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PHAN MG DAU

Luén an nghién cuu phuong phap khong ludi RBF-FD (Radial Basis Function-Finite
Different) gidi sd bai toan Dirichlet cho phuong trinh Elliptic trong khong gian 2 chiéu
va 3 chiéu. Bai toan dugc phat biéu nhu sau: Cho mién mé Q C RY, (v6i d = 2 hoic
d = 3) va cac ham s6 f xdc dinh trén Q, g xdc dinh trén dQ. Tim ham s6 u : Q — R thda
man

Du=f trong Q,

(1)
u=g trén JQ,

trong d6 D 1a todn tdf vi phan tuyén tinh Elliptic bac 2.

Phuong phap RBF-FD giai phuong dao ham riéng (1)), 1a phuong phap khong 1udi st
dung ndi suy ham co s& ban kinh véi cach tiép can dia phuong, dua trén su rdi rac héa
gibng nhu phuong phap FD. Khi sit dung phuong phap RBF-FD gidi bai toan trong khong
gian d chiéu, thay vi phai 1am viéc véi ham d bién, ta chi can 1am viéc v6i hAm mot bién.
Mot 1oi thé ctia k¥ thut rdi rac khong 1uéi 1a chi can dua trén tap diém ddc 14p phan bd
bat ky, khdng can tao ra ciu triic ludi. Do d6, khong con can chi phi danh cho sinh 1uéi,
duy tri lu6i va cap nhat ludi.

Phuong phdp RBF-FD dudc cong bd dau tién nim 2003 bdi Tolstykh va Shirobokov,
dua trén ciu triic ctia phuong phap sai phan hitu han. Nim 2006, Wright va Fornberg dé
xuat phuong phap RBF-FD, st dung ndi suy Hermite. Nim 2011, Oleg Davydov va Ping
Thi Oanh céng bd phuong phap RBF-FD dua trén ndi suy da diém, thuét toan chon tam
hé tr¢g phuong phdp khong 1udi, thuat todn 1am min thich nghi va thuit toan uéc lugng
tham s6 hinh dang t6i uu cho ndi suy ham RBF. Nhiing nim gan diy, k¥ thuét 1Am min
thich nghi va ky thudt chon tdm cho phuong phap RBF-FD nhan dudc su quan tdm cua
nhiéu nha khoa hoc.

Céc két qua da dat dudc theo hudng nghién citu nay 1a: Phét trién dudc mot sb cach
tinh véc to trong s dua trén y tudng clia phuong phap FD va FEM, xdy dung thuat toan
udc lugng tham sb hinh dang t6i uu, xay dung thuat todn chon tdm ndi suy, va xy dung
thuat toan 1am min thich nghi. C4c két qua nghién ctiu theo phuong phap RBF-FD chui
yéu dang diing lai trén céc bai toan mau trong khong gian 2 chiéu, chua c6 chiing minh

chit ché vé mit ly thuyét dbi véi tinh x4p xi, 6n dinh va hdi tu ctia nghiém xap xi. Pay



1a cong viéc khé giai quyét trong tuong lai gan. Hon nita, v6i 10i thé ctia phuong phap
RBF-FD ciing can phat trién trong khong gian 3 chiéu. Trong luan 4n nay, ching toi
nghién ctfu ky thuat sinh tAm thich nghi va chon tim noi suy hd trg tinh véc to trong sd
RBF trong khong gian 2 chiéu cho céc bai toan c6 mién hinh hoc phtc tap, nghiém c6 ky
di hodc do dao dong 16n dua trén y tudng cia Dang Thi Oanh, Oleg Davydov va Hoang
Xuan Phu, dong thai phat trién ky thuat chon tAm trong khong gian 3 chiéu, cu thé luin

an da thuyc hién cac ndi dung:

1. Pé xuat thuat toan chon tim ndi suy méi cho phuong phdp RBF-FD trong khong

gian 2 chiéu, goi 12 gid vec to trong so.

2. Phat tri€n cdc thuat toan chon tdm cho phuong phdp khong Iui RBF-FD trong
khong gia 3 chiéu.

3. Cai tién thuit toan sinh tdm thich nghi cho phuong phap khong ludi RBF-FD trong
khong gian 2 chiéu tif cic thuit toan sinh tdm thich nghi dugc dé xuét bdi Ding
Thi Oanh, Oleg Davydov va Hoang Xuan Phu.

4. Pé xut cac thit nghiém s6 trong khdng gian 3 chiéu, dbi sanh nghiém ctia phuong

phap khong ludi RBF-FD khi st dung cac thuat toan chon tdm v6i nghiém cia FEM.

Luan 4n gdm 3 chuong:
Chuong 1: Kién thic co sé.
Chuong 2: Phuong phap khong 1uéi thich nghi RBF-FD giai bai toan Dirichlet cho
phuong trinh Elliptic.
Chuong 3: Thit nghiém sb.



Chuong 1

KIEN THUC CO SO

Trong chuong nay chiing toi sé trinh bay mot sb kién thifc chuin bi cho viéc trinh bay
cac ket qua chinh trong Chuong 2 va Chuong 3.

1.1 Noi suy du liéu phan tan

Pinh nghia 1.1.1. Gid sit Q C R? chita it nhdt n diém va V C C(Q) la khéng gian
tuyén tinh n chiéu. Ta n6i V la khong gian Haar n chiéu trén Q néu vdi bdt ky cdc diém
phdn biét x1,x3,...,x, € Qva f1, f2,..., fu € R, thi ton tai duy nhat ham s € V sao cho

s(xi)=fi,i=1,2,...,n
1.2 Ham co sé ban kinh

Dinh nghia 1.2.1. Ham s6 @ : R? — R duoc goi la ham bdn kinh néu tén tai ham sé
mot bién @ : [0,+o0) — R sao cho

D(x) = o(||x]]) = o(r),

trong do r = ||x||, x € R va || -|| la chudn Euclid trén R?.

1.3 Ma tran xac dinh duwong, ham xac dinh duong

1.3.1 Ma tran xac dinh duong
Pinh nghia 1.3.1. Ma trdn thic, doi xiing A = [A;j]uxn dugdc goi la xdc dinh duong néu
dang toan phuong tuong vung khong am, ticc la
n n

Z Z cicjAij >0, ¢ = (cl,cz,...,cn)T eR”

i=1j=1
hay

cTAc>0, c=(cy,c2,...,c0)T €R™

Ddu "=" xdy ra khi va chi khi c = (0,0,...,0)T.

1.3.2 Ham xac dinh duong

Pinh nghia 1.3.2. Ham s6 lién tuc ® : RY — C, duoc goi la xdc dinh duong trén R? néu
vdi moi bo tam phdn biét X = {x1,x2,...,x,} C RY, véi moi véc to c = (cy,ca,...,cn)T €
C", dang toan phiong

Zn: Zn:cjcde ) > 0. (1.1)

j=lk=1



Ddu "=" xdy ra khi va chi khi c la véc to 0.
Neu

ZZ o ®(xj—x1) >0, ¢ #0, (1.2)
j=1k=1

thi ham ® duoc goi la xdc dinh duong chdt trén R,

DPinh nghia 1.3.3. Ham lién tuc, chin ® : R? — R duoc goi la xdc dinh duong bic m
néu vdi moi n € N, moi ccp tdm phdn biét ting doi mét X = {x1,x3,...,x,} C R? va moi
véc to ¢ € R"\{0} thoa man

n
Y cip(x;) =0 (1.3)
j=1

vdi moi da thiic gid tri thuc bdc nho hon m, thi dang toan phuong

ZZ iee®(x; —xi) > 0. (1.4)
j=1k=1

Ham ® duoc goi la xdc dinh duong chdt bdc m néu dang toan phuong duong va
bang 0 khi c la véc to khong.

1.4 Noi suy ham co s6 ban kinh

Tim ham
chq)k ch(P || —xl]),
trong d6 hé sb ci,c2,...,cr dudc tim bang diéu kién noi suy, hay né 1a nghiém cia hé
phuong trinh
o(|lxr—x|]) @(llxr —x2l]) - @(l]x1 —xal]) | e Vi
o[z —xl]) @(2—xl) - olx2—xll)| |2 _ |
O(|ben —x1ll) @(ben —22ll) - @([lra —2al[) | Len n

1.5 Sai so va so diéu kién cua néi suy RBF

1.5.1 Sai s

Pinh nghia 1.5.1 (Tip cac tim 13i rac). Cho mién md, bi chin Q@ C R Tip X =
{xl,xz, . Xn} € Q duoc goi la tdp cdc tam roi rac néu X gom tdt cd cdc diém trong
mién va cdc diém trén bién.

Pinh Iy 1.5.1. Cho Q C R? la mién md va X = {x1,x,...,x,} C Q la tip cdc tam roi
rac, ® € C(Q x Q) la ham xdc dinh duong chdt trén Q. Ky hiéu F la noi suy cua ham
f€No(Q) trén X. Khi do

|f(x) = F(x)] < P x ()] fllng (@), X € Q.



1.5.2 S6 diéu kién va su 6n dinh ctia ndi suy RBF

V6i ndi suy RBF, do @ 1a ham cd s6 ban kinh nén A 1a ma tran xac dinh duong va

_ Afmax (Ad),X)
Amin(Ae x)’

trong d6 Amax (Ad x ), Amin (A x) 12 cdc gid tri riéng 16n nhét va nhé nhit cla A trén X.

cond(A)

Dinh ly 1.5.2. Cho u(x), 1 < j <nla cdc ham chinh tdic sinh béi ® trén X C Q C R,
Khi do vdi moi x € Q\ X ta co

1< 1+ Y [1(0)]) < P2 x(6)/ Amin(Aa xu):
j=1

trong do

T
. C ApxC
hohax) = i

va A x la ma trdn noi suy ciia ® trén X U {x}.

1.6 Phuong phap ludi giai phuwong trinh dao ham riéng

Pinh nghia 1.6.1 (Véc to trong s hay stencil). Cho D la todn tit vi phén tuyén tinh xdc
dinh tréen R4 va X = {x}, C R? la tap cdc tam phdn tdn duge chon. Mét xdp xi doi véi
todn tu D,

n
Du(x) =~ Zwiu(x,-),
i=1
duwoc xdc dinh bdi cdc hé so
wi=wi(x),i=1,2,...,n, xe R%.
Véc tow = [wi,wy,...,wy|! duoc goi la véc to trong sé hay stencill.

Dinh nghia 1.6.2 (Gia véc to trong sb Ee). Cho & C Q la tdp hitu han cdc tdm roi rac
co biénla dZ :=ENIQ. Vi moi § € E\ IE ta chon diigc tdp cdc tdm E¢ gom { va cdc
diém ldn cdn cia C. Tap B¢ dugc goi la gid véc to trong s0.

Dinh nghia 1.6.3 (Tap céc tam trung khép ®). Cho E C Q la tdp hitu han cdc tdm roi
rac c6 bién la 0 := ENIQ. Vi méi { € E\ dE ta chon duodc mét gid véc to trong sé
E¢. Goi O la tdp cdc trong tam cila tam gidc trong gid véc to trong so E¢, vOi quy tdc
cdc diém xung quanh { duoc xép theo chiéu nguoc chiéu kim dong ho va tao thanh cdc
tam gidc co chung dinh . Khi do tdp

o= J o
{eE\JE

duoc goi la tdp cdc tam trung khop.



1.6.1 Phuong phap sai phan hiru han

Cho = C Q la tap hitu han cdc tAm rdi rac va dZ := 2N dQ. Khi d6 bai toan (I)) v6i
D la toan tu Laplace, dudc roi rac thanh hé phuong trinh

), weei(§)=f(8), CE€E\IE, (1.5)

§ety
ia(c) =g(c), ¢edE. (1.6)

Nam 2011, Oleg Davyov va Dang Thi Oanh da gidi thi€u lugc dd sai phan téng quat v6i
2 tap httu han cac tdm rdi rac la £ C Q va ® C Q tap cac tam trung khép. Khi do, bai
to4n () dugc rdi rac bdi hé phuong trinh tuyén tinh

Y weety = Y oref(8), {€E\IE, (17)
563@ GEG)C
g = g(5), §€IE (1.8)

1.6.2 Phuong phap phan ti hitu han

Phuong phép phan ti hitu han r3i rac bai todn (I))véi D 1a todn ti Laplace, dua trén
bai toan bién phan nhu sau: Tim u € H'(Q) sao cho u|yo = g va

_ / VuVvdx = / fvdx v6i moi ham thit v € H}(Q). (1.9)
Q Q

Xét bai toan [1.9|trong khdng gian 2 chiéu. Phuong phap phan ti hitu han rdi rac mién
Q bdi hitu han céc phan tif tam gidc. Goi Z la tap dinh cda cdc tam gidc va ham ¢g, § € &
1a cdc ham nén. Khi d6 phuong phap phan ti hitu han ciing r6i rac Bai toan (T)) & dang

(L7)-(L8), voi

We e = —/QV(pg;V(pC dx, é € EC’ O¢p =

1.7 Giai phuong trinh dao ham riéng bang noi suy RBF trung khép

Gia st mién Q dudgc rdi rac bdi tap cdc tam trung khdp = = {&1,&,...,&,}. Tim
nghiém xap xi ctia Bai todn (T)) bdi ndi suy RBF c6 dang

Zaz (lx=&l), xe&g, (1.10)

trong d6 cac hé sb oy, i = 1,2,...,n tim dudc bang cach giai hé phuong trinh

Do([E—&) - Dol —El) CFED) ]

Do(lén—&ll) - Do(lén—&l) | |5 _ | £(&n) 1)

o6 =&l - olen -Gl | | 7 |s@n| '
ol&—al) - o(lE—&l) | | o(w) |




Chuong 2

PHUONG PHAP KHONG LUOGI THICH
NGHI RBF-FD GIAI BAI TOAN DIRICHLET
CHO PHUONG TRINH ELLIPTIC

Trong chuong nay, bén canh viéc trinh bay cich rdi rac bai todn trén mién c6 tim
phan b bat ky bdi phuong phap sai phan hitu han, ching toi con gidi thiéu cach tinh
trong s6 bang noi suy RBF, cdc thuit toan chon gid véc to trong sb trong khong gian 2
chiéu va phat trién thuat todn chon gid véc to trong sb trong khong gian 3 chiéu, dong
thoi trinh bay cac thuat toan sinh tdm thich nghi cho phuong phap RBF-FD.

2.1 Rei rac bai toan

Gia st E C Q tap hitu han céc tAm rdi rac. Goi Ej := ZNQ 1a tAp hop cdc tAm trong
mién, dZ := ZNJQ 1a tap hop cac tAm trén bién. Khi d6, phuong phap sai phan hitu han
10i rac bai toan (I)) v6i D la toan ti Laplace, b6i hé phuong trinh

Z WC,éﬁ(§>:f(C)7 CGEint;
€&y (2.1)
ﬁ(g):g(g)a &E&E,

v6i 6i(€) 1a nghiém x4p xi cia nghiém u ctia bai ton (T)) tai diém & € =.
2.2 Noi suy RBF tinh véc to trong sb

2.2.1 Véc te trong sb

Ménh dé 2.2.1. Cho ® : R? — R la ham xdc dinh duwong, xdc dinh béi ® (x) = ¢ (||x||),
x €RY, trong do ¢ : Ry — Rva ||-|| la chudn Euclid trong RY. Gid sit X = {x1,%2,...,x,} C
R? la tdp cdc tam roi rac va ham sé lién tuc u : R? — R ¢6 ham ndi suy RBF la

n
s(x) = ZajCI)(x—xj), x €RY.
j=1

Khi dé véc to trong sé duogc tinh bang néi suy RBF bdi cong thitc
wi= [WI,WQ,...,wn]T:(CIDX)_lDCI)(x—-)|X, (2.2)
trong do D la todn tit vi phdn va
R
D®(x —)x : = [DP(x —x1), D(x —x2),...,DP(x —x,)]" , x € RY.



2.2.2 Véc to trong sb v6i thanh phan hing sb

Ménh dé 2.2.2. Cho ® : R? — R la ham xdc dinh dwong, xdc dinh béi ® (x) = ¢ (||x||),
xR, trong do ¢ : R — Rva ||-|| la chudn Euclid trong RY. Gid sit X = {x1,x2,....%,} C
R? la tdp cdc tam roi rac va ham s6 lién tuc u : RY — R c6 ham ndi suy RBF vdi thanh

phadn hang s6 la

n
s(x) =Y aj®(x—x;)+c, xR
=1

Khi do véc to trong sé w duoc tinh bang néi suy RBF bdi cong thitc

R e

trong dov € R", D la todn tw vi phdn va

(I)X L= [(I) (xi _xj)]zr'l,jzl’

D®(x—)x : = [DP(x —x1), DD(x —x2),...,DP(x —x,)]", x e RY.

2.2.3 Véc te trong s6 véi thanh phan da thic

Ménh dé 2.2.3. Cho @ : R? — R la ham xdc dinh duong, xdc dinh béi ® (x) = ¢ (||x||),
x €RY, trong d6 ¢ : R, — Rva ||-|| la chudn Euclid trong RY. Gid sit X = {x1,%x2,...,%,} C
R? la tdp cdc tdm roi rac va ham sé lién tuc u : R4 — R ¢6 ham ndi suy RBF vdi thanh
phdn da thiic la

n k
s(x) = Z a;®(x—xj)+ Z cjpj(x), x e R,
j=1 j=1

VvOi {p1,...,pr} la mét co sé ciia khong gian tuyén tinh cdc da thiic cé bédc nhé hon hodic
bang (. Khi do véc to trong s6 w € R" dugc tinh bdi cong thiic

][ ] [P

trong dé v € R, D la todn tit vi phdn va
CI)X .= [CI) (x,- —Xj)]lr-l’jzl R

PX = [pj(xl)]:t}kzla DP = [DplaDPZV "7Dpk]Ta
D®(x —)x : = [DP(x —x1), DD(x —x2),...,DP(x —x,)]", x € RY.

Néu k = 1 va p; 12 hing sb thi ta nhin dugc Ménh dé



2.3 Mot s6 thuat toan chon tim trong khéng gian 2 chiéu

2.3.1 Mot s6 thuét toan chon tam phd bién

Nam 2011, Oleg Davydov va Dang Thi Oanh da tht nghi€ém cac thuit toan 6near,
nn, 4quad, LLF, SLS cho phuong phap RBF-FD trén bai toan sinh ludi thich nghi cua
FEM.

2.3.2 Cac thuat toan chon tam cho phuong phap khong lu6i RBF-FD
a) Thuét toan chon véi s6 tam c6 dinh va 1 diéu kién dirng D01
Thuét toan chon tam D01 dugc Oleg Davydov va Dang Thi Oanh gidi thi€u ndm 2011

cung v6i thuit todn sinh tim D02. Céc thit nghiém s6 cho thiy su hiéu qua cta phuong
phdp RBF-FD khi st dung thut toan D01, D02 so véi két qua clia FEM.

b) Thuét toan chon véi sb6 tAm cb dinh va 2 diéu kién dirng 0DP1

Thuat toan 1 (Thuét toan chon ODP1).

Inpur: 2, €.

Output: Z¢.

Parameters: k (the number of points in Z¢ \ {{}), v > 1.0 (the angle uniformity toler-
ance), ¢ > 1.0 (distance tolerance), and m > k (the increment size of the local cloud).
Parameter values used in our numerical experiments: k =6, v =2.5, ¢ = 3.0 and m = 50.

I. Find m nearest points &1, ...,&, in E\ {{} to £, sorted by increasing distance to §,
and initialize E¢ :={{,{1,..., G} =1{{,&1,..., &} and i :=k+ 1.

II. Whilei < m:

LIFE-¢& > ﬁZ];:] (||C]—C|| + ||Cj—Cj+1||), then STOP and return Z.

2. Compute the angles ay,..., 0 | formed by the extended set {{f,..., &, } =
{&1,..., 8, &} If both angles between {&; and its two neighboring rays are
greater than the minimum angle &’ := ({,...,{/ ):

i. Find j such that o; = @'. Choose p = j or p = j+ 1 depending on whether

/ / / /
O | <O Orog | =0, .

it I L G D < B G

. Update Z¢ = (8,81, G} = {6, Eoons G PG
b. Ifﬁ(Cl, ey Ck) < VQ(C], ceey Ck), then STOP and return EC

3. Ifi=m:

Find the next m nearest points &, 1,...,E, in E\ {{} to £, sorted by in-
creasing distance to £, and set m := 2m.



4. Seti:=i+1.
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(e)

Hinh 2.1: Cu triic Z; thu dugc bdi Thuat todn 0DP1. Dau "+" bi€u dién vi tri clia { va céc
hinh tron "®" 12 vi tri cta cdc diém &1, &, ..., &.

Meénh dé 2.3.1. Ky hiéu n :=#2, Nip := #Zin0, k la s6 tdm cdn chon ciia tdp Egvam>k
la s6 tdm gan { nhdt dugc chon ban ddu. Khi do, dé phikc tap ciia Thudt todn ODP1 la
O (Nppgmlogn).

¢) Thuét toan chon véi sb tAm thay déi va 1 diéu kién dirng 0T1

Thuét todn cling bit diu véi m diém =0 := {&,&,...,&x} C E\ {¢} théa man
1E—Ell < IE-Ell < < 1L~ Enll va [~ &I < 1€~ &l v6i & € 25, & € B\

{E0U{{}}, thuat toan st dung 1 diéu kién diing

a(Z) —a(Ey) <6, (2.4)
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trong d6 hing s6 & € (0,7/2), gid tri ctia § thé hién sy khac biét giita goc 16n nhit @ va
g6c nho nhit a.

Thuat toan 2 (Thuét toan chon 0T1).

Input: 2, €.

Output: E.

Parameters: m (the number of points in the local cloud), v € {3, 4,5} (the number of

points in ¢\ {{}), and 6 := {6}, &2,...,6y} (the angle uniformity tolerance). In our
experiments, m = 200 and 0 := {0.0001, = /4, n/3, n /4, /8}.

Ia. Determine the set Z := {&;,&,...,&, ). Initialize / := @ and i := 0.

Ib. Whilei <v:

1. Seti:=i+1 and E() := EX U {{} where k = i+3 and K =it 4.
2. If a(E(i)) — Q(E(i)) < &;, then STOP and return E; := — =),

Ha. While k) <mandi> 1

1. Compute the angles o, ..., o], , formed by the extended set Z’ .= z0y
(S}
2. If angles between ¢ ékg) and its two neighboring rays are greater than o/ (2'(%)),
then:
i. Find j such that a; = a’(”/(i)) and then choose p = jor p=j+1 de-
pending on whether o | < o' i1 or a | > Ocj Y1
i HEO (G < u(E0), hen:
a. Update =g )\{'g'}andl =1U{i}.
b. If a(E( ) a(EW) < &, then STOP and return £ := ().
)

3.0 i=1,then k) ==k 4 1andi:=v, Elsei:=i—1.

respectively.

Ib. If 0(Zf) <morl =0, then Z; = E§ U{{} where k= v+3, Else E¢ := E() where
i:=max({l}).
Ménh dé 2.3.2. Dit n = #E, k la sé tam cdn chon cia tdp E¢. Gid sit ddu vao cuia Thudt
todn 0T1 la cdc tap Ef, (m > k). Khi do do phiic tap tinh todn cua Thudt todn 0T1 la
0(n)).
2.4 Mot s0 thuat toan chon tam trong khong gian 3 chiéu

2.4.1 Thuat toan k-near

V6i m6i § € Eip, thudt todn chon tap tim ho trg Z, = {&1, &, ..., &} 1a k diém thudc

E\ {{} gan ¢ nhit.
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2.4.2 Thuat toan dua trén cac tir dién chon tet

Thuit toan dua trén két qua rdi rac mién Q bing cdc ti dién va tip = 1a tt ca
cac dinh cla ti dién. V6i mdi { € Ejy, thult todn chon tip Z B¢ gdm { va cic diém
{&1,&,...,&) Cc 2\ {{} 1a dinh clia tAt ca cdc ti dién c¢6 chung dinh .

2.4.3 Thuat toan dua trén cac Octant

Thuat toan 3 (Thuit toan 8-Octants).

Input: E, { € By

Output: Ey, EIC

Parameter: m > 16 (the number of nodes in the local cloud excluding {); we use m = 99
in our numerical experiments.

Initialization: E¢ := {(}, Z, =0

I. Find m points &;,&,,....&,in E\ {{} closest to {.

II. Distribute the points &1, &,..., &, into eightsets O; ={&;1,&0,...}, j=1,2,...,8,
corresponding to the octants such that ||§;1 — || < [|Ep—Cf| < ---.

III. For j=1to8

a. If #0; =1 then &, :=E, U {1 }.
b. Elself #0; > 1 then E; := E, U{&;1,€0}.

IV. Foreach § € &, \ {{} consider the segment (£,&) = {{+a(§ —{):0<a <1},

If (£,8)NIQ # 0, then E¢ :=E, \{E}U{E} and & := &} U{E’}, where &’ is
the point in ({,&) N dQ closest to §.

Sau khi 4p dung Thuét toan 8-Octants cho tt c4 cic diém { € Z;, ta cip nhap tip =

bdi cong thuc
2:=2U |J Ef. (2.5)
CE€Eint

Thuat toan 4 (Thuét toan 16-Octants).
Input: E, { € Ejy.
Output: E¢, E'g
Parameter: m > 16 (the number of nodes in the local cloud excluding {); we use m = 99
in our numerical experiments
Initialization: B¢ := {{}, & C =0

I. Find m points &;,&,,....&,in E\ {{} closest to {.

II. Distribute the points §;,&y,..., &y, into 16 sets O; = {&;1,&0,...}, j=1,2,...,16,
corresponding to the half-octants such that || ;1 — C < Sp—=Cll<-
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III. For j =1 to 16.
If#Oj > 1 then EC = ECU{gﬂ}.
IV. For each § € E¢\ {{} consider the segment (£, ).

If (£,8)NJQ#0, then &y :=E,\{E} U{E'} and EIC = E/C U{&'}, where &' is
the point in (£,&) N JQ closest to §.

Sau khi 4p dung Thuit todan 16-Octants cho tt ca cic diém { € E;y, ta cip nhap &
bdi cong thuc (2.5)).

Ménh dé 2.4.1. Pdt n = #=. Khi dé dé phiic tap tinh todn cua Thudt todn 8-Octants
va Thudt todn 16-0ctants la O (mnlogn), vdi m la s6 diém duoc chon ban ddu.

2.4.4 Thuit toan cai tién thuit toan dua trén octant oct-dist

Thuat toan 5 (Thuit toan oct-dist).
Input: E and § € E;y.

Output: E.

Parameters:

 m: the number of nodes in the initial local cloud including {;

k: the target number of nodes in E;

s € {1,2,3}: the number of subdivisions of octants;

n: the number of candidate nodes in each octant, n = sv for some v € N;

0 < & < 1: the standard distance tolerance.

I. Choose a set E¢ang C E\ {{} of candidate neighbors.

1. Choose the initial cloud Ep := {&1,&2,...,Em—1} C E\{{} consisting of m — 1
nodes closest to £, sorted by increasing distance to (.

2. Compute p; := § Y7, 1€~ &l

3. Determine 8s sets O i, J=1,2,...,8s, corresponding to the octants, for s = 1, half-
octants for s = 2, or one-third-octants for s = 3, by collecting in each O ;j at most
v nodes in Ep,;; closest to ¢ and lying in the corresponding octant, half-octant or

one-third-octant. We set Egang := ?szl O I

4. Determine subsets O; = {ﬁlj,ézj,}, j=1,2,...,8, of Ecanq consisting of the
nodes lying in the eight octants as follows. If s = 1, then O; = 0 ;> otherwise O; is
the union of s sets of the type O,. Assume that the numbering of the nodes is such
that || — &/ [| < |§ —&|| < -+ < ||¢ — &] ||, with O < n; < n. Note that some O;
may be empty.
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5. If #Ecana < k— 1, then STOP and return Ey := Ecng U{C}.

I. Choose the influence set Ey C Ecang U{C}.
Initialization: EC = 0.
1. For j=11t08:
If O; #0, then E’C = E‘C U {glj}

2. Set Ecand := Zcand \ E¢, such that Eang = {1, &, }, where &;,&,, ... are sorted
by increasing distance to {.

3. Fori=1to #&.4n4:
If dist(&;, E¢) > pg, then:

a. Eg = ECU{&}
b. If #£; = k— 1, then STOP and return E; := &, U{{}.

4. Set pg == 6p; and GOTO[IL2}

Meénh dé 2.4.2. Ddt n = #% va k la sé tdm cdn chon ciia tdp E¢. Khi do d6 phiic tap tinh
todn cia Thudt todn oct-dist la O (mnlogn), vdi m la s6 diém duoc chon ban dau.

2.4.5 Thuan toan pQR

Thuat toan pQR dudc Oleg Davydov va Mansour Safarpoor gidi thi€u nam 2021.
Chung t6i ap dung thuat toan pQR véi cac phién ban pQRsel, pQR3, pQRA.

2.5 Thuat toan lam min thich nghi khong ludi

Pinh nghia 2.5.1. Véi moi { € Ziy, do léch (error indicator) €(&, &) itng vdi ‘canh’
€&, & € E¢\{L} duogc tinh bdi cong thiic

trong do i la nghiém xdp xi ciia Bai todn (1)) dwoc xdc dinh bdi hé phuong trinh (2.1)
trén mién roi rac Z.

Pinh nghia 2.5.2. Vdi moi § € Eiy, d6 léch €(§,8) ting vdi ‘canh’ {&, & € E¢\ {L}
duoc tinh bdi cong thiic

£(C,8) =&(8,8) == [(dg —aig) — (£ (§) = £(8))], 2.7)

trong do i la nghiém xdp xi ciia Bai todn (1) dwoc xdc dinh bdi hé phuong trinh (2.1)
trén mién roi rac = va

Eg(x) = a+bT(x— &)
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la da thitc tuyén tinh iing véi dit lieu {(&,dg) : & € E¢}, voi cdc hé s6 a € R, b € R?
dugc chon théa man diéu kién

Y, lag — L (G

Sely
dat cuc tiéu.

Ngudng do 1&ch 7 := yg;, v6i hé s6 y € (0,1). Pay la chién lugc t6i da va dudc ap
dung cho mot trong ba truong hgp dac biét sau: Véi tap khdi tao E hoac € > 2 hoac
g > 10%¢ prev , VOi sfrev 12 gia tri do l1éch 16n nhat cia 1an 1am min tru6c va

(5)- {e(€.¢): € € Eini, § € B\ {C}, (2.8)

[ 3 D o
- , 7' . -’ , - - A - 7 - Nl . .
{e),8 ey}, trongdd g > & >+ >¢ey,e° Cg(E) (2.9

Pinh nghia 2.5.3. Khodng cdch tdch biét ciia tam &' vdi tdp &' duoc xdc dinh bdi cong
thiic

v—l

4
sepg (') Z ist(&, 2\ {&1), (2.10)

4>|~

trong do £1,&, ..., &4 la 4 diém thudc E' gan &' nhdt va
dist(x,Y) :=inf{|[x—y| : y€ Y}

la khodng cdch tir x dén tdp Y .

2.5.1 Thuit toan sinh tim trung diém D02

Nam 2011, Oleg Davydov va Dang Thi Oanh da gidi thi€u thuat toan sinh tam trung
di€m D02 cho phuong phdp RBF-FD cung vdi thut todn chon tdm DO1.

2.5.2 Thuat toan sinh 5 tam 0DP2

Thuat toan 6 (Thuét toan ODP2).

Input: The set of centers Z and stencil supports {Z; : § € Ejy}.

Output: The refined set of centers =’

Parameters: y = 0.5 (error indicator tolerance), 4 = 0.8 (separation tolerance) and n =
15 (percentage of added centers).

I. Compute the error indicator threshold € = y£€(Z) and initialize &’ := Z.

Il. For each edge (&, € Ein, § € E¢ \ {{}, such that £({,8) > &

1. Compute gmld - (C +€)/2 é id T ‘Sm1d +dVv and <§mld - &mld dVv, where
d:= || —&||/2 and V is the unit vector perpendicular to the edge {§&.
Initialize E¢ := 0.
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2. If & € By, then for each &' € {‘gmidﬂérzidaén_nd}:
If dist(&',0Q) > d/2 and dist(§',E") > psepg/(E'), then set Ec 1= Ec U
{&'}.
3. Elself & € JE:
i. Foreach &' € {&mia, &5y, &1}
If dist(E',0Q) > d /2 and dist(E',E") > d /2, then set E¢ := Ec U{&'}.

ii. If E¢ # 0 or dist(Enpig, 0Q) < d/2:
Find two neighbors &, &, of € in dE, one in each direction from & along
the boundary, and compute two middle points &, & € dQ defined by the

pairs §,&_ and &, &, respectively. Set E¢ 1= EcU{& & .
4. Set= :=F'UZEc.

III. If the number of centers in E! \ Ej, is less than n% of the number of centers in

1nt

Eint, then set € := Y€ and goto Step II.
Else STOP and return =’

Ménh dé 2.5.1. Pdt n =#Z va N, la sé tam ting vién. Khi do dé phitc tap tinh todn ciia
Thudt todn O0DP2 la €'(Nlogn).

2.5.3 Thuét toan cai tién sinh 5 tam 0T2

Thuat toan 7 (Thuét toan 0T2).

Input: The set of centers Z and the stencil supports {E¢ : § € Ejp}.

Output: The refined set of centers =’

Parameters: 7y (error indicator tolerance), ¢, p (ratios), i (separation tolerance). Initial-

ize & = .
I. Compute the error indicator threshold
1. Compute sets (& . 2.8)) and set P (2.9 .

2. If &1 >5,0rer <1071% or g > 10%el™, then p := pu —0.2.

3. If E is the initial set, or & > 10%¢ prev, or & > 2, then T := Y€1; Else T :=
max(ytP'®, g;), where j := |pn].

II. For each candidate edge {&:

L. If & € Ein, then For each &' € {Emia, & qs Emia ) i dist(§',E") > usepe (2'),
then &' .= = U{¢&'}.

2. Else:
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i For cach & € {Emias g Emal if min(dist(&1,00), dis(, ) > o1]¢ —
E|l, then & :=E"U{&’'}.

ii. Determine two middle points §' |&! € dQ and set &' :=E' U{E! & }.

L. If & = Eiy, then T := y7T and go to Step II, Else STOP and return Z'.

“int

Ménh dé 2.5.2. Pt n =#E va N, la s6 tam iing vién. Khi dé dé phiic tap tinh todn ciia
Thudt todn 0T2 la O (N.log(n)).

2.6 Két luan
Trong chuong da trinh bay céc két qua:

* Cénh tinh trong s6 RBF-FD bidng ndi suy RBF vdi 3 trudng hdp, trong s6 RBF-FD
khong c6 thanh phan hing s6, trong sb RBF-FD véi thanh phin hang sb va trong s6
RBF-FD vdi thanh phan da thiic. Cé4c cich tinh nay 12 co s& clia phuong phap khong
luGi RBF-FD.

« Céac thuit todn chon tAm (chon gid véc to trong sb E¢) cho phuong phap RBF-FD
trong khong gian 2 chiéu, dong thoi dé xuit thuit todn mdi 0T1 cho cic bai todn c6
mién hinh hoc phiic tap, nghiém c6 ky di, hodc c6 d6 dao dong manh. Thuét todn
dé xuét c¢6 do phiic tap €'(n) néu dau vao cla thuat todn 1a m di€ém gan nhét. So
v6i cdc thudt toan da cong bd trude thi thuat toan dudce dé xuait c¢é chi phi tinh todn
giam.

« D¢ xuét cac thuat todn chon gid véc to trong sb E¢ cho phuong phap RBF-FD trong
khong gian 3 chiéu, nhu 8-Octants, 16-Octants, oct-dist, dong thoi gidi
thiéu cac thuat toan tet, k-near, pQR4sel, pQR3, pQR4 4p dung cho phuong
phéap RBF-FD.

* Cac thuat toan sinh tam thich nghi cho phuong phap RBF-FD trong khong gian 2
chiéu. Pé xuét thuat todn sinh tdm thich nghi méi 0T2, c¢6 do phuc tap 1a &'(N,logn).
Thuat toan dudc dé xuit c6 chi phi tinh toan gidm so vé6i cac thuat todn trude do.
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Chuong 3

THU NGHIEM SO

Dé danh gia hiéu qua clia cdc thuit toan sinh tAm thich nghi va thuit toan chon gia
véc to trong sd, trong chuong ndy ching toi trinh bay céc thir nghiém sb trong khong
gian 2 chiéu va trong khong gian 3 chiéu. Thit nghiém sb trong khong gian 2 chiéu trén
céc bai todn c6 mién hinh hoc phic tap, ham c6 ky di hoic dao dong manh, con trong
khong gian 3 chiéu, 1a cic thit nghiém s6 trén cac bai todn ¢6 mién 10i hodc mién hinh
hoc phtc tap trong thuc t&, véi tap Z C Q clia cic bai toan dudc rdi rac bdi cac cach khac
nhau, nhu dinh cta céc ti dién 3D, luéi déu hoic diém Halton.

3.1 Thu nghiém s6 trong khong gian 2 chiéu

3.1.1 Bai toan cé mién hinh hoc phic tap

Bai toan 1. Xét bai toan Dirichlet v6i phuong trinh Laplace Au = 0 trong mién hinh quat
Q dugc xéc dinh béi bat phuong trinh r < 1, =37 /4 < @ < 37/4 trong toa do cuc, diéu
kién bién Dirichlet dugc cho bdi u(r, @) = cos(2¢/3) doc theo cung cong va u(r,¢) =0
doc theo hai doan thing. Nghiém giai tich 1a u(r, @) = r*/3 cos(2¢/3).

Bai toan 2 (William F. Mitchell, Phan 2.2, nim 2013). Xét bai toan elliptic v6i phuong
trinh Laplace Au = 0 trong mién Qg = (—1,1)>N{(r,p) : 0 < ¢ < ®}, trong d6 r, ¢ 1a
hé toa do cuc, véi mot sb gia tri @ € (0,27]. Diéu kién bién Dirichlet dudc chon thoa
man nghiém gidi tich r*sin(a¢) trong hé toa do cuc, trong d6 @ = 7/ ® trong cac trudng
hop sau

(a) ow=m+0.01. (b) ®=>5n/4.
(c) w=Trn/4. (d) o=2x.

Bai toan 3 (Dang Thi Oanh va cdc cong su, Phan 4, nim 2017). Xét bai toan ellip-
tic (T) véi phuong trinh Laplace Au = 0 trén mién Qg = (—1,1)? loai di cic diém
thudc cung cong cta dudng tron tdm tai (1,—0.75) ban kinh 1.25 it diém (0,0) dén
(1,0.5).Diéu kién bién Dirichlet théa man nghiém gidi tich cla bai toan 1a u(x,y) =
Re /(3 —4i)z/(z—2), v6i z = x+iy.

3.1.2 Bai toan nghiém c6 ky di hoac dao dong manh

Bai toan 4. Xét phuong trinh Laplace Au = 0 trong mién Q = (0.01,1.01)? va diéu kién
bién Dirichlet thda man nghiém gidi tich u(x,y) = log(x* +y?).
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Bai toan 5 (William F. Mitchell, Phan 2.8, nim 2013). Xét bai toan elliptic (1)) v6i
phuong trinh Helmholtz —Au — mu = f,r=+/x2+y2, trén mién Q = (0,1)?, trong
d6 vé phai va diéu kién bién dudc chon théa man nghiém giai tich 1a u = sin(a%rr) véi
cac truong hgp | |

o =—. b) o=_—.

(@) 107 (b) 5071

Bai toan 6 (William F. Mitchell, Phan 2.4, nim 2013). Xét bai toan elliptic véi
phuong trinh Poisson Au = f trong mién Q = (0, 1)2, trong d6 vé phai f va diéu kién
bién Dirichlet thda man nghiém giai tich u(x) = e—ol =l C4c gid tri tham sd o (do
dao dong) va xq (vi tri) nhu sau

(a) a=1000, xo = (0.5,0.5). (b) @ = 100000, xo = (0.51,0.117).

Bang 3.1: Két qua tht nghiém sb clia cdc bai toan: TP 12 tén bai toan; #Z;, 1a sd tim trong
mién ctia FEM dudc tao bdi PDE Toolbox trong MATLAB; #Refi 1a s6 1an 1am min tuong
ting ctia mdi bai todn; #Z¢nq 12 #Zi, cia 1an 1am min cubi cung; ¥ #%;, 12 tdng sb tam trong
mién cua sb 1an 1am min tai cot #Refi.

TP || 45, | FEM | RBF-FD 17 | RBF-FD
#Refi #Zend #Refi #Zend Y #Eine #Refi #Zend Y #Eint
1 82 28 19394 14 | 21929 | 45125 14 | 15384 | 37154
2a 67 19 17059 14 19328 | 39665 11 | 18417 | 37265
2b 83 24 | 26721 12 | 25825 | 52394 12 | 26511 | 57835
2c 122 33 23008 17 22184 | 46951 16 | 23598 | 73904
2d 142 36 | 20430 21 21016 | 98208 15 | 25138 | 76868
3 133 39 36938 26 39176 | 187189 18 | 40676 | 117473
4 137 19 | 24153 13 26442 | 54666 11 | 20107 | 42577
Sa 137 28 56998 20 | 50095 | 161954 16 | 40059 | 108518
S5b 137 32 | 60531 21 44258 | 170073 18 | 40355 | 119533
6p 137 21 | 137077 || 22 | 124755 | 366662 9 95019 | 153287
6b 137 28 | 116783 || 22 | 95367 | 274260 12 | 86633 | 154307

Két qua cdc thi nghiém sb trong khong gian 2 chiéu cho thy: Sai s trén cdc tim
thich nghi E,. va sai s0 trén lui déu E,, cia RBF-FD min, 6n dinh va thudng nhd hon két
qua sai s6 ctia FEM va RBF-FD 17, diéu do6 ciing dudc thé hién qua viéc so sanh hiéu u — i
cua nghiém RBF-FD vé6i nghi€ém RBF-FD 17 ung véi tap cac tdm thich nghi trén céac bai
toan thit nghiém sd. Bén canh d6, c4c tam thich nghi dugc sinh bdi Thuit todn 0T2 ciing
déu hon cdc tAm thich nghi sinh béi Thuit toan 0DP2 va Thuit toan D02, dic biét vdi
cac bai toan kho, nhu Bai toan @ cho thiy su vuot trdi ctia RBF-FD so v4i RBF-FD 17.
Ngoai ra, so sanh do 1&ch 16n nhéit max({&({,&)}), ngudng do 1éch 7 tinh tai Bude 1.1.
ctia Thuat toan ODP2 va tai Budc 1.1, 1.3. ctia Thuét toan 0T2 ciing cho thdy su 6n dinh
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Bang 3.2: Cac gid tri Qayers Oavers faver, Cmaxs Caver, Kaver V2 p1 Xac dinh tai lan 1am min cudi
cung cua cac phuong phap RBF-FD 17 va RBF-FD.

TP RBF-FD 17 RBF-FD
Oaver QX pver | laver | Cmax | Caver Oaver QX pver | Laver | Cmax | Caver | Kaver | P1
1 076 | 0.76 | 856 | 245 | 1.30 || 0.64 | 0.83 | 6.70 | 2.55 | 1.24 | 5.89 | 75
2a || 076 | 076 | 844 | 238 | 1.29 || 0.63 | 0.84 | 6.81 | 239 | 1.23 | 591 | 78
2b || 0.76 | 0.76 | 840 | 2.52 | 1.29 || 0.65 | 0.83 | 6.82 | 3.14 | 1.24 | 590 | 75
2c || 0.76 | 0.76 | 8.89 | 239 | 1.30 || 0.65 | 0.82 | 6.63 | 247 | 1.24 | 590 | 77
2d || 0.75 | 0.75 | 9.08 | 2.52 | 1.30 || 0.66 | 0.81 | 6.88 | 2.64 | 1.24 | 594 | 74
3 076 | 0.75 | 872 | 246 | 1.30 || 0.65 | 0.82 | 7.04 | 2.71 | 1.24 | 594 | 77
4 076 | 076 | 832 | 243 | 1.29 || 0.62 | 0.86 | 6.70 | 2.32 | 1.24 | 5.81 | 78
Sp || 077 | 076 | 834 | 2.69 | 1.28 || 0.57 | 093 | 644 | 241 | 1.24 | 5.64 | 81
Sp || 0.77 | 0.77 | 825 | 247 | 1.28 || 0.56 | 0.95 | 6.52 | 2.55 | 1.24 | 5.59 | 81
6a || 0.76 | 0.77 | 8.81 | 2.50 | 1.26 || 0.51 1.00 | 6.34 | 261 | 1.23 | 549 | 78
op || 0.77 | 0.77 | 817 | 246 | 1.27 || 040 | 1.14 | 5.73 | 298 | 1.20 | 5.16 | 90

cia RBF-FD so v6i RBF-FD 17. Pong thdi két qua mat do ma tran hé s6, sd tam dudc
chon trung binh Kayer, 50 1an sinh tAm thich nghi #Refi va p; s6 % Thuit todn OT1 diing
lai & Budc II trén mdi bai todn, cho thiy chi phi tinh todn ctia RBF-FD ciing gidm déang
Ké.

3.2 Thit nghiém s6 trong khong gian 3 chiéu

Dé danh gia hiéu qua cac phuong phdp RBF-FD, tip cdc tdm Z C  cua céc bai toan
dugc tao bdi mot s6 cach khac nhau, nhu dinh cta ti dién hodc dudi dang lugi déu
Descartes hoic diém Halton két hop véi mot sb tly chon tao diém trén bién ctia mién roi
rac.

3.2.1 Bai to4n c6 mién hinh hoc 16

Bai toan 7. Xét phuong trinh Poisson Au = 3¢*™2 véi mién Q 13 khdi cau Q =
{(x,y,2) € R3: x> 4+y* + 7% < 1} v6i diéu kién bién Dirichlet dudc chon théa man nghiém
chinh xéc u(x,y,z) = "%,

3.2.2 Bai toin c6 mién hinh hoc phitc tap thuc té

Bai toan 8 (BracketTwoHoles). Xét phuong trinh Poisson Au = —10 véi diéu kién
bién Dirichlet u,, = 0 trén mién Q dugc xuat ra tir file STL ‘BracketTwoHoles.stl’
trong PDE Toolbox cia MATLAB.
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(c) Sai s6 trén lu6i déu va cac diém bién ctia (a)  (d) Sai sb trén di€ém Halton va cac diém bién

Hinh 3.1: Két qua tht nghiém s6 ctia Bai toén Céc sai s6 Eyer: (a) Sai sb trén dinh ctia cac
ti dién t6i uu, (b) Sai sb trén dinh clia cic ti dién khong ti uu, (c) Sai sb trén luéi déu va
c4c diém bién 1a dinh cta cic td dién bién tbi wu va (d) Sai sb trén diém Halton va cac diém
bién.

Bai toan 9 (Forearm Link). Xét phuong trinh Poisson Au = —10 v&i diéu kién bién
Dirichlet dong nhat U) 5o =0 trén mién Q x4c dinh bdi file STL ‘ForearmLink.stl’ trong
PDE Toolbox cuia MATLAB.

Bai toan 10 (BeamTrussJunction). Xét phuong trinh Poisson Au = —10 véi diéu kién
bién Dirichlet ddng nhét bang khong trén mién Q, dudc xac dinh bdi mé hinh trong file
STL tai dia chi

https://cults3d.com/en/3d-model/various/beam-truss-cross-and-t-junction-134.

Tir cac két qua thi nghiém s6 trong khong gian 3 chiéu cho thiy:

- Phuong phap khong ludi RBF-FD st dung cac thuét toan chon tap cac tam khac nhau
d€ tinh trong sd c6 sai sb tdt so v6i FEM trén c4c bai toan c6 mién phic tap.

- Chu tric td dién déu dé tao céc diém trong Z khong quan trong ddi véi cac phuong
phap RBF-FD, diéu nay da dudc dua ra trong thi nghiém sb cia Bai toz’tn Trong cac bai
todn thit nghiém khéc, hiéu qua ctia RBF-FD trén dinh ctia cdc ti dién chua t6i uu kém
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(c) Sai s6 trén lu6i déu va cac diém bién ctia (a)  (d) Sai sb trén di€ém Halton va cac diém bién

Hinh 3.2: Két qua thii nghiém s6 ctia Bai toan : Céc sai s6 Es: (a) Sai sd trén dinh clia
céc td dién t6i uu, (b) Sai s trén dinh clia cac ti dién khong t6i uu, (c) Sai s trén lusi déu
va cac diém bién 12 dinh cda cac td dién bién tdi uu va (d) Sai so trén diém Halton va céc
diém bién.

hon dang k&, nguyén nhan c6 thé do cic yéu td khac, nhu cc thuat todn tao td dién ap
dung cho céc mién xuét tir file STL, (xem phan thit nghiém ctia Bai todn . Viéc roi rac
diém bién trén cac mién khong 16i dugc xac dinh bdi cdc mo hinh trong file STL 1a rat
quan trong d& phuong phdp RBF-FD dat hiéu qua. Phuong phdp tao diém bién tot nhat
trong cac thit nghiém 1a stt dung cdc diém bién dudgc tao bdi cdc dinh clia ti dién tdi vu.
Pbi véi cac diém bén trong mién, phuong phap ré nhung cho hiéu qua tét d€ tao ti dién
t6i uu 12 tao cac nit ludi déu Descartes, bo tAm ndy ciing c6 1di thé 13 1am cho mat do
ma trin hé sd rat thp va cung cip kha ning st dung tinh trong s6 7- diém nhu phuong
phép sai phan hitu han, cho hau hét cic tim bén trong mién. Tuy nhién, v6i bt ky cach
tao diém ndo, néu chon dudc bd tim d€ tinh trong sd tot thi nghiém cla phuong phap
RBF-FD sé tot.

- Hé 56 s6 6n dinh ¢ dudc gidi thiéu trong Bai toan [8 nhu mot cich dé danh gia hiéu
qua clia cac phuong phap RBF-FD. Trong mot s trudng hop cia tap =, hé s6 6n dinh ctia
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2 phuong phdp dang tin ciy nhit oct-dist va pQR4sel ciing khong tranh khdi ting dot
bién va kho du doan, nhung it nhit chiing c¢6 thé dudc phat hién néu o dudc tinh.

- Céc phuong phdp chon tim 1a céc diém gan nhit khong phai 1a mot trong nhiing
phuong phép tot nhit, nhu 20near c6 sai s6 cao nhit trén bo tdm la dinh ctia céc tif dién
tdi wu trong tat ci cdc bai todn cé mién xuat ra i file STL va thudng bi 16i trén cac
nit 1u6i déu. Viée ting thém sd di€ém gan nhat ciing khong cai thién dudc két qua nhu
trong Bai todn [8| Phuong phap oct-dist c6 két qua tot nhit trong sb cac phuong phéap
chon tim dugc xem xét. Mot phuong phép ciing hoat dong &n dinh trén tp = dudc tao
bdi cac cach khac nhau 12 pQR4sel, tuy nhién sai s6 clia né thudng cao hon sai s6 ctia
oct-dist.

3.3 Kétluan

Céc két qua dat dugc trong chuong nay 1a:

- Trinh bay chi tiét cac thit nghiém sb trong khong gian 2 chiéu cho phuong phap
RBF-FD, st dung két hop 2 thuit todn chon gid véc td trong s6 0T1 va thuit toan sinh tim
thich nghi 0T2 méi dudc dé xut trén cic bai todn c6 mién hinh hoc phic tap, nghiém
c6 ky di hoic dao dong manh, d6i sanh két qua ctia phuong phap RBF-FD trén tAm thich
nghi khong 1u6i méi v6i két qua ctia FEM trén ludi thich nghi va két qua clia phuong
phap RBF-FD st dung két hop 2 thuat toan chon tim ODP1 va thuit toan sinh tim thich
nghi ODP2 trén tAm thich nghi. K&t qua thi nghiém s6 cho thiy nghiém ctia phuong phap
RBF-FD sit dung két hop 2 thuét toan mdi dugc dé xuat 0T1, 0T2, n dinh va dd chinh
x4c cao hon so v6i nghiém ctia FEM va nghiém ctia phuong phdp RBF-FD st dung két hop
2 thuat toan ODP1, ODP2, ddng thdi chi phi tinh toan cta cdc thuit todn méi ciing giam
dang ké.

- Gidi thiéu ti mi cac thir nghiém s6 trong khong gian 3 chiéu cho phuong phap
RBF-FD st dung céc thuit toan chon tim dudc dé xuit 8-Octants, 16-Octants,
oct-dist, dong thdi 4p dung cic thuit todn tet, k-near, pQR4sel, pQR3, pQR4
cho phuong phap RBF-FD trén cdc bai toan c6 mién hinh 16i hoic mién hinh hoc phiic
tap trong thuc té véi cac cach rdi rac mién khac nhau, ddi sanh cac két qua ctia phuong
phap RBF-FD véi két qua ctia FEM. Két qua thit nghiém sb cho thiy, nghiém cta phuong
phdp RBF-FD sii dung céc thuat todn chon khac nhau c6 do chinh xdc tbt va c6 thé so
sanh véi nghiém cia FEM.
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KET LUAN

Luén an nghién ctiu phuong phap khong luéi RBF-FD giai phuong trinh dao ham

riéng elliptic, cac két qua Luén 4n dat dudc:

Pé xuit thuit toan chon tim mdi hd trd tinh véc to trong s6 cho phuong phap
RBF-FD gidi phuong trinh dao ham riéng elliptic trong khong gian 2 chiéu.

Dé xuét thuit toan sinh tdm thich nghi cho phuong phap RBF-FD giai phuong trinh
dao ham riéng elliptic trong khong gian 2 chiéu trén cdc bai toan c6 mién hinh hoc

phuc tap, nghiém c6 ky di hodc dao dong 16n.

Dé xuét 3 thuit todn chon tAm mdi cho phuong phiap RBF-FD trong khong gian 3

chiéu trén cdc bai todn c6 mién 15i hodc mién hinh hoc phiic tap.

Nghién cifu chi tiét cac thi nghiém s6 cho phuong phap RBF-FD st dung cdc thuat
toan dudc dé xuit gidi phuong trinh dao ham riéng elliptic trong khong gian 2
chiéu trén c4c bai toan c6 mién hinh hoc phic tap, nghiém c6 ky di hoic dao dong
16n. Pong thdi xay dung cic thit nghiém sb cho phuong phap RBF-FD trong khong
gian 3 chiéu trén cac bai toan mién 16i hodc mién hinh hoc phiic tap trong thuc té,

vdi cac cdch tao diém clia mién rdi rac khac nhau.

Ciac két qua thit nghiém sb cho thiy, két qui ctia phuong phap RBF-FD sit dung céc

thuat toan méi dudc dé xuit c6 do chinh xdc cao hon két qua ctia FEM va két qua cta

phuong phap RBF-FD st dung cic thuat toan da dudc dé xuat, dong thdi chi phi tinh toan

cua cac thudt toan mdi cling giam.

Luin 4n cling m& ra mot sd huéng dé c6 thé tiép tuc nghién ciiu:

Nghién cifu phuong phap RBF-FD gii phuong trinh dao ham riéng elliptic v6i diéu

kién bién Neumann hoic diéu kién bién hdn hop.

Phat trién thuat toan sinh tim cho phuong phdp RBF-FD trong khong gian 3 chiéu.
VAn dé ting tdc do tinh todn clia phuong phép ciing can dudc nghién cifu.

Nghién ctiu phuong phdp RBF-FD gidi c4c bai todn ¢ chia tham s bé.

Chiing minh tinh xap xi, 6n dinh va hoi tu clia nghiém xap xi.
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