolerance), i (separation tolerance).

I. Compute the maximum error indicator € = €(Z) and mark all edges {&,& €

E¢\{C},{ € Ein, such that (&, &) > y&. Initialise &’ :

II. For each marked edge C&:

I Let & = (£ +&) /2.
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2. If dist(&',E") > pseper (E):
i. SetE :=F'U{&'}.
i, If € € 9%
SetZ :=F'U{& & }.

L. 1. Foreach §{ €& \JZ&"

=/

i. Apply Algorithm D01 to find E/C cZ.
ii. Compute the distances dg = || —&]2,& € E/C \ {{}, and their average
1 — =
dyy = ?2563%\{4’} dg, where ( = #_’C 1, and mark all edges &,& €
E¢ \{C}, such that dg > 2d,,.

2. Repeat Step II for the edges marked in Step II1.1 and collect all newly created

centres in the set E,,.

3. Apply Algorithm D01 to compute E/C for all { € E,,, and recompute E/C for

1€ —E&ll2.

all £ € E/\ g,y such that dist (£, Zp) < d (:'c) = maxgez,

Do phirc tap ctaa thuit toan sinh tam D02:

Ménh dé 2.5.1. DPdt n = #Z, Nigy = #Zin(, k la s6 tdm clia Ee,m>kla 56 tdm gan
nhdt duoc chon ban ddu va Ny la s6 canh duoc ddanh ddu dé lam min. Khi do, dé

phiic tap cua thudt todn sinh tdm D02 la €' (m Nl%lt

logn).

Chiing minh. 1. Do Budc I. st dung Thuit toan D01 nén do phtic tap 1a &' (Niy m logn).
II. Chi phi tinh toan tai Budc 11 1a N, O (n).

III. Tinh chi phi tinh toan tai Budc III

1. i. Chi phi tinh todn 12 &' (N, m logn) (Vi dp dung Thuét todn DO1).
ii. Chi phi tinh toan 1a &' (k).
Vi vay chi phi tinh toan tai Budc IT1.1 1a Ny & (Nipe m logn).

2. Chi phi tinh todn 12 Nk O(N), V6i Nparie < Nint.

3. Chi phi tinh toan 1a & (Njy m logn).

Vi chi phi tinh todn ctia Budc 111 1a theo quy tic cong, nén do phiic tap tinh todn
tai budc nay 12 &' (m N2, logn).

nt
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Vay chi phi tinh toan tit Budc I dén Budc ITI ctia Thuat ton [8{1a theo quy tic cong

nén do phic tap ctia thuit toan 1a &' (m N2, logn). ]

int

2.5.2 Thuat toan sinh 5 tam 0DP2

Thuat toan sinh 5 tdm thich nghi cho phuong phap khong lu6i RBF-FD dudc cac tac
gia gidi thiéu trong [48), Thuat toan 2], goi tat 12 thut todn sinh tim 0DP2. Thuit toan

stt dung cach xac dinh do léch bsi cong thitc (2.29) va lam min canh {& bang cach

chen thém cdc tdm mdi 1a: Epig 1a trung diém cua canh, &, &, nam trén dudng
trung truc ctia canh {& va dbi xing nhau qua &g Tuong tu Thudt toan D02, néu
& € JE thi tim 2 di€ém lan cén &_, &, € JE va chen thém 2 trung di€m &’ , &/ cha cdc

canh EE_vaE&,.

Thuat toan 9 (Thuét toan 0DP2, [48], Thuit toan 2).

Input: The set of centers E and stencil supports {Z; : { € Ejy}.

Output: The refined set of centers Z'.

Parameters: y = 0.5 (error indicator tolerance), 4 = 0.8 (separation tolerance) and

n = 15 (percentage of added centers).
I. Compute the error indicator threshold & = y€(E) and initialize &’ := E.
Il. For each edge {&, € € Ein, § € E¢ \ {{}, such that (£, &) > &:

1. Compute Emia == (£ +&)/2, &Ly i=Emia+dV and &, := Enig — dV, where
d:= || —&||/2 and V is the unit vector perpendicular to the edge {§&.
Initialize ¢ := 0.

2. If & € By, then for each &' € {Eniq, §$d’§£id}:

If dist(§',0Q) > d/2 and dist(§',E') > wsepe/(E'), then set Ec := EcU
{&'}.
3. Elself & € JE:
i. Foreach &' € {&mia, &5 &y}
If dist(&',0Q) > d/2 and dist(E',E') > d /2, then set E¢ := Ec U{&'}.
ii. If E¢ # 0 or dist(Emig, 0Q) < d/2:

Find two neighbors €, &, of & in dE, one in each direction from & along
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the boundary, and compute two middle points & ,&! € dQ defined by
the pairs &,&_ and &, &, respectively. Set E¢ := EcU{& & }.

4. SetZ :=F'UZ.

III. If the number of centers in E{m \ Ein¢ is less than n% of the number of centers in
Eint, then set € := Y€ and goto Step II.
Else STOP and return Z'.

Do phirc tap cta thuét toan sinh tam 0DP2:

Ménh dé 2.5.2. Dt n = #Z va N la s6 tam ung vién. Khi do do phiic tap tinh todn

cua Thudt todn ODP2 la O (N.logn).

Chiing minh. 1. Chi phi tinh toan ngudng do 1éch tai Budc I: V6i moi § € Z;y, viéc
tinh do 1éch dugc thuc hién 1 1an 1a &(1), do d6 téng thdi gian xéc dinh tap £(Z)
12 0 (n) v6i n := #Z. Chi phi sip xép do léch bing véi do phiic tap ctia thuat todn
sap xép nhanh 1a &'(nlogn).

I1. Chi phi tinh todn tai Budc II v6i mdi canh tng vién (&:

1. Chi phi xdc dinh 3 diém tai Buéc IL1 1a &/(1).

2. Chi phi d€ chén thém tim ting vién tai Budc I1.2:
Chi phi d€ tinh khoang céch dist(&§’, ) 1a &'(logn) [6} 38 160].
D¢ tinh khoang cdch tich biét seps/(Z') ta phai sap xép cdc diém bing cay
k-dtree nén chi phi tinh toan la &'(nlogn) [6].
V6i mdi tdm tng vién &', chi phi d€ chén thém tim vao k-dtree 1a & (logn)
(xem [1, Chuong 3, trang 19-20]).
Goi Ny 12 56 tAm ting vién trong mién, khi d6 chi phi d€ chén thém tim tng
vién tai Budc I1.2 1a & (Niylogn).

3. Chi phi chén thém tam trén bién khi § € JdE:
Tuong tu Budc 11.2, goi N, 1a s6 tam ting vién, khi d6 chi phi d& chén thém
tam tng vién tai Budc I1.3 1a O'(Ny logn).

4. Chi phi tinh toan tai Budc I1.4 1a &'(1).
Do d6 véi N, 1 s tam dng vién thi chi phi tinh toan chén thém tam tai Budc

I1a O(N:logn).
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I11. Budc III chi thuc hién 1 1an nén thai gian tinh todn 1a &/(1).
Viy thoi gian tinh toan cia Thuét toan 0DP2 l1a &' (N, logn).

2.5.3 Thuét toan cai tién sinh 5 tam 0T2

Thuat toan nay chiing tdi van st dung céch tinh dé léch, khodng cdch tdch biét dia
phuong va cdu tric cdc tdm 1ing vién nhu Thuit toan 0DP2 [48], Thuat todn 2]. Tuy
nhién, dé€ vu tién vé mat do tm ddi v6i nhiing trudng hop gia tri 16n nhat ctia do 1éch
cao, chung to1 xac dinh ngudng dod 1éch 7 trong cong thuc theo céch hon hop’
va gidm gid tri ctia tham s6 khoang cach tdch biét u trong cic trudng hop dic biét nhu

da trinh bay & trén, ching t6i goi thuit toan nay la thuat toan sinh tam 0T2.

Thuat toan 10 (Thuét toan 0T2, [49], Thuat toan 1).

Input: The set of centers Z and the stencil supports {E¢ : § € Ejp}.

Output: The refined set of centers Z'.

Parameters: 7y (error indicator tolerance), ¢, p (ratios), U (separation tolerance). Ini-

tialize &' := E.
I. Compute the error indicator threshold

1. Compute sets €(Z) and set € (2.32).

2. If & >5,0re <1071 or g > 10%el™, then p == — 0.2,
3. If E is the initial set, or & > 10%e]"™", or & > 2, then T := Yey; Else T :=

max(ytP'®, g;), where j := |pn].
II. For each candidate edge {&:
1. If & € Einy, then For each &' € {Emia, & i Emia - if dist(E',E") > psepe: (2),
then &' .= &' U{¢&'}.
2. Else:
i. Foreach &' € {Emia, &L, E— 1}, if min(dist(E',0Q), dist(E,E")) > 6§ —

mid’

E||, then &' :=E U{&'}.

ii. Determine two middle points §' |&’ € dQ and set B :=E'U{&E},&" }.

L. If & = Eiy, then T := y7T and go to Step II, Else STOP and return Z'.

int —
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Nhan xét:

Thuét toan bat dau véi tap cdc tim = khong thich nghi. Trong cic thi nghiém sb
Phan Chuong 3, dé danh gid hiéu qua cua céac thuit toan sinh tim véi cling bod
tam ban dau ctia mién rdi rac, tip cac tim Z ban dau dudc tao bdi PDE Toolbox trong
MATLAB cho phuong phép phan ti hitu han.

Tuong ty trong [48]], cac tm vng vién {Emid, &5y, &g &, &4 } trong BuéchQc

xac dinh nhu sau:

¢ Emia:=(C+&)/2, &L i=Emia+dV val . = Enig—dV, trong d6 d := ||{ —
E||/2 va v 1a véc to don vi vudng géc véi canh CE.

* Cictam &’ hodc &/ dudc xac dinh khi § € dE nhu sau: Tim cdc lan cdn §_, &,
ctia & theo cdc hudng trén JE, tinh 2 trung di€ém &’ &) € JQ cia cic doan

théng éag— va évé-l--

Gia tri cta tham sd o tai Buéc dugc chon bing 0.5 (tuong tu Thuit todn 2
trong [48]]). Tuy nhién ddi véi cac Bai toan c6 mién hinh hoc c6 géc nhon nhu Bai
toan [I| (xem Hinh va Bai toan 2b, [2c (xem Hinh [3.7(c-f)) thi gid tri 6 nén chon
khéc, cu thé 1a: Chon ¢ = 0.75 cho Bai todn[l} o = 0.4 cho Bai toan[2b va 6 = 0.8
cho Bai toan 2.

Gid tri ctia u trong cong thiic ty 1& thuan véi tinh déu, tic 12 néu gia tri cla
U cang cao thi viéc sinh tdm sé uu tién két nap cic tdm c6 tinh déu. Trong céc thi
nghiém s chd yéu chon 13 u = 0.8. Tuy nhién, ddi v6i nhitng Bai todn c6 nghiém
12 ham c6 dao dong 16n nhu Bai toan [6] thi gid tri tham s& u nén gidm, vi né can uu
tién cho mat do tim cao hon tinh déu, nén chon tham s6 p = 0.5 cho Bai todn @) va
p = 0.75 cho Bai todn [6p.

Hinh 2.5|biéu dién Iuu dd chén thém cdc tim méi trén mdi canh danh déu £& trong
Budc Il cua thuat toan.

Do phirc tap cta thuit toan sinh tam 0T2

Ménh dé 2.5.3. Dt n = #Z va N, la s6 tdam iing vién. Khi do do phikc tap tinh todn
cua Thudt todn 0T2 la O (N.log(n)).
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l Yes Yes
=T o) E=Tu{d}

Xac dinh 2 diém
£.Eei)

Hinh 2.5: Luu dd chén thém cic tAm méi trén mdi canh ddnh dau (& trong Budc [[I| clia
Thuét toan 0T2, véi dy = dist(E', &) va dyin = min(dist(E’,0Q), dist(E',E)).
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Chitng minh. 1. Chi phi tinh toan nguong do 1éch tai Budc I:
1. V6i mdi { € By, viéc tinh do 1éch dudc thuc hién 1 1an 1a &'(1), do d6 tdng
thoi gian xac dinh tp €(E) la &(n) v6i n := #E.

Chi phi sap xép dd l1éch biang v6i dd phiic tap ctia that toan sap xép nhanh la
O (nlogn).

2. Chi phi xdc dinh u tai Budc 1.2 chi thuc hién 1 1an 1a O'(1).
3. Chi phi xdc dinh ngudng dd léch 7 tai Budc 1.3 chi thuc hién 1 1an1a &(1).

Do d6 tong thdi gian tinh todn tai Bude [ 1a & (nlogn).

II. Chi phi tinh toan tai Bu6c II v6i mbi canh tng vién {&:
Gia st sap xép cac diém bang cay k-dtree da dudc thuc hién véi chi phi tinh todn
la O (nlogn) [6].
V6i moi tdm dng vién &', chi phi d€ chén thém tAm vao k-dtree 1a &'(logn) (xem
(L, Chuong 3, trang 19-20]).
Chi phi d€ tinh khoéng cach dist(§’, Z) 1a & (logn) [6, 38}, 60].
Do d6 chi phi tinh toan cho mot tAm ing vién trong trudng hop thuc hién tit ca
cac budc la O'(logn).

Goi N, 1a s tam ting vién, khi d6 thdi gian tinh todn tai Budc Il 1a (N, logn).

II1. Budc III chi thuc hién 1 1an nén thoi gian tinh todn 1a &(1).
Vay thai gian tinh toan ctia Thuét toan 0T2 la /(N logn). [

2.6 Kétluan

Trong chuong nay ching t6i da trinh bay cac két qua:

* Cénh tinh trong s6 RBF-FD bang noi suy RBF vdi 3 trudng hop, trong s6 RBF-FD
khong c6 thanh phan hang s6, trong s6 RBF-FD véi thanh phan hing s va trong
s6 RBF-FD vdi thanh phan da thic. C4c cach tinh nay 13 co sé clia phuong phéap
khong ludi RBF-FD.

+ Céc thuat toan chon tAm (chon gia véc to trong s6 = ¢) cho phuong phap RBF-FD
trong khong gian 2 chiéu, dong thdi dé xuit thuat toan mdi 0T1 cho cac bai todn
c6 mién hinh hoc phiic tap, nghiém c6 ky di, hodc c¢6 do dao dong manh. Thuat

toan dé xuét c6 do phiic tap ¢(n) néu dau vao cla thuat toan la m diém gan
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nhét. So véi cac thuat todn di cong bd trude thi thuat todn dudge dé xuét 6 chi

phi tinh toan giam.

D& xuit cac thuit toan chon gid véc to trong sb E¢ cho phuong phap RBF-FD
trong khong gian 3 chiéu, nhu 8-Octants, 16-Octants, oct-dist, dong
thoi gidi thiéu cac thuat toan tet, k-near, pQR4sel, pQR3, pQR4 ap dung
cho phuong phap RBF-FD.

* Cac thuat toan sinh tam thich nghi cho phuong phap RBF-FD trong khong gian
2 chiéu. Pé xuét thuit todn sinh tAm thich nghi méi 0T2, c6 do phic tap 1a
O (N:logn). Thuit toan dugc dé xuit c6 chi phi tinh toan gidm so véi cac thuat
toan trudc do.
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Chuong 3

THU NGHIEM SO

Trong chuong nay chiing tdi sé trinh bay céc thit nghiém sb trong khong gian 2
chiéu va trong khong gian 3 chiéu dé danh gid hiéu qua cla cac thuit todn sinh tim
thich nghi va thut toén chon gia véc to trong sé dudc trinh bay trong Chuong 2. Véi
cac thif nghiém sb trong khong gian 2 chiéu trén cc bai toan c6 mién hinh hoc phiic
tap, nghiém c6 ky di, hodc c6 d6 dao dong manh, ching t6i dbi sanh két qua cia
phuong phap RBF-FD sii dung két hop hai thuat toan méi dudc dé xuét d6 1a Thuat
todn chon tam OT1 va Thuit toan sinh tAm 0T2, vdi két qua ciia FEM va két qua cia
phuong phap RBF-FD khi st dung két hop Thuét toan chon tam ODP1 va Thuét toan
sinh tim ODP2. Trong khong gian 3 chiéu, chiing tdi so sanh két qui ctia phuong phap
RBF-FD su dung céc thudt toan chon tam, nhu Thudt todn k-near, Thuit toan tet,
Thuat toan 8-0ctants, Thuat toan 16-0ctants, Thuat toan oct-dist, Thuat toan
PQR Vv6i cac phién ban pQR4sel, pQR3, pQR4, véi két qué clia FEM bac nhét va FEM
béc hai, trén cac bai todn ¢6 mién 16i hodc mién hinh hoc phiic tap trong thuc té, trong
do tap E C Q clia cac bai toan dudc rdi rac bdi cac cach khac nhau, nhu dinh cta cac

t dién, luéi déu hodc diém Halton.
3.1 Thit nghiém s6 trong khéong gian 2 chiéu

Pé danh gia do chinh xdc ctia nghiém x4p xi /i cia so v6i nghiém chinh xac u
cua (1)) caa phuong phap RBF-FD su dung cac thuit toan khac nhau va cua FEM, chiing
t0i st dung sai sb trung binh binh phuong rms xdc dinh bdi cong thic 2.17) va ky
hiéu 1a E,., ciing véi gia tri 16n nhét clia né trén cédc tam 13 E,,., dudc tinh bdi cong
thuc

1 . 1/2
s (5 % sn67)"
Epe = max |ty —u(C)], (3.2)

trong d6 N = #Z;, 12 s6 tAm trong mién rdi rac. V6i FEM, tap iy 12 cdc dinh trong

mien cua cac tam giac. Bén canh so sanh sai so trén cac tam, ching tdi con so sanh
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sai sO rms tai cdc nut udi déu E,,, va gia tri 16n nhit tuong ting clia n6 12 E,,g, voi
budc ludi 0.001.

Ngoai so sanh sai s6, chiing tdi con cung cip thong tin vé do 1éch 16n nhét, ngudng
clia do 1éch, s6 diéu kién ctia ma trin hé sd va mat do ma tran hé s6 ctia hé phuong
trinh dudc tinh bdi cong thic (2.16).

Cac trong s6 wg ¢, & € B¢ ciia phuong phdp RBF-FD trong cong thiic dugc
tinh bing noi suy ham Gauss

trong d6 € 1a tham sé hinh dang dudc chon cb dinh € = 107>, Trong [[17] da chi ra két
qua tot véi gid tri tham s6 hinh dang € nhé. Khi d6, véi D 1a toan tif Laplace A, thi ma
tran ®z, va AD;({) la

_o2E. 12 _ o2 E2
@z, = [e IS L, A(L) =4eZe IS0 - &P - ).
Trong trudng hgp toan ti vi phan D c6 dang
Du(x) = Au(x) + b(x)u(x), x € R?, (3.3)

v6i b < 0 la ham s6 du tron. V6i moi { € Eine va EC = {éo,él,...,ék} (@ROR 50 =,
ta co

k
Au(8) ~ As(8) = ;)Wju(ij),
khi do L
Du(8) ~ ZE)Wju(ﬁj) +b(8)u(8).

Do vy, trong s we e, & € E¢ trong cong thic (2.3) dugc tinh bdi cong thic
wee=wo+b(8), wre =wj, j=1,2,.. k.

Tuong tu trong [16), 48], d€ thuan 1gi trong viéc so sanh két qua ctia phuong phap
khong 1u6i RBF-FD véi phuong phdp FEM, trong cac thit nghiém s6 mién rdi rac khéi
tao ban dau dudc tao bdi cdc tam rdi rac cia FEM.

Céc nhan dugc st dung trong két qua thit nghiém sb clia cc bai todn:

e rms FEM, max FEM, FEMIanludtlasai s6 rms,sai s& rms 16n nhétva
két qud ctia FEM st dung PDE Toolbox trong MATLAB véi céc tham sb dudc
gi6i thiéu nhu trong [50, function adaptmesh].
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e rms RBF-FD 17, max RBF-FD 17, RBF-FD 17 lan luot1a sai s6 rms, sai
s6 rms 16n nhit va k&t qud clia phuong phap RBF-FD sii dung két hop
Thuat toan 0DP1 va Thuit toan ODP2 dugc dé xut trong [48].

e rms RBF-FD, max RBF-FD, RBF-FD lan luot 13 sai s& rms, sai s& rms
16n nhit va két qud ctia phuong phap RBF-FD st dung két hop 2 thuat
todn mdéi dudc dé xuat d6 1a Thuat todn 0T1 va Thudt todn 0T2.

Gid tri clia cdc tham s6 st dung trong Thuat todn 0T2 v6i "TP" 1a tén bai todn:

Bang 3.1: Gi4 tri cdc tham sb , v va p st dung trong Thuat todn 0T2 clia cic bai toan.

TP P 5 6
Tham so a | b U( c | d a%b a b
Y 0.6 0.5 0.65 [ 0.35] 0.2 [ 0.05]0.08
p 03[05[04[03][02] 03 |04 03] 05]03
u 0.8 0.75 | 0.7

3.1.1 Bai to4n c6 mién hinh hoc phiic tap

Chung t6i tiép tuc thit nghiém Bai todn (1) trén bo tam thich nghi ctia phuong phap
RBF-FD 17 va RBF-FD. Két qua thit nghiém sd dugc biéu dién trong Hinh [3.1] va
Hinh [3.2] Hinh [3.1}(a) cho thiy sai s6 rms trén tim ctia RBF-FD ludn 6n dinh va nho
hon ctia RBF-FD 17 va clia FEM, k€ c4 khi s6 tAm trong mién ting 1én. Su 6n dinh cia
RBF-FD con dudc thé hién bang két qua ctia dudng cong max RBF-FD so véi dudng
cong max RBF-FD 17 trén cdc tim thich nghi. Hinh [3.1(b) cho thdy sai s6 trén lu6i
ctia RBF-FD, RBF-FD 17 va ctia FEM ludn xp xi nhau. Hinh c) cho thiy do léch
16n nhat max ({e({,&)}) clia RBF-FD gidm so v6i ctia RBF-FD 17 khi s6 tam trong
mién ting 1én, trong khi ngudng ctia dd 1&ch 7 trong Hinh d) ctiia RBF-FD tang so
v6i clia RBF-FD 17, diéu d6 chiing td RBF-FD di chén tam vao nhiing vi tri tt. Hon
nita Hinh e) cho thdy mat d6 ma tran hé s6 ctia hé phuong trinh cua RBF-FD
nhé hon ctia RBF-FD 17 va ciing nhd hon mat d6 ma tran ciing ctia FEM, con sd diéu
kién ctia ma tran hé s6 ctia RBF-FD va ctia RBF-FD 17 trong Hinh f) xap xi nhau.
Hinh a, b) cho thy sai s6 u — it ing v6i nghiém ctia RBF-FD trén 575 tdm nhu
trong Hinh c) c6 do min hon sai s6 ting véi nghiém ctia RBF-FD 17 trén 537 tAm
nhu trong Hinh [3.2d).
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(a) Sai sO trén tam
——RBF-FD 17
—RBF-FD
0?2
03
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density

Hinh 3.1: Két qua thi nghiém s6 ctia Bai toan |1} (a) Cac sai s6 E,. va E,,. trén tim
clia FEM, RBF-FD 17, RBF-FD. (b) Sai s trén lu6i déu E,, va E,, cia cic phuong
phap FEM, RBF-FD 17, RBF-FD. (c) Do léch 16n nhat max({e({,&)}) cla phuong phap
RBF-FD 17, RBF-FD dudc tinh tai Buéc I.1. cia cac thuit toan 0DP2, 0T2. (d) Ngudng
cua do 1éch 7 cua phuong phap RBF-FD 17, RBF-FD dudc tim tai Buéc I.1. cua Thuét
toan ODP2 va tai Budc 1.3. ctia Thuat todn 0T2. (e) Mat do ma trin hé s6 ctia hé phuong

(number of interior centres)'1

(c) Do léch 16n nhat max({e({,€)})

6.81

6.61

6.

(S}

---FEM A\

——RBF-FD 17 A\

—RBF-FD ‘ ‘
10 10° 10

(number of interior centres)'1

(e) Mat d6 ma tran hé s6

84

102 |~ rms RBF-FD

10°

Condition number of the system
50

- - -rms FEM
—>—rms RBF-FD 17

—©-max FEM
—e—max RBF-FD 17 =
—+—max RBF-FD ¥

10 102

(number of interior centres)'1

(b) Sai sb trén ludi déu

——RBF-FD 17
, ——RBF-FD

103

(number of interior centres)'1

10"

(d) Ngudng ctia do léch ©

——RBF-FD 17
—RBF-FD

107 10”2

(number of interior centres)'l

(f) S6 diéu kién ma tran hé sb

trinh (2.2)). (f) S6 diéu kién ma trin hé s ctia hé phuong trinh (2.2).
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(c) Cac tam RBF-FD (575) (d) Céac tam RBF-FD 17 (537)

Hinh 3.2: Két qua thit nghiém s ctia Bai toan |1} (ab) Ham sai s6 u — i ing v6i nghiém
cua RBF-FD trén 575 tam nhu trong Hinh (¢) va nghiém cua RBF-FD 17 trén 537 tim nhu
trong Hinh (d).

Bai toan 2. [46, Section 2.2: Reentrant Corner] Xét bai toan Dirichlet véi phuong
trinh Laplace Au = 0 trong mién Qg = (—1,1)>N{(r,¢) : 0 < ¢ < @}, trong d6 r, @
1a hé toa do cuc, v6i mot sb gid tri € (0,2x]. Diéu kién bién Dirichlet dudc chon
thoa man nghiém giai tich r*sin(o@) trong hé toa do cuc, trong d6 @ = 7/ w trong

cac truong hgp sau

(a) ow=m+0.01. (b) ®=>5n/4
(c) w=Tr/4. (d) o=2m.

Két qua thir nghiém s6 ctia Bai todn [2| dudc biéu dién trong ti Hinh [3.3| dén
Hinh Chiing t6i khong xét trudng hgp @ = 37/2 vi mién nay da xét trong Bai
toan |1 V6i trusng hop @ = 27, chiing toi loai bd mot s6 tdm nam trén khe trong cac
tam ban dau dudgc tao bdi PDE Toolbox trong MATLAB [50]], vi vdy din dén mot sd
két qua khong 6n dinh trong Hinh [3.3((g, h) va Hinh 3.6(g, h).
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(c) Sai so trén tim v6i @ = 57 /4 (d) Sai so trén ludi v6i @ = 57/4
= = -rms FEM - - -rms FEM
—>—rms RBF-FD 17 ——rms RBF-FD 17
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(number of interior cemres)'1 (number of interior cenires)"
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(e) Sai s0 trén tdm véi 0 = Tr /4 (f) Sai s0 trén luéi v6i @ = T /4
- - -rms FEM
—b—rms RBF-FD 17
——rms RBF-FD 5
102 |-e -max FEM < &3 10
—=—max RBF-FD 17 S
——max RBF-FD 7
s FR >~ <
i 10° L2 L. ]
- 2 4 - - -rms FEM
2/ : 107 ——rms RBF-FD 17
L P ——rms RBF-FD
104 P - o -max FEM
o —=—max RBF-FD 17
2 , , . . ——max RBF-FD
104 10° 10 10
(number of interior cemres)’1 (number of interior centres)'1
A A A ) A A Lt o 2ot
(g) Sai s0 trén tam véi @ = 27 (h) Sai s0 trén Iu6i v6i @ =27

Hinh 3.3: Két qué thit nghiém sb ctia Bai toan [2} Céc sai s6 E,. va E,,. clia nghiém trén
cdc tAm rdi rac dudc tao bdi cac 1an 1am min lién tiép dng véi cac gia tri clia @ (bén
trai) va cdc sai sd E,g va Ej, clia nghiém ndi suy trén ludi déu (bén phai).
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(c) Do 1&ch 16n nhit max({e(¢,&)}) (d) Ngudng cta do léch T véi 0 = 57/4
véi 0 =57 /4
——RBF-FD 17 ‘ ——RBF-FD 17
—RBF-FD —RBF-FD
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= =
s 10°
€
10%
. . 10 .
107 10° 107 10°
(number of interior centres)'1 (number of interior centres)'1
(e) PO 1éch 16n nhat max({e({,€)}) (f) Ngudng ctia do léch 7 véi w =T /4
véi o =T7n/4
101 |[>—RBF-FD 17 ‘ ——RBF-FD 17
—RBF-FD —RBF-FD
= 1072
<
o
Z10? =
3
£ 10°
107 ‘ ‘ ‘ ‘
107 10 107 107
(number of interior centres)'1 (number of interior centres)'1
(g) Do léch 16n nhit max({e(¢,&)}) (h) Ngudng ctia d6 1éch 7 véi 0 =271
véi o =271

Hinh 3.4: K&t qua thi nghiém sb ctia Bai toan 2} Do 16ch 16n nhit max({e(¢,€)}) (bén
tréi) va nguong cta do 1éch 7 (bén phai).
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(a) Mat do ma tran hé sb véi © = T+
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—>—RBF-FD 17
—RBF-FD

Condition number of the system
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10°

(number of interior cemres)'1
(b) SO diéu kién ma tran hé s6 véi @ =
n+0.01

——RBF-FD 17
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S
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S
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S
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Condition number of the system
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104 10°

1072

107

4

10°

(number of interior centres)"

(c) Mat do ma tran hé s véi o = 57 /4

6.8

2667 <

i

C
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Ce4r N
---FEM k

6.2|~—RBF-FD 17
—RBF-FD ‘
107 10°

(number of interior centres)"

(e) Mat do ma tran hé sb véi 0 =T /4

---FEM s
——RBF-FD 17 .
6.2|—RBF-FD

10

103

(number of interior centres)'1

(g) Mat d6 ma tran hé s6 vé6i 0 =27

Hinh 3.5: K&t qua thit nghiém s6 ctia Bai todn [2 Mat do ma tran hé s6 va s6 diéu kién ma

(number of interior centres)'l

(d) Sé diéu kién ma tran hé sb véi w =
5m/4

10 —>—RBF-FD 17
[ —RBF-FD

S

2

Condition number of the system
>

10°

(number of interior cenlres)'1
(f) SO dicu kién ma tran hé so véi @ =
Tr/4

—>—RBF-FD 17
—RBF-FD

100

0

Condition number of the system

10°

(number of interior centres)'l

10

(h) Sé diéu kién ma tran hé sb véi 0 =
2

tran hé s6 ctia Bai toan [2[ting v6i cdc phuong phap FEM, RBF-FD 17, RBF-FD.
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(a) Sai s& RBF-FD (3106) (b) Sai s6 RBF-FD 17 (3093)
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el B L . ' el B
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(c) Sai s6 RBF-FD (1473) (d) Sai sO RBF-FD 17 (1223)
ol e b o b, N
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) \ M l|1 y“ 1l 0 ' ”:'" .A' (| “,‘ ¥ Y i
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(e) Sai s6 RBF-FD (3515)

(g) Sai sb RBF-FD (2793) (h) Sai s6 RBF-FD 17 (2868)

Hinh 3.6: Két qua thi nghiém sb cta Bai todn 2} Ham sai sb u — 4 ing vdi nghiém clia
RBF-FD (bén tréi) vanghiém clia RBF-FD 17 (bén phdi) trén cdc mién tng véi s6 tAm
nhu trong Hinh 3.7



90

41 08 -06 04 -02 0 02 04 06 08 1 4 -08 06 -04 -02 0 02 04 06 08 1

(a) 3106 tim RBF-FD (b) 3093 tam RBF-FD 17

(c) 1473 tam RBF-FD (d) 1223 tam RBF-FD 17

(¢) 3515 tim RBF-FD (f) 3482 tam RBF-FD 17

(g) 2793 tam RBF-FD (h) 2868 tim RBF-FD 17

Hinh 3.7: Két qua thit nghiém s6 ctia Bai toén@ Cac tam thich nghi dugc tao bdi phuong
phdp RBF-FD (bén tréi) vi RBF-FD 17 (bén phdi) ting véi céc sai sd dugc biéu dién
trong Hinh[3.6]
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Tuong tu Bai toan |1, két qua thii nghiém s6 cho thiy, sai s6 rms trén tim cta
RBF-FD ludn 6n dinh va nhd hon ctia RBF-FD 17 va ciia FEM, diéu ndy ciing dugc thé
hién trong do6 thi biéu dién su phan bd ctia ham sai sd u — & (Hinh va cic tim
tuong tng Hinh con sai s trén 1u6i cia RBF-FD, RBF-FD 17 va ctia FEM ludn xap
xi nhau. Bén canh d6 mat do ma tran hé s6 ctia RBF-FD ciing nho hon ctia RBF-FD 17

va clia FEM khi s6 tAm thich nghi ting 1én.

Bai toan 3. (Curved Slit) [48], Section 4: Numerical results] Xét bai toan Dirichlet
v6i phuong trinh Laplace Au = 0 trén mién Q = (—1,1)? loai di cdc diém thudc cung
cong clia dudng tron tdm tai (1,—0.75) ban kinh 1.25 tit diém (0,0) dén (1,0.5)
nhu Hinh a). Diéu kién bién Dirichlet thda man nghiém giai tich ctia bai todn 1a
u(x,y) =Re+/(3—4i)z/(z—2), v6i z = x +iy.

3
25 18
2 1.6
15 14
1 1.2
0.5 ——.
1
0
0.8
-0.5
A 0.6
-1 0.4
0 0.2
0.5 1
0
1, -0.5

(a) Mién Q cia bai toan (b) Nghiém chinh xac cla bai toan

107" [- - -rms FEM
—>—rms RBF-FD 17
——rms RBF-FD ©
o [~© -max FEM -
107 |—=—max RBF-FD 17 2
——max RBF-FD oo

°

o
-6

Error

-
©

10% oo

oAd ° - - -rms FEM
o s 104k —>—rms RBF-FD 17

© -2 ——rms RBF-FD

y P —© -max FEM

—=—max RBF-FD 17

—+—max RBF-FD

107 10° 10 10°
(number of interior centres)”' (number of interior centres)’1

(c) Sai s trén tam (d) Sai sb trén luéi

Hinh 3.8: K&t qué thi nghiém sb ctia Bai todn [3} (a) Mién Q véi cung cong chia mién
(trai) (b) Nghiém chinh x4c (phai). (c) Cic sai s6 E,. va E,,. cia nghiém trén c4c tam roi
rac dugc tao bdi cac 1an lam min lién tiép. (d) Céc sai $6 E,q va E,; clia nghiém ndi suy
trén 1u6i déu.
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(e) Sai s6 RBF-FDr (841) (f) Sai s6 RBF-FD 17 (839)
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(g) Céc tam RBF-FD (841) (h) C4c tam RBF-FD 17 (839)

Hinh 3.9: Két qua thi nghiém s6 clia Bai todn |3} (a) Do 1éch 16n nhéat max({e(&,&)}).
(b) Ngudng ctia do léch 7. (c) Mat do ma tran hé sd cia hé phuong trinh (2.2)). (d) S6
diéu kién ma tran hé sb ctia hé phuong trinh (2.2). (e, f) Ham sai s6 u — fi ing véi nghiém
cua RBF-FD trén 841 tam nhu trong Hinh (g) va nghiém ctia RBF-FD 17 trén 839 tam nhu
trong Hinh (h).
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Mién Q va nghiém chinh xdc u ctia Bai todn [3] dugc biéu dién trong Hinh [3.8{(a).
Nghiém chinh xdc c6 dang /7 tai gbc toa do, nén diém ky di gidng nhu dbi véi mién
khe ctia Bai todn [2| v6i @ = 27. Két qua thi nghiém s6 dugc bién dién trong Hinh
va Hinh [3.9| tuong tu nhu két qud ctia Bai todn 2] véi @ = 27, diéu nay cho thdy do
cong clia khe khong giy ra khé khin dang k€ nao cho phuong phép RBF-FD.

3.1.2 Bai toan nghiém c6 ky di hoac c6 do dao dong manh

Bai toan 4. Xét phuong trinh Laplace Au = 0 trong mién Q = (0.01,1.01)? va diéu
kién bién Dirichlet théa min nghiém giai tich u(x,y) = log(x* +y?).

Nghiém chinh x4c u clia bai toan c6 ky di tai gbc toa do dugc minh hoa trong
Hinh [3.12)(a). Két qua thit nghiém sb cta bai todn dugc biéu dién trong Hinh va
Hinh tuong ty nhu két qua clia céc bai toén |1, Bai toan [2| va Bai toéan [3| dic biét
Hinh cho thdy mat do ma trin hé s6 ctia RBF-FD nhé hon dang ké mat do ma
tran hé s6 ciia RBF-FD 17 va ctia FEM khi s6 tAm trong mién 16n hon 1000. Diéu dé
chuing t6 v6i bai todn ham c6 ky di ciing khong gay tré ngai dang ké cho phuong phap
RBF-FD.

o

: A .‘ | Al | “l : : A l“ M ““"
‘|ﬁ£|w5' ' A o N ‘ \ lh M

04 ™~ _ o 04 T __—~ os
02 0.2 - 02 "= Gl
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T W ) ”’v' T " v
08 1 hﬂ — 4 08 .. l"""" e 1 a
i = o8 I =
~ < o4 6

(a) Sai s6 RBF-FD (938)

1 04 05 06 07 08 09 1

(c) Cac tam RBF-FD (938) (d) Cac tam RBF-FD 17 (1153)

Hinh 3.10: Két qua thi nghiém sb cta Bai toén (a, b) Ham sai s6 u — 7 ing v6i nghiém
cua RBF-FD trén 938 tadm nhu trong Hinh (c) va nghiém cua RBF-FD 17 trén 1153 tam
nhu trong Hinh (d).
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(c) Do léch 16n nhat max({e({,€)})
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Hinh 3.11: Két qua thi nghiém s6 ctia Bai todn 4} (a) Céc sai s6 E,. va E,,. cia nghiém
trén c4c tAm rdi rac thich nghi va ludi déu ctia cdc 1an 1am min lién tiép. (b) Cic sai sb
E,q va Eyg clia nghiém ndi suy trén ludi déu. (c) D 1éch 16n nhat max({e(¢,&)}). (d)
Ngudng cla do léch 7. (e) Mat do ma tran hé s ctia hé phuong trinh (2.2)). (f) S6 diéu
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kién ma tran hé s6 ctia hé phuong trinh (2.2)).
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(d) Ngudng ctia do léch ©
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%
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Bai toan 5. [46, Section 2.8: Oscillatory] Xét bai toan Dirichlet v6i phuong trinh
Helmbholtz —Au — (o H = f,r=+/x%+y?%, trén mién Q = (0, 1)2 trong d6 vé phai
va diéu kién bién dugc chon thda man nghiém giai tich 12 u = sm( ~) V6i cdc truong
hgp

107’

_5()_7r-

w ‘

(a) Nghiém chinh xac ctia Bai
toan [4

Hinh 3.12: Nghiém chinh xdc ciia Bai toan 4] (trdi) va Bai todn [ véi a = 11 (giita), voi
o = =3 (phai).

- -rms FEM

- -rms FEM
100 |——rms RBF-FD 17 . il 100 |[~>—rms RBF-FD 17
——rms RBF-FD ——rms RBF-FD
- -max FEM - -max FEM
_, [-e—max RBF-FD 17 | |=—max RBF-FD 17
10" | ——max RBF-FD 10" | ——max RBF-FD

Error

10 102

10 103
(number of interior cemres)"

(number of interior centres)"

(a) Sai sO trén tim véi @ = 16” (b) Sai so trén ludi véi o = 16”
e ;E’\FA-FD 17 e/“y/ﬁe%ﬂ&i 10! Te ;E’\FA-FD 17
400 |~—"rms RBF-FD . ——rms RBF-FD
—©-max FEM ~©-max FEM

—=—max RBF-FD 17

—=—max RBF-FD 17
—+—max RBF-FD

—+—max RBF-FD

Error
Error

10 10

10 10%
(number of interior cemres)'1 (number of interior centres)"
(c) Sai sO trén tdm véi @ = 5(1)7 (d) Sai s6 trén 1u6i véi o = 50n

Hinh 3.13: Két qua thi nghiém sb cta Bai toén Céc sai s6 véi a = ﬁ (bén trén) va
o= ﬁ (bén duéi). Céc sai s6 E,. va E,,. cia nghiém trén cic tim 13i rac dudc tao bdi
céac lan lam min lién tiép (b&n tréi) va cdc sai so E,, va E,, cia nghiém ndi suy trén
lu6i déu (bén phai).
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(b) Ngudng ctia do léch 7 véi o0 = 13-
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(d) Ngudng ctia do léch 7 véi o0 = =3

3
=

—>—RBF-FD 17
—RBF-FD

3
%

S
>

S
%

Condition number of the system
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Condition number of the system
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(2) Mat do ma tran hé s6 v6i o = < (h) S6 diéu kién ma tran hé s6 véi o =
1
507
N . WA 2 1o A A o seo oz PRV SR _ 1 .pa1a 4
Hinh 3.14: Keét qua thu nghiém s6 cua Bai toan |5|v6i & = 157 va @ = 551 D6 1éch 16n

nhat max({&({,&)}), mat do ma tran hé sb (bén trai) va ngudng ctia do léch 7, sb didu
kién ma tran hé s6 (bén phai) ctia phuong phap RBF-FD 17, RBF-FD.
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(a) Zoom sai s6 RBF-FD (11111) (b) Zoom sai s RBF-FD 17

(c) Zoom cac tdim RBF-FD (11111)  (d) Zoom cac tam RBF-FD 17 (12382)

0%
v6i nghiém RBF-FD trén 11111 nhu trong Hinh (c) va ung v6i nghiém RBF-FD 17 trén

12382 tam nhu trong Hinh (d).

Hinh 3.15: Két qua thit nghiém sb ctia Bai toénvc’si o = —1=: (ab) Ham sai s6 u — 7 ng

Nghiém chinh xdc ctia Bai todn [5|v6i & = 13- va & = <5 dudc biéu dién trong
Hinh [3.12|(b, c), ddu c6 d6 dao dong manh véi tan sb ting din dén gin gbc toa do. Két
qua thit nghiém s dugc biéu dién tir Hinh dén Hinh cho thiy, nghiém x4p
xi cia RBF-FD c¢6 dd chinh x4c cao hon nghiém x4p xi ctia RBF-FD 17 va ctia FEM.
bic biét Hinh e, g) cho thiy, phuong phap RBF-FD st dung Thuét toan 0T1 c6
mat do ma tran hé s6 ctia xap xi 6.6, nhd hon mat do ma tran hé sd ciia RBF-FD 17 va
clia FEM, x4p xi 6.9, diéu d6 chiing t6 Thuat todn 0T1 chd yéu ding lai  Pha 1. Hon
nita so sanh Hinh [3.15|c) véi Hinh [3.15(d) va Hinh [3.16(e) véi Hinh [3.16(f) ta théy,
chién Iudc x4c dinh ngudng do 1éch T *hdn hop’ va gidm cdc gid tri ¥, 4 cia Thuat
toan 0T2, din dén cac tAm thich nghi cia RBF-FD dudc sinh ra nhiéu hon & cdc viing

c6 dd cong cao nhu dinh va ddy clia séng, bd qua ving bing phang giita ching, s6 tim

1

dudc sinh ra nhi€u 6 gan tam cua song vdi trudng hgp song dao dong rong o = 15>

con véi @ = ﬁ cudng do séng nhiéu hon va dao dong nhd thi tim thich nghi RBF-FD
dugc sinh ra nhiéu & phan tan sé séng ting dan dén tim cta séng hon clia RBF-FD
17, didu d6 1am cho két qua sai s6 trong Hinh[3.16(a, c) ctia RBF-FD it bj 1éch hon ctia
RBF-FD 17 trong Hinh [3.16|b, d).
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(a) Sai s6 RBF-FD (5846)
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(c) Zoom sai s6 RBF-FD (5846) (d) Zoom sai s RBF-FD 17 (5163)
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(e) Zoom cac tam RBF-FD (5846) (f) Zoom cac tam RBF-FD 17 (5163)

Hinh 3.16: Két qua thit nghiém sb ctia Bai toénv(ji o= ﬁ: (a, b, c,d) Ham sai s6 u — i
ting v6i nghiém RBF-FD trén 5846 nhu trong Hinh (e) va ting v6i nghiém RBF-FD 17 trén
5163 tam nhu trong Hinh (f).

Bai toan 6. Section 2.4: Peak] Xét bai toan Dirichlet v6i phuong trinh Poisson
Au = f trong mién Q = (0,1)?, trong d6 vé& phai f va diéu kién bién Dirichlet théa
min nghiém giai tich u(x) = e~/ C4c gid tri tham sé & (46 dao dong) va xo
(vi tri) nhu sau

(a) o = 1000, xo = (0.5,0.5). (b) & = 100000, xo = (0.51,0.117).

Nghiém chinh xdc ctia Bai todn 6] dugc biéu dién trong Hinh Khac véi cac
bai todn trudc, két qua thii nghiém s6 cho thiy sai s6 trén tim va trén ludi déu cla

RBF-FD 6n dinh va nhd hon sai s6 ctia RBF-FD 17 va clia FEM khi s6 tAm trong mién
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(c) Sai sb trén tAm
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(b) o = 100000, xp = (0.51,0.117)

Hinh 3.17: Nghiém chinh xac cia Bai toz’m@ (a) V6i oo = 1000, xo = (0.5,0.5) (trai) va
(b) V6i a0 = 100000, xp = (0.51,0.117) (phai).
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(d) Sai sd trén luéi

Hinh 3.18: K&t qué thit nghiém s ctia Bai toan [6} Sai sb véi o = 1000, xo = (0.5,0.5)
(bén trén) va o = 100000, xo = (0.51,0.117) (bén dudi). Cac sai sb6 E,. va E,,. clia cic
nghiém trén cdc tim rdi rac dudc tao bdi cac 1an 1am min lién tiép (bén trdi). C4c sai E,.,
va E,, clia cdc nghiém ndi suy trén 1udi déu (bén phai).
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(c) Mat d6 ma tran hé sb6 v6i o = (d) Sé diéu kién ma tran hé s6 v6i a =
100000, xo = (0.51,0.117) 100000, xop = (0.51,0.117)
—RBF-FD 17| ‘ _[=—ReF-FD17]
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(e) Do 1éch 16n nhit max({e(¢,&)}) (f) Ngudng cua do léch 7 véi a =
v6i o = 1000, xo = (0.5,0.5) 1000, xo = (0.5,0.5)
——RBF-FD 17 ,[—RBF-FD 17
10°|—RBF-FD 4 10" |—RBF-FD
% -1 102
im -
g 3
102 10
. ‘ 10y ‘ ‘
10 10° 10 10°
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(g) Do léch 16n nhit max({e({,&)}) (h) Nguong cia do léch 7 véi a =
v6i o = 100000, xo = (0.51,0.117) 100000, xo = (0.51,0.117)

Hinh 3.19: Két qua thit nghiém s6 ctia Bai todn @ Mat do, sd diéu kién ma tran hé s,
do léch 16n nhat max({e({,&)}) va ngudng clia do léch 7 clia Bai todn [ ing véi cdc
phuong phdp FEM, RBF-FD 17, RBF-FD véi o = 1000, xo = (0.5,0.5) (bén trén) va
o = 100000, xop = (0.51,0.117) (bén duéi).
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(e) Zoom cac tam RBF-FD (5309) (f) Zoom cac tam RBF-FD 17 (6758)
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(g) Zoom cac tam RBF-FD (35880)  (h) Zoom céac tim RBF-FD 17 (38684)

Hinh 3.20: Két qué thi nghiém sb ctia Bai toénlélvéi o = 1000, xo = (0.5,0.5): Ham sai
s6 u — i ting v6i nghiém ctia RBF-FD (bén tréi) ting v6i 5309 tAm trong Hinh (e), 35880
tam trong Hinh (g) va nghiém ctia RBF-FD 17 (bén phai) ting v6i 6758 tdm trong Hinh
(f), 38684 tam trong Hinh (h).
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(c) Sai s6 RBF-FD (16467)
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(e) Zoom cac tdm RBF-FD (7212)
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(g) Zoom cac tam RBF-FD (16467)
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(d) Sai s6 RBF-FD 17 (19906)
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(f) Zoom cac tam RBF-FD 17 (7294)
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(h) Zoom cac tam RBF-FD 17 (19906)

Hinh 3.21: Két qua thit nghiém sb cta Bai toénEl véi o = 100000, xo = (0.51,0.117):
Ham sai s6 u — i Ging v6i nghiém ctia RBF-FD (bén tréi) ting véi 7212 tam trong Hinh
(e), 16467 tam trong Hinh (g) va nghiém ctia RBF-FD 17 (bén phai) Ung v4i 7294 tam

trong Hinh (f), 19906 tam trong Hinh (h).
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(e) Céc tam FEM (116783) (f) Zoom cac tdm FEM (116783)

Hinh 3.22: K&t qua thit nghiém sb cla Bai todn |§| v6i o = 100000, xp = (0.51,0.117):
(a,b) 86633 tam thich nghi dugc tao bdi phuong phap RBF-FD va zoom cac tam nay; (c,
d) 95367 tam thich nghi dugc tao bdi phuong phap RBF-FD 17 va zoom céc tadm nay; (e,
f) 116783 tam thich nghi dudc tao bsi phuong phap FEM va zoom cdc tim nay.
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16n hon 900, nhung lai nhd hon sai s6 ctia FEM khi s6 tam trong mién nhd hon 900.
bac biét Hinh a, ¢) cho thiy mat d6 ma trin hé s6 ctia RBF-FD ciing gidm nhanh
va nhd hon dang ké mat do ma tran hé sb ciia RBF-FD 17 va mat do ma tran cting cia
FEM khi s tAm trong mién 16n hon 900. Sai s6 ting véi cdc tAm trong Hinh va
Hinh cho thy, sai s6 clia RBF-FD it bi 1éch hon sai s6 ctia RBF-FD 17 vi su phan
bd cac tAm ctia thich nghi cia RBF-FD déu hon ctia RBF-FD 17.

Nhu viy, cac két qua thi nghiém s6 cho thay:

* Pudng cong sai sd E,. clia rms RBF-FD, thudng min, &n dinh va nam phia
dudi cdc dudng cong khac. Tuong tu, dudng cong sai s6 16n nhit E,,. clia max
RBF-FD, cling min, 6n dinh va ndm phia du6i cac dudng cong biéu dién sai sb

16n nhét ctia FEM va RBF-FD 17.

* Céc duong cong biéu dién sai sb E,, cho thdy, dudng cong RBF-FD ludn bing
hoic nam duéi cac dudng cong ctia FEM va RBF-FD 17, dic biét v6i cac bai toan
c6 mién hinh hoc phiic tap nhu Bai toan [2| véi @ = 27, Bai toan [3| hoic cac bai
toan co nghiém la cac ham dao dong manh nhu Bai toan |5{ v6i o = ﬁ va Bai
toan @ Bén canh do6 sai s 16n nhét tuong ting E,¢ cia max RBF-FD, cling luon
bang hodc nam dudi sai s6 16n nhét ctia FEM va RBF-FD 17 la cac dudng cong
max FEM va max RBF-FD 17 k€ ca vdi cdc bai todn c6 mién hinh hoc phiic tap

nhu Bai toan 2] véi @ = 27, Bai toan 3] va Bai toan [6]

« Tir cdc do thi ctia T ta thiy dudng cong RBF-FD 6n dinh va nam phia dusi dudng
cong RBF-FD 17. Tuy nhién, trong Hinh [3.14(b, d) va Hinh [3.19(h) bi€u dién
cac gia tri cia 7 ung v6i Bai toan [5] va Bai toan [6(b) véi oo = 100000, xp =
(0,51,0.117), cho thiy diém cubi cuing bén phdi ctia dudng cong RBF-FD 17
thap hon nhiéu so véi di€ém cudi clia dudng cong RBF-FD, mic du gia tri clia
y da dugc gidm di d€ sb tAm chén vao nhiéu hon, cu thé y = 0,2 trong Bai
toan[5|va y = 0,06 trong Bai toan [6(b) cho dudng cong RBF-FD, thay vi st dung
y = 0,5 nhu trong [48]] cho dudng cong RBF-FD 17 véi tat ca cdc bai todn. Ly
do st dung ¥ = 0,5 cho dudng cong RBF-FD 17 1a d& s6 tAm mdi dudc tao ra
16n hon hoic bang 15% tong s6 tam cii trong mién, gidm ngudng 7 dé kiém tra
lai xem tét cd céc canh {& c6 théa man €({,E) > 7 hay khong trude khi chén

tam dng vién, diéu nay c6 nghia 1a mbi bai todn c6 mot gia tri thich hop 7.
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* D6 thi ctia max({e({,&)}) ciing cho thiy, dudng cong RBF-FD 6n dinh hon va
nam phia dudi dudng cong RBF-FD 17, diéu d6 chiing t4 su hiéu qua ctia cong

doan chon ngudng cua do 1éch 7 va thuat toan chon tam 0T1.

 Puong cong biéu dién mat do ma tran hé s6 cia hé phuong trinh cla
RBF-FD 17 xap xi dudng cong FEM, trong khi dudng cong RBF-FD bt dau véi
diém cudi bén phai cao hon dang ké so véi cac dudng cong con lai, nhung hau
nhu lai ndm phia dudi véi khoang cach dang ké, diéu d6 ching td Thuit toan
0T1 va Thuét toan 0T2 rit hiéu qua véi bai todn c6 mién véi phan bd tim day
hoic cac bai toan c6 mién hinh hoc phtic tap, hoic nghiém c6 dd dao dong manh
nhu cic bai toin va[6] d6 1a 5 bai toan dau tién trong Bang Chung c6
cac gia tri Sayer, faver VA kayer 12 nhd nhit, nhung s6 1an Thuat toan 0T1 ding lai

& Budc Lb 12 16n nhét, dic biét chiing cAn y nhd nhit.

* S diéu kién ctia ma tran hé s6 ctia hé phuong trinh (2.2)), dugc tinh bdi chuan
1. Céc dudng cong RBF-FD 17 v RBF-FD trong céc hinh nim gin nhau. Tuy
nhién véi céc bai toan[3} [2(c) va2(d) dusng cong RBF-FD niim phia dudi dudng
cong RBF-FD 17, c4c bai toan nay c¢6 mién hinh hoc phiic tap va gia tri Saver
12 16n nhat. Do d6, sb diéu kién ma trin hé s6 cia hé phuong trinh cua
RBF-FD nho hon cia RBF-FD 17.

« Ham sai s6 u — it ciia nghiém RBF-FD t6t hon nghiém RBF-FD 17 dng vdi tap
cac tam cua cac bai toan V(’Si o= ﬁ, Bai toan |5|v6i o = ﬁ. Bén
canh do, cac tam trén mién dugc tao bdi phuong phdp st dung Thuét toan 0T2
ciing déu hon cic tam dudc tao bsi Thuat todn ODP2 va Thuat toan D02. Pic
biét v6i cic bai toan kho, nhu Bai toan [6] va cac hinh va cho thay
su vuot troi clia RBF-FD so v6i RBF-FD 17. Hon nita, quan sat su phan b6 tim
trong Hinh[3.20{, f, g, h) cho thdy, mat d¢ taim & gan diém ky di xo = (0,5,0,5)
cua Bai toan @(a) dudc tao bdi phuong phap RBF-FD c6 phan bd tot hon so
v6i RBF-FD 17. K&t quéa hoan toan tuong tu khi quan sét sy phan bd tim trong
Hinh e, f, g, h) cia Bai toan @(b). Do d6 két qua ctia phuong phap RBF-FD
tot hon phuong phap RBF-FD 17 vdi s6 tAm nhé hon 1000 (xem Hinh .
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Bang 3.2: Két qua thif nghiém sb clia cic bai todn: TP 12 cot tén céc bai todn; COt #Z;y
12 s6 tAm trong mién clia FEM dudc tao bdi PDE Toolbox trong MATLAB; #Refi 1a sb
1an 1am min tuong ing ctia mdi bai todn; COot #Zcng 12 #Ziy: clia 1an 1am min cudi cling;
Y #Ziy 12 tong s6 tAm trong mién cta s6 1an 1am min tai cot #Refi.

FEM RBF-FD 17 RBF-FD

TP || #Einit
HRefi |  #Zeq | #Refi |  #Z. YH#E || #Refi | #Zew | LHEin

82 28 19394 14 | 21929 | 45125 14 | 15384 | 37154
2a 67 19 17059 14 19328 | 39665 11 | 18417 | 37265
2b 83 24 | 26721 12 | 25825 | 52394 12 | 26511 | 57835
2c 122 33 | 23008 17 | 22184 | 46951 16 | 23598 | 73904
2d | 142 36 | 20430 21 21016 | 98208 15 | 25138 | 76868
3 133 39 | 36938 26 | 39176 | 187189 | 18 | 40676 | 117473
4 137 19 | 24153 13 | 26442 | 54666 11 | 20107 | 42577
S 137 28 | 56998 20 | 50095 | 161954 || 16 | 40059 | 108518
Spb || 137 32 | 60531 21 44258 | 170073 18 | 40355 | 119533
6p || 137 21 | 137077 || 22 | 124755 | 366 662 9 95019 | 153287
6b || 137 28 | 116783 || 22 | 95367 | 274260 || 12 | 86633 | 154307

[y

©

Béng 3.3: Cac gia tri ®pyers Oavers favers Cmaxs Cavers Kaver V& p1 Xac dinh tai lan 1am min
cudi cling ctia cac phuong phap RBF-FD 17 va RBF-FD.

RBF-FD 17 RBF-FD
TP

5aver X Aver | laver | Cmax | Caver 5aver O Aver | laver | Cmax | Caver kaver | P1

1 076 | 0.76 | 856 | 245 | 1.30 || 0.64 | 0.83 | 6.70 | 2.55 | 1.24 | 5.89 | 75

2a || 0.76 | 0.76 | 844 | 238 | 1.29 || 0.63 | 0.84 | 6.81 | 239 | 1.23 | 591 | 78
2b || 0.76 | 0.76 | 840 | 252 | 1.29 || 0.65 | 0.83 | 6.82 | 3.14 | 1.24 | 590 | 75
2c || 0.76 | 0.76 | 8.89 | 239 | 1.30 || 0.65 | 0.82 | 6.63 | 2.47 | 1.24 | 590 | 77
2d || 0.75 | 0.75 | 9.08 | 2.52 | 1.30 || 0.66 | 0.81 | 6.88 | 2.64 | 1.24 | 594 | 74
3 || 0.76 | 0.75 | 872 | 246 | 1.30 || 0.65 | 0.82 | 7.04 | 2.71 | 1.24 | 594 | 77
4 || 0.76 | 0.76 | 832 | 243 | 1.29 | 0.62 | 0.86 | 6.70 | 2.32 | 1.24 | 581 | 78

a || 077 | 0.76 | 834 | 2.69 | 1.28 || 0.57 | 093 | 644 | 241 | 1.24 | 5.64 | 81

S

Sb || 0.77 | 0.77 | 825 | 247 | 1.28 || 0.56 | 095 | 6.52 | 255 | 1.24 | 5.59 | 81
6a || 0.76 | 0.77 | 8.81 | 2.50 | 1.26 || 0.51 | 1.00 | 6.34 | 2.61 | 1.23 | 549 | 78
6b || 0.77 | 0.77 | 8.17 | 246 | 1.27 || 040 | 1.14 | 573 | 298 | 1.20 | 5.16 | 90
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Cic két qué thi nghiém s6 nhu: S6 tAm trong mién ctia tip cic tAm rdi rac khéi
ta0 #Z;nit, s6 1an 1am min #Refi, s6 tAm trong mién clia tip cac tAm rdi rac cudi cling
#Zona (hay #Z;i ctia 1an 1am min cubi cling), tdng sd tAm trong mién ¥ #Z;, clia cic
lan 1Am min, cia FEM, RBF-FD17 va RBF-FD dudc biéu dién trong Bang So sanh
cac gia tri trong Cot 8 v6i Cot 3 va Cot 5 ta thy, phuong phap RBF-FD c6 s6 lan 1am
min nho nhét, thim chi v6i Bai toan |§|(b) con nhd hon 50%, nhung lai cho két qua sai
s6 va mat do phan bd tdm tot hon (xem Hinh va[3.22).

Cac gia tri Qoyer, Oavers laver, Cmaxs Cavers Kaver, P1 cia RBF-FD 17 va RBF-FD dudc
trinh bay trong Bang [3.3|cho thiy:

« Thy ty cdc bai todn xép theo gid tri Suyer ting din clia RBF-FD 1a [6b, [6h, [5p,
Sk, [ 2k, 1} [2b, [2k, Bl 4. Céc gid nay nim trong doan [0.40, 0.66] véi do dao
dong 16n nhit 12 0.26, nhd hon so véi gid tri Syer clia RBF-FD 17, d6 1a céc
gia tri trong doan [0.75,0.77] v6i do dao dong 1a 0.02, diéu nay ciing ching
td su khic biét gifta géc 16n nhét va géc nhoé nhét cia Thuat toan 0T1 dbi véi
tiing loai bai toan. Hon nita gid tri o, € [0.75, 0.77] cia RBF-FD 17 nhd hon
A ayer € [0.81, 1.14] clia RBF-FD va sy dao dong cla n6 ciing nhd hon, diéu d6
chiing t3 Thut todn 0T1 chon dudc bd tim déu hon so véi bo tim chon dudc

bang Thuét toan ODP1.

¢ Cac gia tri trong COt iuyer clia RBF-FD nhén céac gia tri trong [5.73,7.04], véi
khodng cach 16n nhét 12 1.31, nhé hon nhiéu so v6i izyer clia RBF-FD 17, 1 doan
[8.17,9.08] v6i khoang cach 16n nhat 1 0.91. Piéu nay c6 nghia 1a Thuit toan

0T1 khong chon cic tm xa, do d6 két thic sém va gidm chi phi tinh toan.

 Cot 5 c6 gid tri trong [2.38,2.69] v6i khoang céch 16n nhét 0.31 1a cac gia tri
cla cmax cla RBF-FD 17 va Cot 10 nhén cac gia tri trong [2.32, 3.14] v6i pham
vi 16n hon 0.82 1a cac gia tri cua cpax cua RBF-FD, cac gia tri nay luon 16n hon
cac gid tri trong Cot 5, vi Thuat toan 0T1 cho phép chon nhiéu tAm hon Thuat
toan ODP1 trong [48]. Tuy nhién c,yer cia RBF-FD (COt 11) ludn nho hon cyyer
clia RBF-FD 17 (Cot 6) cho mdi bai toan. Piéu nay c6 nghia la téng khoang
cach tit & € -\ {{} dén { thu dugc khi sit dung Thut todn 0T1 luén nhd hon
khoang cach khi stt dung Thuat toan ODP1 trong [48]].
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* Gia tri kgyer cia RBF=FD ludn nho hon 6, trong khi cia RBF-FD 17 va trong [[16]]
bing 6. Do d6, kich thudc clia ma trin ndi suy [CIDE C} - trong cong thuc (2.3)
giam dang k€ khi st dung Thuit todn 0T1, nén ma trin hé sd clia hé phuong
trinh thua hon, dan dén chi phi tinh todn ciing gidm.

* Gia tri clia p; 12 s6 % Thuat toan 0T1 dung lai & Buéc 11, trong d6 gié tri nhod
nhét 1a 74% cta Bai toan [2] (¥ d), dic biét véi Bai toan |6 (¥ b) né dat t6i 90%,
diéu nay c6 nghia 12 thuit todn thudng ding lai & Budc II va chon tap cic tim
ban dau gan nhit c6 thé. Vi cac bai toan c6 mién hinh hoc 13i, hoic nghiém
co do dao dong manh, Thuat toan 0T1 thuong dung khi chon dudc bo tam ban
dau, kha ning nhan dugc 4 tim phan phdi nhu phuong phdp sai phan hitu han
rat cao, n6 thé hién b?mg viéc cac gia tri cua Oaver, laver> Kaver NhO va gia tri clia

p1 cao.
3.2 Thu nghiém s6 trong khong gian 3 chiéu

Trong phan nay, chiing tdi trinh bay mot s6 thit nghiém s6 dé€ so sanh hiéu qua
ctia phuong phap RBF-FD khi st dung céc thuit todn chon tim dugc dé xuit trong
khong gian 3 chiéu, nhu Thuit toan 8-Octants, Thuit todn 16-0Octants, (ching tdi
chi st dung Thuit toan 16-Octants va ky hiéu 12 oct, vi c4c thi nghiém s6 trong
[18] cho thiy, Thuat toan 16-Octants cho két qua t6t va 6n dinh hon), Thuit todn
cai tién oct-dist, cung vGi Thult toan k-near, Thuat toan tet, Thuat toan pQR v6i
cac phién ban pQR4sel, pQR3, pQR4 va FEM véi cac phién ban fem1 (phudng phap
phan ti hitu han bac nhat), fem2 (phuong phap phan ti hitu han bac hai). Nghiém cia
FEM dugc tim bdi cong cu Toolbox Matlab PDE trong [50]].

Truong hop D la toan tir Laplace A, khi dé cong thiic (2.1) c6 dang

Au(G)=Y weeu(&), &€, (3.4)
Sely

v6i véc to trong sO we ¢ dugc xdc dinh bi BG dé ttic 1a nghiém ctia hé phuong
trinh (2.15)), trong d6 w¢ ¢ thod mén phuong trinh thi 2 cua hé la

Api(§) =Y weepi(€), C €&, i=1,....k (3.5)
éEEC
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vOi {p1,...,pk}t- k= (%2), 12 mot co sS ctia khong gian tuyén tinh cac da thiic nhiéu
bién c6 bac nhod hon hoic bing £ (tic 13, tdng bac ctia mdi s6 hang nhd hon hoic bing
¢ —1). Thit nghiém s6 trong [2] cho cdc két qua tot khi st dung ndi suy RBF bdi ham
@(r) = r* v6i sb hang da thic. Trong cic thi nghiém s6, chiing t6i Iua chon phuong
phap c6 bac hdi tu khoang &'(h?), nén st dung ham @(r) = r° véi s6 hang da thidc bac
hai (¢ = 3) la phu hop.

DE danh gia hiéu qua cic phuong phap RBF-FD, tip cic tim = C Q cta céc bai
toan dudc tao bdi mot s6 cach khac nhau, nhu dinh cta cac tf dién hoic dudi dang
lu6i Descartes hodc diém Halton két hop v6i mot s6 tiy chon tao diém trén bién clia
mién roi rac.

Pic biét, trong cac thit nghiém sd, cac tAm cda tap Z 1a dinh cla céc ti dién tao
bdi 1énh createMesh trong PDE Toolbox ctia MATLAB, dudc goi 12 cdc tit dién toi
wu, véi kich thude canh t6i da 1a Hmax = Hy x 273, i = 0.1,.... Vi su khdc biét vé
kich thuéc va do phic tap clia cdc mién nén Hy dudc chon riéng cho tling bai toan.
Hé s6 27'/3 dugc chon sao cho s6 tim bén trong mién ting gip doi tng véi gid tri
tiép theo clia Hmax. Céc tham s khac clia createMesh dugc dit 1a Hmin = Hmax/3
va Hgrad = 1.5. Chon GeometricOrder bang 1 d€ tinh nghiém ctia tit ca cc phién
bén ctia phuong phap RBF-FD va fem1 dua trén ham tuyén tinh bac nhét, chon bang 2
khi stt dung ham dang béc hai d€ tim nghiém ctia fem2.

Ngoai ra, di véi mdi bai toan, tp Z;y cling dudc tao dudi dang ludi déu Descartes
bén trong Q v6i khodng céch & = 0.9 Hmax va khoéng cach dén bién tdi thiéu 1a 0.25h.
Mot tay chon khdc, cdc diém clia =i c6 cung khodng cach trung binh A dudc tao
ra tif diém Halton 3D bdi 1énh gqrandstream trong MATLAB, dau tién 1a tao thanh
khdi 1ap phuong chita Q, sau d6 x6a cic diém bén ngoai Q va cic diém & khoang
cach dudi 0.254 so v6i bién. Trong trudng hdp nay, cic diém bién dudc tao bang phép
chiéu vuéng goc 1én bién cac diém trong mién c6 khoang cach nhd hon A, hodc st
dung diém bién 1a cac dinh trén bién clia cac t dién tbi uu nhu & trén.

Khi Q 13 mién 18i (nhu Bai todn [7), ching t6i sit dung phép chiéu trén bién va
thit nghiém fem1 trén cung mot tip E. Ludi cia feml 1a cac ti dién dudc tao bdi cac
diém thudc Z bang l1énh delaunayTriangulation trong MATLAB, dudc goi la cdc
tit dién khong t6i wu, diéu nay cho phép thtt nghiém dé danh gid hiéu qua cia cic

phuong phap khac nhau trén dinh ctia cac td dién khong tdi vu.
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Déi v6i cdc mién khong 16i, 1énh delaunayTriangulation khong tao ra dudc
céc ti dién thudc mién Q. DE tao ra cic tit dién khong tbi uu cho cidc mién nay (nhu
cac bai toan , chiing toi st dung Gmsh [30] va tat tinh ning 1am min va ti uu
lu6i bang cach dit cac tham s6 -smooth va Mesh.Optimize vé 0. Tuong tu nhu tao
ludi trong MATLAB, chon tham sb do dai t6i da la clmax = Hy x27/3,i=0,1,...,
v6i Hy dude chon khac nhau cho mdi bai todn.

DE danh gia do chinh xdc clia nghiém xip xi 4 = [fg]zcz cla hé dugc tim
bdi phuong phap RBF-FD hoic biang FEM, chiing tdi st dung sai s6 trung binh binh
phuong tuong ddi (RRMS) trén cdc niit bén trong mién nhu sau

( y (ﬁ?f—ﬁg)z) 1/2

CGEim

((x @2)”

CGEint

Egt = RRMS (™', 1, Z;p) 1= , (3.6)

trong d6 4™l = [ﬁ%ef]geg 1a nghiém tham chiéu, hogc 12 nghiém chinh x4c u cta bai

toan (T]) trén Z;, néu u da biét, tic 1a ﬁ?f :=u(&), & € E, hoac la nghiém ndi suy cia
nghiém s trén =, tif mot s6 tim ri rac. Nghiém noi suy dudc tim bang cach st dung
phép ndi suy dit liéu phan tan trong MATLAB bdi 1énh scatteredInterpolant véi
cac tham s6 ngdm dinh.

Gi4 tri E,r = NaN trong cic bang khi khong tim thiy trong sb trong B3 dé 2.2.3
ctia mot s6 ¢ € E;y, diéu nay chi xdy ra khi khong c6 trong s6 nao théa man diéu kién
(3.5). Trong mot s6 trudng hop E.r = Inf, c6 nghia 12 ma tran cta hé phuong trinh
1a suy bién.

3.2.1 Bai toan ¢é mién hinh hoc 16i

Bai toan 7. Xét phuong trinh Poisson Au = 3¢ véi mién Q 1a khdi cau Q =
p g
{(x,y,2) € R? : x2 4 y? + 72 < 1} v6i diéu kién bién Dirichlet dudc chon théa man

nghiém chinh xé4c u(x,y,z) = ¢“1z,

Trong thif nghiém dau tién, tap Z 1a dinh ctia tf dién t6i vu va tao bdi generateMesh
v6i Hy = 0,25. Két qua dudc trinh bay trong Bang 3.4l Cot fem1 biéu dién sai s& Et
ctia phuong phap phan ti hitu han bac nhét, cac cot khac 1a két qua cia phuong phap
RBF-FD véi c4c thuét todn chon tAm khac nhau, nhu dudc mo ta trong Phan Riéng

hai cot oct-dist13 va oct-dist17 1a két qua cia Thuit todn oct-dist ting véi



111

gia tri ctia tham s6 k = 13 va k = 17. C4c tham s6 khac ctia Thuit todn oct-dist
gibng nhau trong cé hai truong hop 1a s = 1, n = 3, § = 0.9. Hang cubi cling ctia
bang 12 mat do ctia ma tran hé sd & l1an cudi. Ngoai ra, Bang biéu dién céc sai sd
va mat do ma tran cling clia fem2 trén dinh cla cac tif dién toi uu v6i Hy = 0,5 va
GeometricOrder = 2.

Bang 3.4: Két qua thii nghiém s6 ctia Bai toan : Sai s6 Err trén dinh cia cic ti dién tbi
vu v6i Hy = 0.25 va mat d6 ma tran hé so.

FEM St dung da thic 7 tinh trong sb pQR
feml tet oct oct-dist13 | oct-distl7 | 20near | pQR4sel pQR3 pQR4
245 5.4e-03 || 2.6e-03 | 2.9¢-03 2.6e-03 2.7e-03 | 2.8e-03 | 3.1e-03 || 3.2e-03 | 2.9¢-03
567 3.3e-03 NaN 2.1e-03 1.6e-03 1.8e-03 1.7¢e-03 | 1.3e-03 1.9e-03 | 1.7e-03
1142 1.8e-03 || 8.7e-04 | 5.8e-04 | 9.5¢-04 8.0e-04 1.0e-03 | 6.3e-04 || 9.4e-04 | 1.0e-03
2523 1.0e-03 || 5.3e-04 | 4.2e-04 | 6.6e-04 5.5e-04 | 5.7e-04 | 3.5¢-04 || 7.8¢-04 | 5.9¢e-04
5207 5.9e-04 || 3.1e-04 | 2.6e-04 | 4.0e-04 2.9e-04 | 3.1e-04 | 2.1e-04 || 3.2e-04 | 3.5e-04
10780 3.8¢-04 || 1.8e-04 | 1.5e-04 1.8e-04 9.7e-05 1.4e-04 | 1.0e-04 || 2.1e-04 | 2.2e-04
21730 2.3e-04 NaN 8.8e-05 1.2e-04 6.8¢-05 | 9.0e-05 | 5.9¢-05 1.1e-04 | 1.4e-04
43956 1.4e-04 NaN 4.5e-05 | 7.2e-05 3.6e-05 | 4.1e-05 | 2.7¢-05 8.1e-05 | 8.5¢-05
88936 8.9e-05 NaN 3.0e-05 | 4.4e-05 22e-05 | 2.7e-05 | 1.3e-05 || 5.4e-05 | 5.3e-05
density: 14.6 14.6 16.5 12.7 16.5 19.4 19.4 9.8 194

-
#Eint

Bang 3.5: Két qua tht nghiém sb ctia Bai toan : Sai s Eef ctia fem2 trén dinh clia cic
t dién tbi wu v6i Hy = 0.5 va mat do ma tran hé s6.

#Ein¢ 272 824 1113 2357 5127 10138 21821 44238 90396 density
fem2 | 9.4e-04 | 3.8e-04 | 2.8¢-04 | 1.2e-04 | 6.1e-05 | 2.8e-05 | 1.3e-05 | 5.8e-06 | 3.0e-06 27.3

Sai s6 ctia phuong phap RBF-FD sti dung cic thuit todn chon khac nhau, ké ca tet,
néu khong bi 16i déu nhd hon (6 14n) so véi sai s6 ctia feml trén cdc tAim gidng nhau.
Sai s6 clia fem2 trong Bang [3.5]trén tp Ziy ¢ s tAm tuong duong tdt hon két qua
clia tit cd cdc phuong phdp trong Bang Piéu nay ducc gii thich thuc té 1a néu
nghi€m u cua bai toan 1a ham kha vi vo han, thi cac phuong phap bac cao hon nhu
fem?2 sé& c6 1gi hon. Tuy nhién, mat do ma trin cling clia fem2 bang 27.3 cao hon rit
nhiéu mat do ma tran hé sb ctia cac phuong phap trong Bang

Béng [3.4|ciing cho thiy cic phuong phép c6 sai s6 nhd hon déu c6 mat do ma tran
hé sb cao hon. So sénh cac phuong phdp c6 ciing mat do ma tran hé s6 thi oct-dist17
t6t hon so véi oct v pQR4sel, tot hon 20near va pQR4. Hon nita Hinh [3.23(a) biéu
dién dd thi sai sb ctia cic phuong phap dng véi nnz clia ma tran hé sb, dudc tinh biang

#Z;, nhan v6i mat do ma tran hé s tuong ting ctia né. Hinh a) khong c6 két qua
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clia tet vinoé bi 16i trén mot s6 bo E va véi phuong phap oct-dist chi cé két qua sai
s6 ting véi k = 17, vi két qua nay tot hon két qui k = 13.

V6i bo tam 1a dinh cla cdc ti dién ti vu, nghiém x4p xi clia oct-dist v6i k=17
va pQR4sel c6 do chinh x4c tot nhét va tét hon nghiém ctia phuong phap fem1.

Trong tht nghiém tiép theo, tip Z dudc tao 14 cdc nit ludi déu trong Q, véi cac
diém bién dudc tao ra bang phép chiéu vudng géc nhu da trinh bay & trén. Két qua
thit nghiém s6 dugc biéu dién trong Bang [3.6]va Hinh [3.23(b). P&i v6i phuong phép
khong 1uéi RBF-FD, ching t6i dung ciu tric ludi clia cdc niit va tinh Laplace trong

(2.1) véi trong s6 12 7- tAm c6 dién bdi cong thiic (3.7) bat cit khi nao c6 thé.

EP = {C, 0+ (1,0,0),8 +(0,4,0),£ +(0,0,h)},
wee=—6h"% wee=h? E€EN{C
Au(E) o (€ 4+ (1,0,0)) + (€ — (,0,0)) +u(¢ + (0.1, 0)+
+u(§ — (0,h,0)) +u({ +(0,0,h)) +u({ — (0,0,h)) —6u({)] .

(3.7

Céc trong s6 con lai ciing c6 dudc bang xap xi ham cd s6 ban kinh béi (3.4)) trén bd tam

E?mr. Do d6, cic phuong phdp chon tim va tinh trong s6 dudc mo ta trong Phan [2.4

va cong thic (3.4) chi dudc 4p dung véi € Ejy & gan bién théa min EZSW Z Eints
nén mat dé ma tran hé s6 trén mién roi rac chi 16n hon 7 mot chuit.

Két qua ctia fem1 dat dudc trén cac td dién clia cac nit trong = bdi 1énh MATLAB
delaunayTriangulation, né tao ra cac ti dién thudc Q tif mién 16i. Cac tham sb
clia phuong phéap oct-dist 1a k = 18, con céc gid tri khac giéng nhu & trén.

Ngoai trif phuong phap tet bi 16i trén mot s tip cac tAm, sai sb ctia cac phuong
phap khong ludi con lai xap xi nhau va nho hon sai sd clia fem1, dic biét 1a mat do
ma trin hé s ctia cic phuong phap khong ludi chi bang mot nita mat do ma tran ciing
cua feml.

Trong Bang phuong phép chon tip cdc tim la 30 diém gan nhat (30near)
khong 1am ting mat do ma trin hé sb, tiic 12 phuong phdp nay ciing chii yéu st dung
tap cac tim 1a cAu tric lu6i 7-diém. Sai s6 ctia phuong phap 30near tdt hon sai sd
ctia phuong phap 20near, do dé nén st dung tip c6 sd tim 16n hon trong trudng hop
nay, diéu nay c6 thé 1a do u di min va n6é khdng thé thuc hién véi cac bai toan c6 mién

hinh hoc phiic tap dugc gidi thiéu & phia sau, nhu Bai toan
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So sanh Hinh a) va Hinh b) cho thiy sai sb ing véi nnz clia cic phuong
phdp RBF-FD trén cac nit lu6i trong mién t6t hon sai sb trén dinh cdc ti dién tdi uu,
nhung sai s6 ca fem1 lai ngudc lai.

Bang 3.6: Két qua thit nghiém s6 ctia Bai toan [7} Sai s6 Erer trén ludi déu va cac diém

bién dugc tao bdi phép chiéu vudng géc. St dung ciu tric chon tim 7-diém cho phuong
phdp RBF-FD bt cif khi ndo c6 thé.

FEM St dung da thic 7 tinh trong s6 pQR
feml tet oct oct-dist 20near 30near | pQR4sel pQR3 pQR4
304 9.7¢-03 || 9.9¢-04 | 1.9¢-03 | 2.9¢-03 | 1.4e-03 | 6.6e-04 | 2.0e-03 1.1e-03 | 1.0e-03
624 6.7¢-03 || 6.4e-04 | 9.3e-04 | 1.5e-03 | 8.0e-04 | 4.1e-04 | 1.2e-03 || 5.7e-04 | 5.9¢e-04
1308 4.0e-03 || 3.5e-04 | 3.4e-03 | 9.0e-04 | 6.2e-04 | 3.9e-04 | 7.2e-04 || 5.5e-04 | 4.8e-04
2822 2.0e-03 || 2.1e-04 | 2.5¢-04 | 4.9¢e-04 | 3.1e-04 | 2.0e-04 | 3.7e-04 || 2.7e-04 | 2.2¢-04
5196 1.5e-03 || 1.4e-04 | 2.3e-04 | 3.1e-04 | 2.0e-04 | 1.3e-04 | 2.4e-04 1.9¢-04 | 1.5e-04
10935 8.8e-04 NaN 7.9e-05 | 1.7e-04 | 1.1e-04 | 8.3e-05 | 1.3e-04 || 9.9e-05 | 8.4e-05
23436 5.1e-04 || 4.9e-05 | 4.9e-05 | 9.2e-05 | 6.7e-05 | 5.0e-05 | 7.5e-05 || 6.1e-05 | 5.0e-05
46251 3.3e-04 NaN 2.7e-05 | 5.3e-05 | 4.1e-05 | 3.2e-05 | 4.5¢-05 || 3.6e-05 | 3.1e-05
89372 2.1e-04 NaN 1.8e-05 | 3.2e-05 | 2.5e-05 | 2.0e-05 | 2.7e-05 || 2.3e-05 | 2.0e-05
density 14.7 7.4 7.4 7.7 7.6 8.3 7.8 7.0 7.8

#:'int

Thi nghiém cudi cling d6i v6i Bai todn (7|1 sit dung cic niit trong Halton va cic
niit bién dudc tao ra bang phép chiéu vudng géc nhu Hinh d). Két qua dudc biéu
dién trong Bang [3.7|va Hinh c), trong d6 phuong phap fem1 st dung cac ti dién
thudc E dugc tao bdi 1énh delaunayTriangulation trong MATLAB. Cic tham sb
st dung cho phuong phdp oct-dist 14 § =0.9, s=1, n =3 va k = 17. Két qua
clia cdc phuong phdp tet va pQR3 bi 13i tai mot sd tap Z, nén khong dudc vé trong
Hinh [3.23c). Sai s6 ctia pQR3 rit 16n trén hai tap = cubi, didu d6 cho thiy sy khong
on dinh ctia ma tran hé sd, diéu nay sé dudc phan tich chi tiét trong Bai toan |8, Phuong
phap pQR4 c6 két qua sai s6 cao hon ddng ké so véi cac thuit todn lua chon tim con
lai, k€ ca phuong phdp st dung thuit todn chon tAm don gian 1a Iva chon 20 diém
gan nhit 20near, n6 1a phuong phdp tt nhat trong trudng hop nay. Cac phuong phap
RBF-FD cho két qua sai sb tot trén cac nit Halton va tot hon trén dinh clia cdc ti dién
t6i uu, trong khi sai s6 ctia fem1 cao nhit khi Z 12 diém Halton.

Hiéu qua ctia FEM phu thudc vao chét luong ludi, dic biét 1a su déu vé hinh dang
clia cac phan td, nhu vi du trong [29]. Do d6, ngoai cdc két qua nhu trén, Bang
con gi6i thiéu thong tin vé su phan bd hé s6 ty 1& khung hinh cia tif dién dudc tao ra
theo 3 cach trén. Hé s6 ty Ié khung hinh (nghich ddo) ctia mot tf dién 7 c6 cac dinh
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Bang 3.7: Két qua thit nghiém s6 ctia Bai toan (7} Sai s6 Eet trén niit trong Halton va céc
diém bién dudc tao bsi phép chiéu vudng goc.

T FEM St dung da thiic 7 tinh trong s6 PQR
o feml tet oct oct-dist 20near pQR4sel pQR3 pQR4
303 1.7e-02 || NaN | 3.2e-03 | 1.8e-03 | 2.0e-03 | 1.8e-03 || 3.9e-03 | 1.0e-02
627 1.1e-02 || NaN | 1.0e-03 | 1.2e-03 | 8.3e-04 | 1.2e-03 || 1.6e-03 | 3.0e-03
1308 6.1e-03 || NaN | 7.8e-04 | 9.8e-04 | 3.3e-04 | 5.0e-04 || 9.4e-04 | 1.3e-03
2699 3.5¢-03 || NaN | 3.6e-04 | 3.3e-04 | 2.1e-04 | 2.6e-04 || 3.8e-04 | 7.9e-04
5493 2.1e-03 || NaN | 2.9e-04 | 2.1e-04 | 1.4e-04 | 1.6e-04 || 2.1e-04 | 5.1e-04
11140 || 1.2e-03 || NaN | 1.9e-04 | 1.6e-04 | 5.6e-05 | 7.8e-05 || 1.5e-04 | 2.9e-04
22561 || 7.6e-04 || NaN | 7.6e-05 | 7.1e-05 | 2.9e-05 | 6.9e-05 || 1.2e-04 | 1.9¢-04
45513 || 4.3e-04 || NaN | 3.8e-05 | 5.6e-05 | 3.5e-05 | 4.1e-05 || 3.0e+08 | 1.1e-04
91655 || 2.7e-04 || NaN | 3.0e-05 | 2.6e-05 | 1.7e-05 | 2.1e-05 || 2.1e+08 | 7.4e-05
density 16.0 16.0 16.5 16.7 194 194 9.8 194
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(b) Sai s6 trén 1u6i déu va cc diém bién

nzz

(c) Sai s6 trén diém Halton va cac diém bién (d) Tam rdi rac dudc tao bdi diém Halton

Hinh 3.23: Két qua thi nghiém s6 ctia Bai toain Céc sai s6 Eqf ing v6i két qua trong cic
bang: (a) Bang[3.4]va Bang[3.5] v6i oct-dist la oct-dist17, (b) Bang[3.6] (c) Bang[3.7]
va (d) Tam rdi rac cia mién Q dudc tao bdi diém Halton véi 2699 tAm trong mién, 632
di€m bién.
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A,B,C,D dudc tinh bdi cong thic
Yr =2V6pr /hr (3.8)
trong d6 hr 12 d6 dai 16n nhit clia cdc canh cia ti dién T,
hr = max(hag, hac, hap, hsc, hsp, hcp),

va pr 1a ban kinh hinh cau noi tiép ti dién T [31} p. 1317]

|
pPr = )
[Nage) | + (| Naso) || + [[Naco) || + (| Nseo) |

véi o = AB. (R X ﬁ) va Napc) = AB x AC 1 véc 16 phép tuyén ctia mit phang
ABC. Hé s6 2v/6 dudc chon sao cho 0 < 77 < 1, ¥ = 0 ting vdi t dién suy bién va
yr = 1 v6i td dién déu. Td dién T c6 chat luong tot khi gia tri ty 1& khung hinh ¥
16n. Bang [3.8|1a két qua gid tri nhd nhit "miny" va "avgy" gia tri trung binh cta yr
trén tit ca cc ti dién ting v6i bo tam E cudi cung trong mdi Bang va
dong thdi 12 s& % cua td dién c6 yr nhan gid tri trong cac khoang 0-0.25, 0.25-0.5,
0.5-0.75 va 0.75-1.0. K&t qua cho thiy chit luong cia ti dién ti uu sit dung trong
tht nghiém dau tién cao hon dang ké so véi hai loai ti dién con lai, diéu nay dan dén
sai s6 ctia fem1 1a nhd nhat trén dinh cla céc td dién tdi vu so véi sai sd clia né trén 2
loai ti dién khac. Nhung dbi v6i cac phién ban ctia phuong phap RBF-FD thi tinh déu
cao hon vé hinh dang cta tif dién t6i uu khong mang lai 10i thé.

Bang 3.8: Két qué thit nghiém sb clia Bai todn [7} Théqg ké hé sb ty 1é khung hinh yr vé6i

3 céch tao luéi td dién st dung trong céc thit nghiém s6 ctia fem1, cu thé 1a td dién tdi vu

nhu trong Bang t dién tao ra tif cac nit uSi déu nhu trong Bang va tu dién tao
ra tif cac nut Halton nhu trong Béang

Loai tt dién miny avgy | 0<y<025 | 025<y<05 | 0.5<y<075 | 0.75<y<1.0
Tit dién ti wu 0.50 0.87 0.0% 0.0% 6.3% 93.7%
Tit dién tir luéi déu 4.6e-02 | 0.68 0.1% 2.2% 96.5% 1.2%
Tit dién tir diém Halton 1.8e-03 | 0.63 4.8% 21.0% 45.8% 28.4%

3.2.2 Bai toan thuc té ¢ mién hinh hoc phic tap

Bai toan 8 (BracketTwoHoles). Xét phuong trinh Poisson Au = —10 véi diéu kién
bién Dirichlet u|,, = 0 trén mién Q dugc xuat ra tit file STL ‘BracketTwoHoles.stl’
trong PDE Toolbox cia MATLAB [50], nhu Hinh a).
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Hinh 3.24: Két qua thi nghiém sb ctia Bai toan (8} (a) Mién BracketTwoHoles vé bdi
1énh pdegplot trong PDE Toolbox ctia MATLAB [50] va (b)Tam 1di rac clia mién Q
dudc tao bdi Gmsh v6i 2529 tim trong mién, 6303 tam trén bién.

Vi chua tim dudc nghiém chinh x4c clia bai toan bang phuong phéap giai tich, nén
chung t6i tinh nghiém cua fem2 trén 1605099 diém, bdi 1énh createMesh, véi céc
tham s6 Hmax = 1.7, Hmin = Hmax /3, Hgrad = 1.5 va GeometricOrder = 2 va st
dung n6 1am nghiém tham chiéu.

Tuong tu Bai toan (7] thit nghiém dau tién véi tap E 1a dinh cla cac td dién tbi uu,
dugc tao bdi 1énh generateMesh, véi Hy = 8.5. Céc gid tri tham sd cho Thuét toan
oct-dist 148 =10.9,s=1,n =3 va k=13 . Két qua thit nghiém sb dudc trinh bay
trong Bang Sai s clia fem?2 trén dinh clia cdc td dién t6i wu v6i Hy = 17 dugc
biéu dién trong Bang Hinh [3.26(a) 1a cdc duong cong sai sb ting vdi nnz. Két
qua thi nghiém s cho thiy nghiém ctia phuong phdp RBF-FD sit dung cdc thuit toan
oct-dist, pQR3 va pQR4 chinh x4c hon nghiém ctia fem1 va xAp xi nghiém ctia fem2.

Trong thit nghiém tiép theo, tip = 1a dinh cla cac tif dién khong t6i uu trong mién
Q. Vi mién clia bai toan khong 15i, nén 1énh delaunayTriangulation khong thé tao
ra cdc tif dién nam trong mién Q, nén chiing t6i da st dung Gmsh [30] va tit tinh ning
1am min va t6i wu, nhu da trinh bay & trén, v6i Hy = 8.5 nhu Hinh[3.24(b). Chét lugng
cua 2 loai tif dién dudc so sanh trong Bang Céc tham sb st dung cho Thuét todn
oct-distlad=09,s=3,n=6vak=17.

Két qua thi nghiém s dudgc trinh bay trong Bang va Hinh [3.26(b). Do tet,
oct va 20near bi 16i vi khong chon dudc tip cic tam tinh trong sb théa man diéu
kién (3.5), trong khi pQR3 c6 sai s6 cao va tham chi din dén mot ma tran hé s6 (2.2))
suy bién vdi tap Z cubi cuing, nén Hinh [3.26(b) chi biéu dién dd thi sai sb clia phuong
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Bang 3.9: Két qua thit nghiém s6 ctia Bai toan : Sai s6 Ef trén dinh cda cic ti dién tdi
uu véi Hy = 8.5.

FEM St dung da thiic 7 tinh trong s PQR

#Eint
feml tet oct oct-dist 20near pQR4sel pQR3 pQR4

871 5.5e-02 || 4.3e-02 | 6.1e-02 | 3.2e-02 | 7.6e-02 | 7.7e-02 || 3.8e-02 | 2.5e-02
2086 || 4.3e-02 NaN | 5.6e-02 | 3.5e-02 | 6.3e-02 | 6.2e-02 || 3.2e-02 | 2.2e-02
4150 3.4e-02 || 2.9e-02 | 3.7e-02 | 2.4e-02 | 4.4e-02 | 4.5e-02 || 2.4e-02 | 1.6e-02
9628 1.9e-02 || 1.8e-02 | 2.4e-02 | 1.4e-02 | 3.3e-02 | 3.2e-02 || 1.2e-02 | 1.1e-02
19493 || 1.5e-02 || 1.3e-02 | 2.0e-02 | 1.2e-02 | 2.4e-02 | 2.2e-02 || 1.1e-02 | 9.5e-03
41215 || 8.6e-03 NaN 1.1e-02 | 6.2e-03 | 1.5e-02 | 1.5e-02 || 7.8e-03 | 5.2e-03
86699 || 6.8e-03 NaN | 93e-03 | 6.0e-03 | 1.1e-02 | 1.1e-02 || 6.1e-03 | 4.4e-03

178432 || 4.5e-03 NaN | 7.2e-03 | 4.7e-03 | 6.8e-03 | 7.5e-03 || 4.9¢-03 | 3.1e-03

density 14.2 14.2 15.9 12.4 18.8 18.7 9.5 18.7

Bang 3.10: Két qua thit nghiém s6 ctia Bai toan [8} Sai s iyt clia fem2 trén dinh ciia cdc
t dién tdi vu v6i Hy = 17.

#Zint 1197 2647 4121 9507 21034 39659 87900 173262 || density
fem2 | 4.0e-02 | 2.3e-02 | 1.6e-02 | 9.7e-03 | 6.6e-03 | 5.0e-03 | 3.1e-03 | 2.3e-03 259

Bang 3.11: Két qua thit nghiém sb clia Bai toan 8} Thong ké hé s6 ty 16 khung hinh yr véi
2 céch tao luéi tit dién st dung trong cac thi nghiém sb ctia fem1, d6 1a tif dién t6i vu nhu
trong Bang Vé tit dién khong t6i uu nhu trong Bang

Loai tif dién miny avgy | 0<y<025 | 025<y<05 | 05<y<075 | 0.75<y<1.0
Tit dién t6i uu 0.51 0.88 0.0% 0.0% 2.8% 97.2%
Td dién khong t6i uu || 3.1e-05 | 0.78 1.7% 5.8% 25.1% 67.4%

Bang 3.12: Két qua thit nghiém s ctia Bai todn |8 Sai s6 E trén dinh clia cc td dién
khong tdi vu.

. FEM St dung da thic 7 tinh trong s6 pQR
—int

fem1 tet oct oct-dist | 20near | 30near | 40Onear | pQR4sel pQR3 pQR4

726 1.3e-01 || NaN NaN 7.1e-02 | NaN NaN NaN 1.1e-01 2.1e-01 | 1.1e-01
1491 1.1e-01 || NaN NaN 7.1e-02 | NaN NaN 1.2e-01 | 8.3e-02 1.8e+00 | 4.5e-02
2529 6.8e-02 || NaN NaN 4.9e-02 NaN NaN NaN 5.8e-02 1.2e-01 | 3.4e-02
4954 5.0e-02 || NaN NaN 3.6e-02 NaN NaN NaN 4.1e-02 3.6e-02 | 1.6e-01
9940 3.4e-02 || NaN NaN 2.6e-02 | NaN NaN 5.4e-02 | 3.2e-02 || 7.3e-02 | 1.5e-02
19834 2.4e-02 || NaN NaN 1.7e-02 | NaN NaN NaN 2.2e-02 || 6.7e-02 | 1.3e-02

41941 1.6e-02 || NaN NaN 1.3e-02 | NaN NaN 3.0e-02 | 1.5e-02 || 9.9¢-03 | 8.1e-03
86541 1.1e-02 || NaN | 1.0e-02 | 9.6e-03 NaN NaN 2.1e-02 | 1.1e-02 || 6.7e-03 | 5.9¢-03
178450 || 7.4e-03 || NaN NaN 6.7¢e-03 NaN NaN NaN 7.7e-03 Inf 3.9¢-03

density 14.9 14.9 159 15.9 18.4 274 36.3 18.8 9.6 18.8
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phdp RBF-FD st dung céc thuit todn oct-dist, pQR4sel va pQR4. Tuy nhién, sai sb
ctia phuong phdp pQR3 ing véi mién rdi rac khi #Z;, = 86541 12 mot trong nhiing
sai s6 tot nhat, v6i mat d6 ma tran hé s6 thap hon so véi tit ca cac phuong phap khéc
trong bang va vé6i tip E clia mién rdi rac khi #Z;, = 4954, sai s6 clia pQR3 con t6t
hon sai s6 ctia pQR4. Trong Hinh [3.26(b) ciing vé& dd thi sai sd clia pQR4 i sai s6 clia
né trén cac tap = 1a tot nhit so vdi cac phuong phap khac.

Bang 3.13: Két qua thit nghiém s6 ctia Bai todn |8} Hé s6 6n dinh o trén dinh cua céc td
dién khong ti vu.

H#Eint oct-dist | pQR4sel | pQR3 pQR4
726 914 76.1 2.9e+16 | 1.6e+03
1491 58.6 82.9 1.6e+17 | 3.4e+03
2529 59.0 68.2 1.6e+17 | 5.9e+02
4954 58.7 64.9 2.1e+17 | 3.5e+03
9940 59.2 58.6 2.5e+16 | 7.0e+02
19834 59.8 59.6 6.6e+15 | 3.0e+02

41941 60.2 60.3 60.6 60.7
86541 60.6 60.5 60.8 60.7
178450 60.7 60.7 inf 61.1

Nguyén nhan 1am cho cdc sai s6 ctia phuong phap pQR 16n trén mot sd tap cic tam
c6 lién quan dén tinh toan cuc ctia ma tran hé sd ctia hé phuong trinh tuyén tinh (2.2)).
P& danh gia diéu nay, chiing t6i di tinh hé s on dinh ctia ma tran hé s6 ctia hé phuong

trinh (2.2). Hé s6 6n dinh ctia ma tran A dudc tinh bdi cong thiic
o := condest(AT)/||A|o, (3.9)

trong d6 A 1a ma tran hé sd ctia hé phuong trinh (2.2), xem Béng Cong thuc
dugc d& xuét trong [54], st dung hiéu qua khi tinh sb diéu kién ctia ma tran bing
chuén 1 béi 1énh condest trong MATLAB, dé danh gia su 6n dinh khi phan tich sai
s6 clia FEM giai phuong trinh elliptic. That khong may, chua c6 két qué ly thuyét nao
tinh hé s6 6n dinh va phan tich sai s6 ctia cc phuong phap khong ludi [14]. Tuy nhién,
cac gia tri trong Bang cho thiy, cac sai s6 16n ludn di kém véi cac gid tri cao cla
o. DAi véi hai phuong phap &n dinh nhit 1a oct-dist va pQR4sel, c6 do thi trong
Hinh [3.26(b), thi o < 100, trong khi pQR4 tao ra cac ma tran c6 ¢ > 300 khi i <5 va
o > 3000 ting vdi tp Z c6 sai s6 16n nhit trong Hinh b) khi i = 3. pQR3 co sai
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s616n khi i < 5 va i = 8 tuong tng véi o rat 16n va két qua tot khi i € {6,7} tng véi
o ~ 61, gin bing miic t6i thi€u ¢ = 58.6 trong Bang Céc thit nghiém s6 clia
phuong phdp RBF-FD trén dinh clia céc t dién tdi wu dugc biéu dién trong Bing
co giatri 56.3 < o < 68.9.

(a) Tam gidc STL trén bién

—datal
—data2

(b) 30 diém gan nhét c6 vi tri toi

Hinh 3.25: Két qua thit nghiém sb ctia Bai todn |8} (a) Hinh dang tam gidc STL trén bién
va (b) 30 diém &;, i = 1,2,...,30, gan ¢ nhit clia c4c tf dién khong tdi uwu. Cac diém nay
déu nam trong mit phang ngang trit ¢ va 4 diém trén cung.

Bang 3.14: Két qua thit nghiém s6 ctia Bai toan [8 Sai s6 Eyf trén cac diém trong mién 1a
1u6i déu va diém bién 1a phép chiéu vudng géc. St dung tinh trong s6 véi tap 7- diém bat
ct khi nao c6 thé.

4z 30near pQR4sel pQR3 pQR4
o Eres o Eret o Erer o Eret o

1004 1.3e-01 67.4 1.2e-01 | 617.9 1.2e-01 | 884.1 3.1e-01 | 2.1e+04

2572 1.1e-01 68.0 6.0e-02 | 63.5 4.7e-02 62.1 2.0e+00 | 1.5e+04

4344 || 2.0e-01 | 2.1e+03 || 4.4e-01 | 9.0e+03 || 2.0e-01 | 4.1e+03 || 7.4e+00 | 2.6e+06

8883 || 4.6e-01 | 5.9¢+03 || 5.1e-01 | 1.2e+04 | 5.9¢-01 | 5.4e+03 || 9.4e+00 | 4.7e+05
21228 || 2.8e-02 62.9 1.6e-02 | 61.8 1.5e-02 | 3624 || 4.8¢-02 | 1.2e+03
45808 | 3.6e-02 64.0 1.7e-02 | 622 1.1e-02 61.7 2.6e-01 | 3.6e+03
92528 || 2.0e-02 62.9 1.7e-02 | 62.8 6.7¢-03 61.9 3.4e-02 | 299.0
176179 || 6.8e-01 | 7.8e+03 || 7.8e-01 | 3.5e+04 || 7.3e-01 | 1.5e+04 || 8.1e+00 | 6.5¢+06
density 10.5 7.1 6.9 7.1
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Do 20near bi 16i tai tit cd cic tip E, nén ching tdi da ting s6 diém lan cin Ién
30, 40 va dua két qué sai s6 tuong tng 1a 30near, 40near vao Bang hai phuong
phdp nly c6 mat do ma tran hé sb ting cao, tuy nhién két qu sai s6 van rat tdi ké
ca clia 40near. Nguyén nhan 1a do lién quan dén cac dang cia file STL, n6 thudng
bao gdm nhiéu tam gidc mong va dai trén bién, cc thuit todn tao ti dién déu bat dau
bing cach tao cdc canh bién, sau d6 1a cac tam gidc bién, sau dé thém cac dinh vao
bén trong mién. Do dé, cac ving 1an cin ctia mot sd tam bén trong bao gdm nhiéu nit
trén bién ddng phang, khong thuin lgi cho cong thic vi phan sd, xem Hinh Do
d6, sé 1a tot khi thuat todn chon tam loai bd mot sd nit dong phang nay ké ca khi né
12 14n c4n gan nhit véi .

Trong thit nghiém tiép theo, tip Z;, dudc tao ra 1a cdc niit lu6i déu va 9= 1a hinh
chiéu vuong goc trén bién, st dung tinh trong s biang tap 7- diém bit cif khi nio c6
thé. Tuy nhién, khong c6 thuit toan chon tim nao cho két qua tot trong trudng hop
nay. Céc thudt todn 20near, oct va oct-dist khong chon dugc tdp =, thod man
da thdc (3.3). Sai s6 ctia cdc phuong phap RBF-FD st dung cdc thuat todn 30near,
pQR4sel, pQR3 va pQR4 dudc biéu dién trong Bang rﬁt toi va khong 6n dinh. Két
qué trong Bang cho thiy sai s6 clia cic phuong phap RBF-FD rit cao, ting véi
hing s &n dinh 16n hon gid tri “binh thudng” 1a 60.

Bang 3.15: Két qua thi nghiém sb ctia Bai toan : Sai 86 Ef trén cic diém trong mién 12

ntit luéi déu va diém bién 1a dinh clia c4c td dién tdi wu. St dung trong sb 7-diém bat cid
khi nao c6 thé.

St dung da thiic 7 tinh trong s pQR

#Zint
oct oct-dist 20near 30near 40near pQR4sel pQR3 pQR4

1004 | 7.0e-02 | 5.4e-02 | 4.9e-02 | 6.7e-02 | 6.4e-02 | 3.8¢-02 | 2.3e-02 | 7.0e-02
2572 | 5.5e-02 | 4.4e-02 | 4.2e-02 | 5.5e-02 | 4.9e-02 | 5.3e-02 || 3.9e-02 | 2.7e-01
4344 | 4.2e-02 | 3.7e-02 | 2.9e-02 | 3.8e-02 | 3.7e-02 | 2.8e-02 | 3.1e-02 | 3.7e-02
8883 | 2.9e-02 | 2.4e-02 | 1.7e-02 | 2.5e-02 | 3.0e-02 | 1.7e-02 || 2.3e-02 | 2.7e-02
21228 | 1.2e-02 | 1.2e-02 | 9.5e-03 | 1.2e-02 | 1.3e-02 | 8.7e-03 || 6.1e-03 | 2.0e-02
45808 | 1.7e-02 | 1.1e-02 | 1.1e-02 | 1.4e-02 | 1.2e-02 | 1.5e-02 || 1.1e-02 | 7.7e-02
92528 | 5.5e-03 | 3.9e-03 | 3.8e-03 | 4.8e-03 | 4.8¢-03 | 5.2e-03 || 4.6e-03 | 1.8e-02
176179 | 8.1e-03 | 3.7e-03 | 4.0e-03 | 3.8e-03 | 1.2e-02 | 2.9e-03 || 4.8e-03 | 1.1e-02
density 7.9 8.2 8.6 9.9 11.4 8.6 7.0 8.6
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Bang 3.16: Két qua thi nghiém s6 ctia Bai toan (8} Sai s6 Et trén diém trong mién la
diém Halton va diém bién 13 phép chiéu vuéng géc.

St dung da thiic #° tinh trong s pQR

#Eint
oct-dist 20near pQR4sel pPQR3 pQR4

1165 6.9e-02 | 9.2e-02 | 1.0e-01 9.2e-01 | 3.3e+00
2474 2.7e-01 | 7.7e-02 | 6.4e-02 8.0e-02 | 3.7e-01
5187 2.7e-02 | 8.3e-02 | 5.2e-02 2.9e+00 | 8.1e-01
10754 || 1.9e-02 | 5.3e-02 | 5.0e-02 2.3e-02 | 2.5¢-01
22093 || 1.3e-02 | 1.5e-02 | 1.5e-02 3.3e-02 | 3.6e-01
45172 || 7.6e-03 | 1.8e-02 | 8.1e-03 2.0e-02 | 2.8e-01
91893 || 6.0e-03 | 2.8e-02 | 6.5e-03 1.6e-02 | 3.7e-02
186274 || 4.0e-03 | 9.0e-03 | 4.2e-03 5.1e-02 | 5.5e-02
density 16.3 18.8 18.9 9.6 18.9

Két qua clia cdc phuong phdp RBF-FD sé t6t hon néu tip E dudc tao ra nhu trong
trudng hop cdc nit ludi déu ctia Bai todn (7, n6 1 két hop cac nit ludi déu bén trong
mién vé6i diém bién dudc 1y 1a dinh ctia cdc td dién tdi vu nhu trong thit nghiém dau
tién ctia bai toan. Cu thé, tham sb dudgc chon Hy = 8.5 vav6imdii=0,...,7, cic diém
trong mién 12 cdc nit 1udi déu véi khoang cach h = 0.9 Hmax, véi Hmax = Ho2 /3, con
cdc diém bién dudc tao bdi 1énh generateMesh, vdi Hmax nhu trén va lay dinh trén
bién ciia ti dién t6i wu lam diém bién ctia E. Két qua thi nghiém s6 dudc biéu dién
trong Bang va Hinh c). Cac tham sb ctia phuong phap RBF-FD st dung
Thuét todn oct-dist 124 § = 0.9, s = 1, n = 3 va k = 18. K&t qua clia phuong phép
RBF-FD vdi tat ca cac thuat todn chon tdm déu hiéu qua, mic du dd thi sai s trong
Hinh c) khong don diéu, dic biét v6i tip E c6 45808 diém trong mién (i = 5)
khong thuan 1di cho tit ca ciac phuong phéap. Tuy nhién, quan sat do thi sai sd cla
pQR3, tng véi i = 4 rAt bat thuong, trong thit nghiém s6 thi sai s6 nay 1a t6t nhat
so vdi cdc két qua khac véi cuing sd nit bén trong ctia mién rdi rac (khoang 20000).
Hé s6 6n dinh o cla tit ca ciac phuong phdp trong Bang trtr pQR4, thoa man
58.2 < 0 < 67.4. V6i pQR4, hé s6 &n dinh 6 = 90.4 khi i =2, 6 =413 khi i = 5, con
lai 6 < 70, do d6 sai s6 khi i =2 va i = 5 clia pQR4 cao hon ddng k& so véi cac két
qua khac. Ngoai 20near, trong Bang con ¢6 sai sb clia cac thudt todn 30near,
40near. Tuy nhién, ngudc véi Bai todn (7, sai sd clia c4c thudt todn 30near, 40near

khong cai thién so véi sai s6 ctia Thuit toan 20near.
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Thi nghiém cubi cling ctia bai toan st dung cic diém trong mién cda tip = 1a
diém Halton va c4c diém bién 1a phép chiéu vudng goc. Két qua tét hon so véi trudng
hop tip Z c6 cic diém trong mién 1a nit ludi déu két hop véi cac diém bién 1a phép
chiéu vuong géc. Sai sb clia cac phuong phap dudc biéu dién trong Bang va
Hinh [3.26(d). Cac tham s ctia Thuét todn oct-dist giéng nhu trong trusng hgp cia
Bai toénlél 8=0.9,s=1,n=3vak=17. Sai s6 cia phuong phap RBF-FD khi st
dung cac thut todn oct-dist va pQR4sel 12 tét hon cic két qua khac va nho hon so
Vi cdc sai sd dat dudc trén dinh clia cic td dién tdi uwu. Céc thuit toan chon tAim tet
va oct khong chon dudc tip cic tim théa man (3.5). Sai s6 clia pQR3 va pQR4 rét cao,
do do6 né khong dugc vé trong Hinh d). Su bt thuong cla cic dudng cong biéu
dién sai s6 trong Hinh [3.26{(d) tuong ting vdi gid tri ctia hé s6 &n dinh, cu thé la: Két
qua ung v6i Thuat toan oct-dist la 0 =546.9 khii=1 va 61 < o < 80.1 vdi cac
truong hdp con lai. V6i Thuat toan pQR4sel thi o = 138.5khii=3va60.8 <o <63
cho céc trudng hop khac, ngoai trit niit thd nhét (i = 0) thi ¢ = 582.7 nhung khong
din dén sai s6 cao. Dbi véi Thuat todn 20near, ¢ gidm tit 1854,9 xudng 63,0 trong

khoang i = 0 dén i = 4, ting 1én 118,4 khi i = 6 va lai gidm xubng 62,9 khi i = 7.

"[-e-tem1 ' " "[-e-tem1
--e-fem2 —*—oct-dist
L —*—oct 4 %as-- —o—pQR4sel
10 —+— oct-dist 10 e —=—pQR4
— e —20near Q
““““ N ——pQR4sel
. T - —4—pQR3
—s—pQR4

10* 10° 10°® 10* 10° 10°®

(a) Sai s trén dinh ctia cac td dién t6i uu (b) Sai s trén dinh ctia cic ti dién khong t6i uu

" [——oct-dist
—e—20near
—o—pQR4sel

"+ -oct
—*—oct-dist

s - e -20near 4
107 F —o—pQR4sel 107 F
- —4—pQR3

10* 10° 106

(c) Sai s6 trén ludi déu va cac diém bién cia (a)  (d) Sai s0 trén diém Halton va cac diém bién

Hinh 3.26: Két qua thit nghiém s6 ctia Bai todn [8; Cac sai s6 Ef ting v6i két qua trong

cac bang: (a) Cac béngvé (b) Béng (c) Béng (d) Béng
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Bai toan 9 ([50, Section 3], Forearm Link). Xét phuong trinh Poisson Au = —10
véi diéu kién bién Dirichlet dong nhat u,, = 0 trén mién Q xdc dinh bdi file STL
‘ForearmLink.stl’ trong PDE Toolbox cia MATLAB [50] nhu Hinh a).

+

E( oct-dist
E( pQR4sel
x E( pQR3

. S(pQFM
o¢

*

35

20 3p

(a) Mién Q (b) Tap gi4 trong s6 E¢

Hinh 3.27: Két qua thit nghiém s ctia Bai toan [0} (a) Mién Q xuét ra tit file "Forearm-
Link.stl’ trong PDE Toolbox ciia MATLAB [50] va (b) Tap gia trong s6 E¢ duge chon
bdi céc thuat toan trong trudng hop mién Q dudc tao bdi diém Halton.

Tuong tu Bai toan [8, vi chua tim dudc nghiém chinh xdc cda bai todn bing
phuong phap gidi tich nén ching toi tim va st dung nghiém tham chiéu 13 nghiém
cta fem?2 trén 641825 diém dudc x4c dinh bdi 1énh createMesh v6i cac tham sb
Hmax = 6,8/27/3 ~ 1,35, Hnin = Hmax /3, Hgrad = 1.5 va GeometricOrder = 2 nhu
trong [18].

Ciing nhu cé4c bai todn thit nghiém trudc, tip cdc tam rdi rac E ctia mién Q dudc
tao bdi cac cach khac nhau nhu: dinh cta céac ti dién toi uu, dinh cta cac ti dién
khong t6i uu, cic diém trong mién 13 cdc nit 1uSi déu két hop véi cac diém bién 1a
dinh cda céc i dién tbi wu va két hop cic diém trong mién 1a diém Halton véi diém
bién 14 phép chiéu vuong géc. Hinh b) 12 két qua chon gia véc to trong sd E¢cua
cac thudt toan oct-dist, pQ4sel, pQR3, pQ4 trong truong hgp tap cac tdm roi rac
= ctia mién Q dudc tao bdi cic diém Halton v6i diém bién 1a phép chiéu vuong géc.

Két qua thit nghiém s6 dudc trinh bay trong cic bang - va Hinh
Thuét toan oct-dist st dung & = 0.7, véi cac tham sb s, n, k nhu trong chu thich cia
céc bang. Do thi sai s6 ctia pQR4sel trong Hinh[3.28(b) da b qua sai sb 16n khi i = 4
va Hinh c) ciing bd qua sai s6 bang Nal clia oct trong bang tuong ting.
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Bang 3.17: Két qué thit nghiém s6 clia Bai todn|0} Sai s Eye trén dinh clia cac tit dién ti
wu véi Hy = 6.8. Cac tham s6 cia oct-dist las=1,n=3, k= 13.

FEM St dung da thiic 7 tinh trong s PQR
feml tet oct oct-dist 20near | pQR4sel pQR3 pQR4
816 3.5e-02 || NaN | 3.4e-02 | 2.7e-02 | 8.8¢-02 | 4.9¢-02 || 2.1e-02 | 3.0e+00
1254 || 2.4e-02 || NaN | 2.8e-02 | 1.9¢-02 | 7.6e-02 | 4.1e-02 || 1.7e-02 | 9.4e-02
2414 1.8e-02 || NaN | 2.0e-02 | 1.4e-02 | 3.6e-02 | 2.6e-02 || 1.2e-02 | 4.4e-02
4423 1.2e-02 || NaN | 1.5e-02 | 1.0e-02 | 2.5e-02 | 1.8e-02 || 9.4e-03 | 4.2e-02
8401 8.4e-03 || NaN | 1.0e-02 | 7.3e-03 | 1.8e-02 | 1.4e-02 || 6.8e-03 | 6.9e-03
16437 || 5.9e-03 || NaN | 7.8e-03 | 5.1e-03 | 1.2e-02 | 9.7e-03 || 4.5e-03 | 1.0e-02
33030 || 4.2e-03 || NaN | 6.0e-03 | 3.8e-03 | 9.6e-03 | 7.2e-03 || 3.3e-03 | 2.7¢-03
65652 || 3.2e-03 || NaN | 4.4e-03 | 3.1e-03 | 6.3e-03 | 5.2e-03 || 2.6e-03 | 3.5¢-03
133295 || 1.9e-03 | NaN | 2.8e-03 | 1.7e-03 | 4.6e-03 | 3.5¢-03 || 1.6e-03 | 1.3e-03
density 14.2 14.2 16.0 12.4 18.8 18.8 9.5 18.8

#:'int

Bang 3.18: Két qué thit nghiém sb ctia Bai todn |§I: Sai s6 Eef clia fem2 trén dinh clia cac
t dién t6i wu v6i Hy = 7.1.

| #Zin | 10268 | 14078 | 24426 | 40806 | 71249 | 132581 | density |
| fem2 | 9.1e-03 | 6.5¢-03 | 5.3e-03 | 3.3e-03 | 2.1e-03 | 1.3e-03 | 255 |

Bang 3.19: Két qua thi nghiém s6 ctia Bai toan [0} Sai s6 Er trén dinh ctia cdc tit dién
khong t6i wu. Céc tham sb ctia oct-dist las=3,n=6vak=17.

FEM St dung da thitc # tinh trong sd pPQR

#:'int

fem1 tet oct oct-dist | 20near | pQR4sel pQR3 pQR4
553 7.9¢-02 || NaN | NaN | 1.23e+00 | NaN | 1.23e-01 || 1.85e+00 | 3.04e+00
738 6.1e-02 || NaN | NaN | 6.95e-01 | NaN | 9.04e-02 || 2.22e-01 | 1.79e+00
1092 || 5.8¢-02 || NaN | NaN | 5.31e-02 | NaN | 5.98e-02 | 1.30e-01 | 3.62e-01
1918 | 4.1e-02 || NaN | NaN | 6.30e-02 | NaN | 3.47¢-02 || 1.14e-01 | 1.04e+01
3967 2.8e-02 || NaN | NaN | 1.92e-02 | NaN | 1.90e+05 || 1.06e+01 | 6.02e-01
7964 1.6e-02 || NaN | NaN | 1.37e-02 | NaN | 2.10e-02 || 1.20e-01 | 5.89e-02
16219 || 1.4e-02 || NaN | NaN | 7.68e-03 | NaN | 1.13e-02 Inf 8.26e-03
32460 || 6.6e-03 || NaN | NaN | 5.61e-03 | NaN | 7.74e-03 || 2.27e-01 | 1.00e-01
65240 || 5.7¢e-03 || NaN | NaN | 4.37¢-03 | NaN | 5.85e-03 || 2.46e+06 | 2.25¢-02
132782 || 5.1e-03 || NaN | NaN | 2.58e-03 | NaN | 3.82e-03 | 3.63e-03 | 1.76e-03
density 14.9 149 | 159 15.93 18.3 18.8 9.6 18.8
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Bang 3.20: Két qua thit nghiém sb ciia Bai toan [0} Thong ké hé s6 ty 1& khung hinh ¥y
v6i 2 cach tao tf dién st dung trong cac thit nghiém s6 clia fem1, d6 1a tf dién tdi vu nhu
trong Bing va tif dién khong tdi wu nhu trong Bang

Loai ti dién miny avgy | 0<y<0.25 | 025<y<05 | 0.5<y<0.75 | 0.75<y<1.0
Tit dién t6i wu 0.09 0.88 0.0% 0.1% 4.6% 95.3%
Tit dién khong tdi wu || 1.0e-13 | 0.72 7.7% 8.7% 24.6% 58.9%

Bang 3.21: Két qua tht nghiém sb ctia Bai toan |§I: Sai $6 Ere trén cac diém trong 12 nit
lu6i déu va diém bién 12 dinh clia cdc td dién tbi wu. St dung trong sd 7-diém bat cit khi
nao c6 thé. Cac tham sb ctia oct-dist las=1,n=3 vak = 18.

e St dung da thiic 7 tinh trong s PQR
oct oct-dist 20near pQR4sel pQR3 pQR4

393 NaN | 4.0e-02 | 1.4e-01 | 3.9e-02 || 2.7e-02 | 3.1e-01

805 3.7e-02 | 3.1e-02 | 1.1e-01 | 3.4e-01 || 1.5e-02 | 8.4e-02

1812 NaN 2.2e-02 | 1.2e-01 | 1.7e-02 || 1.1e-02 | 2.7e-02
3816 | 2.1e-02 | 1.1e-02 | 2.3e-02 | 1.1e-02 || 8.6e-03 | 6.7e-02
7507 | 8.8e-03 | 9.3e-03 | 2.4e-02 | 8.7e-03 || 5.5¢-03 | 2.1e-02
16143 | 7.3e-03 | 5.5e-03 | 1.1e-02 | 5.6e-03 || 4.0e-03 | 1.8e-02
32862 | 5.0e-03 | 4.6e-03 | 6.6e-03 | 4.1e-03 || 2.5¢e-03 | 6.2e-03
66716 | 4.2e-03 | 2.7e-03 | 4.1e-03 | 2.7e-03 || 2.3e-03 | 9.1e-03
135410 | NaN 2.7e-03 | 3.6e-03 | 1.9e-03 || 1.7e-03 | 7.7e+00
density 7.6 7.9 8.1 8.3 6.9 8.3

Bang 3.22: Két qua thi nghiém s6 ctia Bai toan @ Sai s6 Er trén diém trong mién la
diém Halton va diém bién 1a phép chiéu vudng géc. Céc tham sb clia oct-dist las =1,
n=3vak=17.

e St dung da thifc # tinh trong sd PQR
oct-dist 20near pQR4sel pQR3 pQR4
392 2.6e-01 | 3.3e-01 1.3e+00 1.0e-01 | 3.3e-01
862 1.9e-01 | 2.8e-01 1.1e-01 5.3e-01 | 3.7e-01
1819 1.9e-02 | 5.4e-02 5.1e-02 2.0e-01 | 1.5e+00
3808 6.2e-02 | 6.1e-02 1.3e-01 6.2e-02 | 8.9e-01
7886 3.1e-02 | 2.4e-02 1.1e-02 2.6e-02 | 1.6e+00
16181 || 6.3e-03 | 7.9e-03 5.4e-03 2.2e-02 | 2.9e-01
33076 | 3.1e-03 | 4.1e-03 3.4e-03 3.9¢-03 | 3.4e-02
67148 || 2.5e-03 | 7.9e-02 3.1e-03 3.7e-02 | 3.5e-01
135971 || 1.9e-02 | 3.3e-03 2.1e-03 2.1e+00 | 2.1e-02
density 16.4 18.9 19.0 9.6 19.0
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(b) Sai s6 trén dinh clia cic ti dién khong t6i uu
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(c) Sai s6 trén ludi déu va cac diém bién cua (a)  (d) Sai so trén diém Halton va céc diém bién

Hinh 3.28: Két qua thit nghiém sb ctia Bai todn @ Cic sai s6 Eyer ting v6i két qua trong

cdc bang: (a) Cac béngvél (b) Béng (c) Béng (d) Bang

Két qua thit nghiém sb tuong tu nhu két qua ctia Bai toan : Thuat toan tet bi 15i
do khong chon dudc bd tim thda man (3.3). Thuat toan 20near ciing bi 13i trén tap
cac tim Z 1a dinh ctia cdc ti dién khong ti uu. Tuong tu Thuit toan oct ciing 15i
trén tip tAm nay va tip tam 1a két hop cla cac diém trong mién 1a diém Halton véi
diém bién 1a phép chiéu vudng gbéc va ciing xay ra 13i tai i = {0, 2, 8} cla tip tam Z
v6i diém trong mién 1a cac nit 1u6i déu két hop véi cac diém bién 1a dinh cla céc td
dién t6i vu. Cac d6 thi sai sd trong Hinh b—d) khong phai lic nao cling don diéu,
diéu d6 cho thiy su dao dong vé tinh 6n dinh ctia ma tran hé s6. K&t qua ctia Thuat
todn oct-dist 1a tot nhat trong tit ca cac trudng hop va Thuat todn pQR3 c6 sai sb tot
v6i 2 trudng hop tip tim Z 13 dinh cla céc ti dién tdi vu va tip tim Z véi cac diém
trong mién la céac nit 1udi déu két hgp véi cac diém bién 1a dinh cda cac td dién toi
wu. Ngudc lai v6i Bai todn |8, Thuat toan pQR4 khong cho két qua tét trén tip cac tam

= 1a dinh cda cdc ti dién khong t6i uu.
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Bai toan 10 (BeamTrussJunction). Xét phuong trinh Poisson Au = —10 véi diéu
kién bién Dirichlet ddng nhit biang khong trén mién Q nhu Hinh [3.29, dugc xac dinh
bdi mo hinh trong file STL tai dia chi

https://cults3d.com/en/3d-model/various/beam-truss-cross-and-t-junction-134.
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(a) Mién Q (b) Tam rdi rac dudc tao bdi ludi déu
Hinh 3.29: Két qua thit nghiém s6 ctia Bai toan [10} (a) Mién Q xuét ra tit m6 hinh STL
“Beam Truss Cross and T Junction 134” dugc vé bdi 1énh pdegplot trong PDE Toolbox

ctia MATLAB va (b) Cac tam 13i rac dudc tao bdi u6i déu véi 815 diém trong mién, 3550
diém trén bién.

Nghiém tham chiéu ctia Bai toan dugc tim bang fem2 trén 1337199 diém ludi
dugc tao bdi 1énh createMesh véi cdc tham sd Hmax = 0.3, Hmin = Hmax/3, Hgrad
= 1.5 va GeometricOrder = 2.

Bai toan dudc thu nghiém tuong tu nhu Bai toan @ Két qua thit nghiém sb dudc
trinh bay trong tif Bang dén Bang va Hinh Céc tham sb dudgc st dung
cho Thuit todn oct-dist 1a § = 0.7 va s,n,k dudc ghi trong phan ghi chu cla cic
bang tuong tng. Két qua sai s6 ctia cidc phuong phap tuong tu nhu Bai toan |8 va Bai
toan @, dic biét miic du mat do ma trin hé s6 clia fem2 cao nhung sai s ctia n cao
hon ddng ké so véi sai s6 clia fem1 va clia phuong phdp RBF-FD sit dung cic thuat
toan chon tdm khac nhau. Chung tdi da hy vong sai sd clia fem2 t6t hon trén tip cac

tam c6 phan bd day hon, nhung trong thi nghiém s6 thi khong c6 10i.


 https://cults3d.com/en/3d-model/various/beam-truss-cross-and-t-junction-134.
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Bang 3.23: Két qua thi nghiém s6 ctia Bai todn Sai s6 Ee trén dinh ctia cic tf dién
toi uu v6i Hy = 3. Céac tham sb cia oct-dist las=1,n=23, k= 13.

FEM St dung da thiic 7 tinh trong s PQR
fem1 tet oct oct-dist 20near pQR4sel pQR3 pQR4

#Eint

538 6.8¢-02 NaN NaN 1.2e-01 | 1.5e-01 | 5.3e-02 || 5.3e-02 | 2.1e-01
664 6.7¢-02 NaN 42e-02 | 4.2e-02 | 1.1e-01 | 4.9¢-02 || 3.7e-02 | 9.7e-02
760 5.6e-02 NaN 3.8e-02 | 3.4e-02 | 1.1e-01 | 4.9¢-02 || 3.2e-02 | 6.6e-02
1177 4.7e-02 || 2.9e-02 | 3.9e-02 | 3.0e-02 | 9.3e-02 | 4.4e-02 || 2.9e-02 | 4.0e-02
2122 3.2e-02 || 2.1e-02 | 3.6e-02 | 2.4e-02 | 7.9e-02 | 3.5¢-02 || 2.5e-02 | 2.3e-02
3421 2.3e-02 || 1.7e-02 | 3.2e-02 | 1.7e-02 | 7.3e-02 | 2.9e-02 || 1.9¢-02 | 1.5e-02
7101 1.7e-02 NaN 2.6e-02 | 1.4e-02 | 5.0e-02 | 2.5¢-02 || 1.4e-02 | 1.2e-02
14798 || 1.2e-02 || 1.1e-02 | 1.7e-02 | 1.1e-02 | 3.6e-02 | 1.8e-02 || 1.1e-02 | 8.6e-03
32246 || 8.8e-03 NaN 1.5e-02 | 7.9e-03 | 2.5e-02 | 1.5e-02 || 8.2e-03 | 6.4e-03
67566 | 6.8e-03 NaN 1.1e-02 | 6.4e-03 | 1.9e-02 | 1.0e-02 || 6.7e-03 | 5.8e-03
138312 || 4.9e-03 NaN 8.2e-03 | 4.7e-03 | 1.1e-02 | 8.4e-03 || 4.7e-03 | 3.8e-03

density 13.9 13.9 15.6 12.2 18.4 18.4 9.3 18.4

Bang 3.24: Két qua thit nghiém s6 ciia Bai toan [10} Sai s6 Eyef ciia fem? trén dinh ciia cc
t dién tdi vu v6i Hy = 3.

| #Zw | 8809 | 10518 | 11200 | 15396 | 24735 | 35879 | 69018 | 135949 [ density |
] fem2 \ 6.4¢-02 \ 4.7e-02 \ 5.4e-02 \ 3.8e-02 \ 2.8e-02 \ 2.4e-02 \ 1.2e-02 \ 7.2e-03 H 24.9 \

Bang 3.25: Két qua thit nghiém s6 ctia Bai todn |10 Sai s6 Eyef trén dinh clia cac ti dién
khong t6i wu v6i Hy = 1.5/2'/3. Céc tham sb ciia oct-dist las=3,n=6vak =17,

FEM St dung da thiic 7 tinh trong sd pQR

#iim

fem1 tet oct oct-dist 20near pQR4sel pQR3 pQR4

876 5.0e-02 NaN NaN | 4.5e-02 | 1.0e+00 | 5.4e-02 || 1.5e-01 | 9.9e-02
1852 3.7e-02 NaN NaN | 4.4e-02 | 2.4e-01 | 5.2e-02 || 2.6e+01 | 2.6e-02
3483 3.1e-02 NaN NaN | 3.4e-02 | 2.6e-01 | 4.0e-02 || 4.4e-01 | 1.9e-02
7137 2.8e-02 NaN | 3.3e-02 | 2.6e-02 | 9.8e-02 | 3.2e-02 || 3.5¢-02 | 2.3e-02
15226 || 1.6e-02 NaN | 2.3e-02 | 1.9e-02 | 6.7e-02 | 2.4e-02 || 1.5e-02 | 1.1e-02

31609 || 1.3e-02 || 2.9e-02 | 1.7e-02 | 1.5e-02 | 4.7e-02 | 1.9e-02 || 9.7e-03 | 9.5e-03
66627 || 1.0e-02 NaN NaN 1.1e-02 | 3.1e-02 | 1.4e-02 || 7.4e-03 | 6.8e-03
137521 || 7.5e-03 NaN | 9.2e-03 | 8.3e-03 | 2.1e-02 | 1.0e-02 || 6.0e-03 | 5.4e-03

density 14.6 14.6 15.5 15.5 17.7 18.3 94 18.3
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Bang 3.26: Két qué thit nghiém sb ctia Bai toan [10; Thong ké hé sb ty 1& khung hinh yr
v6i 2 cach tao tf dién st dung trong cac thit nghiém s6 clia fem1, d6 1a td dién tdi vu nhu
trong Bang va tif dién khong t6i uu nhu trong Bang

Loai tif dién miny | avgy | 0<y<025 | 025<y<0.5 | 0.5<y<0.75 | 0.75<y< 1.0
Ti dién t5i uu 043 | 0.88 0.0% 0.0% 6.0% 94.0%
Tit dién khong téi uu || 1.2e-05 | 0.75 3.6% 7.3% 28.1% 61.0%

Bang 3.27: Két qua thit nghiém s cta Bai todn Sai s6 Epet trén cic diém trong la
niit Iu6i déu dinh va diém bién 12 dinh cda cdc td dién t6i wu. St dung trong s6 7-diém
bét cit khi nao c6 thé. Cac tham sb ctia oct-dist las = 1, n = 3 va k = 18. Bit dau véi
h = 0.9 x Hmax, v6i Hmax = Hy/2 (tf i = 3), vi & 16n hon din dén dit = c6 rat it diém.

bz St dung da thiic 7 tinh trong s& PQR
oct oct-dist 20near pQR4sel pQR3 pQR4
815 5.6e-02 | 5.1e-02 | 1.9e-01 | 5.0e-02 || 4.6e-02 | 8.4e-01
1947 | 4.2e-02 | 4.0e-02 | 7.0e-02 | 3.3e-02 || 2.9e-02 | 3.2e-01
3858 | 2.6e-02 | 2.2e-02 | 5.0e-02 | 2.4e-02 || 1.8e-02 | 6.8e-02
8239 | 2.6e-02 | 1.7e-02 | 3.0e-02 | 1.8e-02 || 1.5e-02 | 2.0e-01
16386 | 1.9e-02 | 1.4e-02 | 2.1e-02 | 1.4e-02 || 1.1e-02 | 1.3e-01
35635 | 1.3e-02 | 1.0e-02 | 1.4e-02 | 9.4e-03 || 7.3e-03 | 4.1e-02
71294 | 9.2e-03 | 7.2e-03 | 9.9¢-03 | 6.1e-03 || 6.0e-03 | 6.9¢-01
147878 | 6.1e-03 | 5.1e-03 | 5.8e-03 | 5.2e-03 || 5.4e-03 | 2.3e-02
density 7.7 8.2 8.4 8.7 6.8 8.7

Bang 3.28: Két qua thi nghiém sb ctia Bai todn Sai $6 Err trén diém trong mién 1a
diém Halton va diém bién 1a phép chiéu vudng géc. Céc tham sb ctia oct-dist las =1,
n=3vak=17.BéquacictapE v6i0 <i<2.

4E, St dung da thiic 7 tinh trong s pPQR
oct-dist 20near pQR4sel pQR3 pQR4
850 2.0e-01 | 2.1e+00 7.9e-01 9.1e-01 | 5.3e+00
1828 1.4e-01 | 2.9¢-01 5.8e-01 8.6e-01 | 3.5e+00
3926 1.0e-01 | 1.5e-01 3.8e+00 1.1e-01 | 4.4e-01
8238 5.9e-01 | 5.6e-02 9.1e-01 1.5e-01 | 2.2e+00
17053 1.6e-02 | 3.8e-02 1.6e-02 5.3e-02 | 2.8e-01
35193 1.1e-02 | 2.2e-02 2.0e-02 5.4e-02 | 2.0e-01
72136 1.4e-02 | 1.8e-02 2.4e-02 5.4e-02 | 1.0e-01
146898 || 5.6e-03 | 5.6e-02 2.9e-02 7.0e-02 | 5.0e-01
density 16.1 18.4 18.6 94 18.6
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(c) Sai s6 trén Iu6i déu va cac diém bién ctia (a)  (d) Sai sb trén di€ém Halton va cac diém bién

Hinh 3.30: Két qué thit nghiém s6 ctia Bai toan |10; Cac sai s6 Eyf ting véi két qua trong

cac bang: (a) Cac bang(3.23(va|3.24] Bang|[3.25| (c) Bang|3.277| Bang[3.
ic bang: (a) Cac bang[3.23|va[3.24] (b) Bang[3.25] (c) Bang[3.27} (d) Bang[3.28

Tt cac két qua thi nghiém sb trong khong gian 3 chiéu cho thiy:

- Phuong phép khong 1ugi RBF-FD st dung cdc thudt toan chon tdm khdc nhau dé
tinh trong s6 c6 sai s tot so v6i FEM trén cdc bai todn ¢ mién hinh hoc phiic tap.

- CAu tric tif dién déu dé tao cac diém trong = khong quan trong ddi véi céc
phuong phap RBF-FD, diéu nay di dudc dua ra trong thif nghiém sb ctia Bai toan
Trong céac bai toan thit nghi€ém khac, hiéu qua cua phuong phap RBF-FD trén dinh cua
cac tif dién khong tdi uu kém hon didng k&, nguyén nhan c6 thé do cic yéu t6 khac,
nhu cdc thuat todn tao ti dién ap dung cho cdc mién xuit tif file STL, (xem phan tht
nghi€m cua Bai toan . Viéc rdi rac diém bién trén cac mién khong 16i dugc xac dinh
bdi cac md hinh trong file STL 1a rit quan trong dé phuong phap RBF-FD dat hiéu qua.
Phuong phép tao diém bién t6t nhit trong cac thi nghiém 12 sit dung diém bién 1a dinh
ctia cac tf dién tdi uu. Dbi v6i cac diém bén trong mién, phuong phap ré nhung cho

hiéu qua t6t d€ tao cic diém trong ctia mién rdi rac 12 tao céc niit ludi déu Descartes,
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bd tAm nay ciing c6 1oi thé 13 1am cho mat d6 ma tran hé sd rat thip va cung cip kha
ning st dung tinh trong s& 7- diém nhu phuong phap sai phan hitu han, cho hau hét
cac tam bén trong mién. Tuy nhién, v6i bat ky céach tao di€ém nao, néu chon dudc bd
tam d€ tinh trong s6 tot thi nghiém ctia phuong phap RBF-FD sé tot.

- Hé s6 s6 &n dinh ¢ dugc gi6i thiéu trong Bai toan (8| nhu mot cach dé danh gia
hiéu qua ctia phuong phdp RBF-FD khi chon dudc tip gid véc td trong sd théa man
(3.3)). Trong mot sb trudng hop clia tip E, hé s6 6n dinh clia 2 thuat todn hiéu qua nhét
12 Thuat toan oct-dist va Thuit todn pQR4sel ciing khong tranh khoi ting dot bién
va khé du doan, nhung it nhat chiing c¢6 thé dudc phat hién néu o dudc tinh.

- Thuat toan chon tdm k-near khong phai la mét trong nhiing thuat toan hi€u qua,
nhu 20near c6 sai s6 cao nhat trén bd tdm la dinh cla céc td dién téi uu trong tat ca
cac bai todn c6 mién xuat ra i file STL va thudng bi 16i trén cac nit ludi déu. Viéc
tdng thém sb diém gan nhit (ting k) cling khong cai thién dudc két qua nhu trong Bai
toan 8| Thuat todn oct-dist c6 két qua tdt nhit trong sb cac phuong phap chon tim
dudc xem xét. Mot thuét todn ciing hoat dong 6n dinh trén tp = dudgc tao bdi cac cach
khéc nhau 1a Thut todn pQR4sel, tuy nhién sai s6 ctia n thudng cao hon sai so clia

Thuat toan oct-dist.
3.3 Kétluan
Trong chuong niy ching toi da gidi thiéu cac két qua dat dudgc 1a:

« Trinh bay chi tiét c4c tht nghiém sb trong khong gian 2 chiéu cho phuong phap
RBF-FD, st dung két hop thuit toan chon gia véc to trong s6 0T1 va thuit todn
sinh tam thich nghi 0T2 méi dugc dé xuit trén cic bai toan c6 mién hinh hoc
phtic tap, nghiém c6 ky di, hodc nghiém c6 do dao dong manh, ddi sanh két qua
ctia phuong phdp RBF-FD trén tAm thich nghi khong 1u6i méi véi két qua cia
FEM trén ludi thich nghi va két qua ctia phuong phap RBF-FD sii dung két hop
thuat toan chon tdm 0DP1 va thuat toan sinh tdm thich nghi ODP2 trén tam thich
nghi. Két qua thit nghiém s6 cho thay nghiém cta phuong phap RBF-FD st dung
két hop 2 thuit todn méi dudc dé xuat 0T1 va 0T2, 6n dinh va c6 dd chinh xéc
cao hon so v6i nghiém ctia FEM va nghiém ctia phuong phap RBF-FD st dung két
hop 2 thuét toan ODP1 va ODP2, dong thdi chi phi tinh todn cda céc thuit todn

mdi cling gidm dang ké.
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» Gidi thiéu ti mi cdc thit nghiém s6 trong khdng gian 3 chiéu cho phuong phap
RBF-FD sii dung céc thuit todn chon tAim dudc dé xuit 8-Octants, 16-Octants,
oct-dist, d6ng thoi 4p dung cac thuét toan tet, k-near, pQR4sel, pQR3,
pQR4 cho phuong phap RBF-FD trén cdc bai todn c6 mién hinh 16i hodic mién
hinh hoc phiic tap trong thuc té v6i cac cach rdi rac mién khic nhau, d6i sanh
cac két qua ctia phuong phap RBF-FD véi két qua ctia FEM. Két qua thi nghiém
s6 cho thy, nghiém ctia phuong phap RBF-FD st dung céc thuat toan chon tim

khéc nhau c6 do chinh xac t6t va c6 thé so sdnh vdi nghiém clia FEM.
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KET LUAN

Luén 4n nghién cttu phuong phap khong ludi RBF-FD giai phuong trinh dao ham

riéng elliptic, cac két qua Luan 4n dat duoc:

Pé xuét thuit toan chon tim mdi hd trg tinh véc to trong s6 cho phuong phap
RBF-FD gidi phuong trinh dao ham riéng elliptic trong khong gian 2 chiéu.

Dé xuit thuit todn sinh tdm thich nghi cho phuong phap RBF-FD gidi phuong
trinh dao ham riéng elliptic trong khong gian 2 chiéu trén cc bai toan cé mién

hinh hoc phtc tap, nghiém c6 ky di hodc dao dong 16n.

Dé xuét 3 thuat todn chon tim méi cho phuong phap RBF-FD trong khong gian

3 chiéu trén cac bai toan c6 mién 16i hodc mién hinh hoc phuc tap.

Nghién ctiu chi tiét cac thi nghiém sb cho phuong phdp RBF-FD st dung céc
thuat toan dugc dé xuét giai phuong trinh dao ham riéng elliptic trong khong
gian 2 chiéu trén cdc bai todn c6 mién hinh hoc phiic tap, nghiém c6 ky di hoic
dao dong 16n. Pong thdi xay dung cac thit nghiém sb cho phuong phap RBF-FD
trong khong gian 3 chiéu trén cdc bai todn mién 16i hodc mién hinh hoc phiic

tap trong thuc té, v6i cac cach tao di€m ctia mién rdi rac khac nhau.

Céc két qua thit nghiém s6 cho thay, két qua ctia phuong phap RBF-FD st dung céc

thuat toan mdi dugc dé xuit c6 do chinh xic cao hon két qua ciia FEM va két qua cia

phuong phdp RBF-FD sif dung céc thuit toan da dudc dé xuit, dong thdi chi phi tinh

toan cua cac thuat toan mdéi ciling giam.

Luin 4n cling m3 ra mdt sd huéng dé c6 thé tiép tuc nghién ciiu:

Nghién cttu phuong phap RBF-FD giai phuong trinh dao ham riéng elliptic véi

diéu kién bién Neumann hoic diéu kién bién hon hop.

Phét trién thuit toan sinh tdm cho phuong phap RBF-FD trong khong gian 3

chiéu.
Van dé ting téc do tinh todn ctia phuong phap ciing can dudc nghién ciju.
Nghién cifu phuong phap RBF-FD gidi cdc bai todn c6 chifa tham s6 bé.

Ching minh tinh xap xi, on dinh va hdi tu ctia nghiém xap xi.
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