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L1 cam doan

T6i xin cam doan day la cong trinh nghién citu cta riéng t6i, dugc hoan thanh duéi
su huéng dan ctia PGS.TS. Truong Minh Tuyén. Cac két qua nghién cttu chung véi
cac dong tac gid da duge sy dong ¥ clia cac dong tac gia trude khi dua vao luan an.
Cac két qua trinh bay trong luan an 1a két qua nghién ctu clia toi va cac dong tac gia
trong cac cong trinh lién quan dén luan an; ngoai cac cong trinh nay, cac két qua do

chua ting duge cong bé trong bat ky cong trinh nghién ciiu nao khéc.

Thair Nguyén, thang 9 nam 2026

Nghién citu sinh

Phan Thi Van Huyén
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LG1 cam on

Luan an nay dudc thuc hién tai Khoa Toan — Tin, Truong Dai hoc Khoa hoc,
Dai hoc Théai Nguyén duéi sy huéng dan khoa hoc cia PGS.TS. Truong Minh Tuyén.

Trude hét, toi xin bay té long biét on sau sic t6i PGS.TS. Truong Minh Tuyén,
ngusi da tryc tiép huéng dan va dinh huéng nghién citu cho t6i trong sudt qué trinh
thite hien luan an. Thay da tan tinh chi bdo, gitp toi liya chon huéng nghién citu, tiép
can cac phuong phap phit hop, dong thoi luon dong vien va tao diéu kien thuan lgi dé
toi hoan thanh cong trinh nay.

Téi xin tran trong cadm on PGS.TS. Nguyén Song Ha da danh nhiéu thoi gian trao
ddi chuyen mon, gép ¥ cho céc noi dung ctia luan an va hd trg toi trong qua trinh hoc
tap va nghién ciu.

Toi xin chan thanh cam on cac thay co trong Khoa Toan — Tin, Truong Dai hoc
Khoa hoc, Dai hoc Thai Nguyén; cac anh chi nghién cttu sinh trong Khoa; cting cac
thanh vién trong nhém nghién cttu cia PGS.TS. Truong Minh Tuyén da quan tam,
trao doi hoc thuat va cé nhiéu y kién dong gép quy bau cho qua trinh nghién ctu
cua toi.

T6i xin tran trong cam on Phong Dao tao, Truong Dai hoc Khoa hoc — Dai hoc
Thai Nguyén da hd trg va tao diéu kién thuan loi cho t6i trong qua trinh hoc tap,
nghién citu cting nhu hoan thién céc thi tuc lien quan dén chuong trinh ddo tao nghién
citu sinh.

T6i cling xin tran trong cam on Ban Giam hiéu, Ban Chu nhiém Khoa Khoa hoc
Co ban vd Ung dung, Truong Dai hoc K§ thuat Cong nghiép — Dai hoc Théai Nguyén

da tao diéu kien thuan loi dé to6i dudge hoc tap va nghién ctu. Toi xin cdm on cac thay



v

¢o dong nghiep trong Khoa Khoa hoc Co ban va Ung dung, dic biet 1a cac thiy co
trong Bo mon Toan, da luon ho trg va chia sé trong cong viéc gidng day cting nhu
dong vién toi trong thoi gian hoc tap.

Cudi cung, t6i xin bay té long biét on sau sic t6i gia dinh: bé me, anh chi em,
chong va hai con, nhitng ngudi luon 13 nguon dong vién va ché dya tinh than gitp toi

vuot qua nhitng khé khan dé hoan thanh luan &n nay.

Nghién citu sinh

Phan Thi Van Huyén
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() tich vo huéng tren H.
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I toan ti dong nhat.
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Ne¢(xg) noén phap tuyén ctia tap C' tai diém .
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MG dau

1. Lich s van dé va ly do chon dé tai

Phuong trinh todn ti (Operator Equation Problem), viét tat 1a (OEQ) 1a mot trong
nhttng mo6 hinh co ban va quan trong ciia Toan hoc hién dai. Nhiéu bai toan trong giai

tich va tng dung c6 thé quy vé viéc giai phuong trinh toan ti tong quat dudi dang
A@)=f, =€l feV, (OEQ)

trong do A la mot toan tit tit khong gian U vao khong gian V.

Ly thuyét co ban vé phuong trinh toan tit tuyén tinh hay phi tuyén thuong duge
xay dung trong khong gian Hilbert hoic Banach, bat nguodn tit Iy thuyét cd dién vé
phuong trinh vi phan va tich phan, dong thoi tao nén nén tang cho nhiéu huéng nghién
cttu hién dai trong toan hoc ting dung. Trong Toan hoc thuan tuy, bai toan (OEQ)
lien quan mat thiét dén nhiéu linh vuc 1y thuyét khéc nhau nhu: bat dang thic bién
phan; t6i wu hoéa; 1ap trinh todn hoc va 1y thuyét diém bat dong (xem [8]/12,31,47,58]).
Trong Vat 1y va Co hoc, cac phuong trinh Navier-Stokes mo ta chuyén dong clia chat
16ng, phuong trinh Schrodinger trong co hoc Iugng ti, hay cac bai toan tiép xic va
ma sat trong co hoc chat ran déu cé thé dude dién dat dusi dang phuong trinh toan
tir (xem [41,/48,67]). Trong nhitng nam gan day, nhiéu nghién citu vé khoa hoc dit lieu
va tinh toan hién dai, x1t 1y tin hiéu vA tai tao dnh ciing duge quy vé cic phuong trinh
toan tir nghich déo (xem [23,28]).

Trong Toan hoc ciing nhu trong thire tién, ngudi ta thudng gap phéi cac bai toan
ma trong d6 101 gidi can thod man dong thoi nhieu dieu kién rang buoc dit tai nhiing

khong gian khéc nhau. Mot trong nhitng moé hinh toan hoc tiéu biéu cho loai bai toan



nay 1 bai todn chap nhan tach (Split Feasibility Problem) trong cac khong gian Hilbert
hitu han chiéu, viét tat 1a (SFP), duge gidi thiéu lan dau tién bdi Y. Censor va T.
Elfving (xem [17]) cho md hinh bai toan nguge. Bai toan (SFP) duge phat biéu nhu
sau: Cho C va @ lan lugt 1a cac tap con 16i, déng va khac réng trong cac khong gian

Hilbert thuc Hy va Ho, T : Hi — Ho 13 mot toan ti tuyén tinh bi chan.
Tim phan ti p € C sao cho T(p) € Q. (SFP)

Ké tit khi ra doi, bai toan chap nhan tach da tré thanh cht dé nghién citu
quan trong va duge ing dung rong rai trong nhiéu linh viyc thuyc té nhu xtt 1y tin hieu
va khoi phuc anh (xem [15]), lieu phap xa tri diéu chinh cuong do, giap t6i uu hoa
phuong phéap diéu tri (xem [18,[19]), gidi quyét cdc bai todn can bang trong kinh té va
Iy thuyét tro choi (xem [40]) va mot s6 ing dung khac.

Mot mé rong clia bai toan chap nhan tach 1& bai todn chap nhan tach da tap
hop (Multiple-Sets Split Feasibility Problem), viét tat la (MSSFP). Bai toan nay dugc
Y. Censor va cac cong su dé xuit va nghién citu vao nam 2005 (xem [18]), duge trinh
bay nhu sau: Cho Cj, i =1,2,..., N la N tap con 16i déng khic rdng ctia khong gian
Hilbert thuc H; va Q;, 7 = 1,2,..., M la M tap con 1oi déng khac rdng ctia khong
gian Hilbert thuc Ha, T : Hi — Ho 1a mot toan ti tuyén tinh bi chin.

N
Tim pe ﬂ C; saocho T(p) €
i=1 j

Q. (MSSFP)

=

1

Gia stt C' 1a mot tap con 16i va déng ciia khong gian Hilbert H;. Ta biét ring tap

diém cuc tiéu cua ham chi

' 0, néu z € C,
io(x) =
oo, néu z ¢ C
la arg miny, ic(x) = C. Do d6, ta nhan duge C' = Zer(dic), v6i i 1a dudi vi phan

clia ic (trong [58], R. T. Rockafellar da chi ra rang dic 1a mot toan tit don dieu



cuc dai). Ngoai ra, C' ciing la tap khong diém ciia toan tit don diu A xac dinh béi
A =1 — Pq-. Do d6, ta c6 thé xem bai toan chap nhan tach hay 1a
truong hop rieng ctia bai toan khong diém chung tach.

Bai todn khong diém chung tdch (Split Common Null Point Problem), viét tit 1a
(SCNPP) (xem [16,227,65,/66]) dugc cho nhu sau: Cho A; @ Hy — 27 i=1,2,... N
va Bj: Ho — oMz 5 — 1.2 ..., M tuong ting la cac toan tit don dicu cyc dai trong cac

khong gian Hilbert thuc Hy vaA Ho, T : Hi — Ho 14 mot toan tit tuyén tinh bi chan.

Tim phan tt p € ﬁZer(Ai) N7 ((]\ﬁ Zer(Bj)> : (SCNPP)
i=1 j=1

Néu A; 1a toan tit don dieu cuc dai, thi toan tit gidi JA = (I 4+ rA;)~' 1a mot anh
xa khong gian va Zer(4;) = Fix(JA) v6i moi r > 0. Nhu vay, bai toan khong diém
chung tach c6 thé dua vé bai toan diém bat dong chung tach tuong tng.

Bai todn diém bat dong chung tdach (Split Common Fived Point Problem), viét
tat 1a (SCFPP) (xem [20,/61,72,78]) dugc phat biéu nhu sau: Cho T; : Hy — Hi,
i=1,2,...,NvaS;: Hy— Ho, j=1,2,..., M la cac &nh xa khong gian trén cac
khong gian Hilbert thuc Hy v Ho. T 1 Hi — Ho 1a mot toan ti tuyén tinh bi chan.

N M
Tim phan tt p € ﬂ Fix(T;) N T~* (ﬂ FiX(Sj)> . (SCFPP)
i=1 j=1

Bai toan chap nhan tach cling cidc bai toan lien quan ngay cang dudc md rong
va tong quat hon. Nam 2020, S. Reich va cong su da nghién citu va gidi thicu mot
mo hinh tong quat ctia bai toan chap nhan tach, dugc goi 1a bai todn chap nhan tich
vdi da tap dau ra (Split Feasibility Problem with Multiple Output Sets), viét tat la
(SFP-MOS) (xem [52,/53]). Bai toan dugc phat biéu nhu sau:

Cho H, H;, 1 = 1,2,...,N, la cac khong gian Hilbert thuc, T; : H — H,,
i=1,2,...,N, la cac toan ti tuyén tinh bi chin. Cho C va @Q; 1a cac tap con 10i,

dong, khac rdng ctia H va H,, i = 1,2,..., N, tuong ting. Bai toan yéu cau:

Tim phan tit p € H sao cho p € C va T;(p) € Q;, (SFP-MOS)



véimoi i =1,2,..., N. Trong truong hop N = 1 thi bai toan tré thanh
bai toan (SEP). Mot s6 16p bai toan lien quan nhu bai toan khong diém chung téch
v6i da tap dau ra (xem [54]) hay bai todn diém bat dong tach véi da tap dau ra ciing
da dugc nghién citu (xem [55,56]).

Bai todn khong diém chung tdach vdi da tap dau ra (Split Common Null Point
Problem with Multiple Output Sets), viét tat 1a (SCNPP-MOS), dugce phéat bic¢u nhu
saui: Cho A: H—=2"va A;: H; — 2", i=1,2,... N, la cac toan tit don diéu cuc

dai. Cho Tj: H — H,;,i=1,2,..., N, la cac toan tit tuyén tinh bi chan.
N
Tim mot phan tit p € Zer(A) N (ﬂ Til(Zer(Ai))> : (SCNPP-MOS)
i=1

Bai todan diém bat dong chung tdch véi da tap dau ra (Split Common Fived Point
Problem with Multiple Output Sets), viét tat 1a (SCFPP-MOS), dugc cho nhu sau:
ChoS: H—>HvasS;: Hi— H;,i=1,2,...,N, la cac anh xa khong gian. Cho
T, H— H;,i=1,2,...,N, la cac toan ti tuyén tinh bi chan.

N
Tim mot phan it p € Fix(S) N (ﬂ Til(FiX(Si))> : (SCFPP-MOS)
i=1

Mac dit chi mé6i duge dé xuat trong thoi gian gan day, 16p bai toin chap nhan tach
v6i da tap dau ra da thu hit sy quan tam dang ké ciia cong dong nghién citu. Minh
ching cho diéu nay 1d nhiéu cong trinh khoa hoc da dugc cong bb theo hudng tiép can
nay. Dién hinh nhu cong trinh [52], tinh dén thang 06/2026, da nhan duge 139 trich
dan. Céc cong trinh nay tap trung theo hai huéng chinh: mot 1a, mé rong va khai quat
héa mo hinh bai toan sang cac 16p 4nh xa hoisic khong gian tong quét hon; hai la, deé
xuat, phan tich ciing nhu cai tién cac thuat toan lip nham nang cao téc do hoi tu va
tinh on dinh ctia phuong phap. Vi du nhu, nam 2022 trong cong trinh [77], F. Wang
da chi ra rang, trong thuc té, cac tap hop 16i don gidn nhu nita mat phéng hay hinh
cau déng thuong dude st dung trong cac thuat toan giai bai toan chap nhan tach do

viéc chiéu tryc giao lén céc tap nay tuong doéi dé dang. Tuy nhién, trong nhicu tng



dung, céc tap hgp xuét hién cé thé 1a nhitng tap phiic tap hon, chang han nhu tap
diém bat dong clia cac anh xa phi tuyén, khién viéc chiéu truc tiép tré nen khé khan.
Do d6, dé mé rong kha nang ap dung mo hinh, F. Wang da nghién citu mot mo hinh

bai toan chap nhan tach vé6i da tap dau ra dudi dang sau.
N
Tim z' € Fix(Ap) N (ﬂ Til(FiX(Ai))> ,
i=1

trong d6 A; : H; — H;, 1 =0,1,2,..., N 1a anh xa phi tuyén, T; : H — H,; 1a anh xa
tuyén tinh bi chdn, z = 1,2,..., N. Nam 2024, S. Gebregiorgis va cac cong su (xem [30])
ciing da két hop bai toan chap nhan tach v6i da tap dau ra véi bai toan diem bat dong
cho 16p anh xa ntia co thanh mot mo hinh tdng quat hon, véi muc tiéu 1a xac dinh

mot phan tit z* € H; thda man

trong d6 C' la tap con 161, dong, khac rong ctia Hy, Tj : Hi — Ha, j = 1,2,...,p 12
cac todn ti tuyén tinh bi chan, Qjx C Ha, k =1,2,...,r; 1a cac tap 161, dong, khac
rong va S : C' — C 1a anh xa niia co.

Ngoai ra, nhiéu cong trinh nghién cttu gan day da tiép tuc phat trien va mé rong
céc két qué lien quan dén bai todn (SFP-MOS). C6 thé ké dén cac déng gop cia
Y. Zhang va Y. Guan (xem [81]), H. Cui va cac cong su (xem [25,26]), T. Taddele
va cong su (xem [63]), S. Rashid va cong su (xem [57]), N. T. T. Thuy va cac cong
sut (xem [43,74,75]), T. V. Thang va cac cong su (xem [68,69]), cing nhiéu nghién cttu
khac. Qua d6 cho thay huéng nghién cttu vé cac bai toan tach véi da tap dau ra van
dang tiép tuc phat trién va mé ra nhiéu trién vong ting dung trong khoa hoc ciing nhu
thuc tién.

Xuat phat tir cac mo hinh bai toan (OEQ), (SFP) va (SFP-MOS)), nam 2023 trong

cong trinh (CT1), chiing to6i gidi thiéu va nghién ctu mot mo hinh bai todn méi, goi 1a

“Bat toan nghiém chung tach cho lép phuong trinh toan tw don diéu vdi da



tap dau ra” (SCSP-MOE: Split Common Solution Problem for Monotone Operator
Equations) trong khong gian Hilbert, cting v6i mot s6 bai toan lien quan. Mo hinh bai
toan trong khong gian Hilbert duge phat biéu nhu sau: Cho H va H;,
i=1,2,...,N, la cac khong gian Hilbert thiyc. Cho A: H — H va A; : H; — H,,
1 =1,2,..., N, la cac toan t1t don diéu. Cho T; : H — H;, i =1,2,...,N, la cac
toan tit tuyén tinh bi chian. Cho f v f; 1a cac phan tit cho trudc thuoc H va H,,

1=1,2,..., N, tuong ting. Dat

Ot ={z et | Al) = f},
QY = {z e H | Ai(Ty(z)) = f;}, vé6imoii=1,2,..., N.

Bai toan yéu cau:

N
Tim mot phan tit p € Q = Q4N (ﬂ QAZ> £ 0. (SCSP-MOE)
i=1

. 1
Neu S : H — H la mot anh xa khong gian, thi 7 — S la 7" don diéu manh ngugc.
Do d6, ta c6 mot s6 truong hgp dac biét ctia bai toan (SCSP-MOE]) nhu sau:
i) Cho B : H — H va B; : H; — H; la cac anh xa khong gian, f = 0 va
fz’ =0, (Z = 1,2,...,N). Dat A:I—BVE\IAZ =1,—B;, trongdé]va I; lan lugt
14 toan tit dong nhat clia H va H;, ¢ = 1,2,..., N, khi d6 bai toan (SCSP-MOE))

trd thanh bai todn diém bat dong chung tach vdi da tap dau ra
Tim p € H sao cho B(p) = p va B;(T;(p)) = Ti(p).

Dic biét, néu B = P va B; = Pg,, i = 1,2,..., N thi bai toan (SCSP-MOE)

tré thanh bai todn chdp nhan tach vdi da tap dau ra.

ii) Cho F': H —Hva F;: H; = H;i=1,2,..., N la cac toan tit don diéu cyce dai,
f=0vaf;=0,i=12,... N.Dat A=1-JF va A, =1, — J, trong d¢
JE =T +rF)tva Jgi = (I; + r;F;)7! 1a cic toan tit gidi ctia F va F} tuong
ting, khi d6 bai toan trd thanh bai todn khong diém chung tach vdi



da tap dau ra:

Tim p € H sao cho F(p) =0 va F;(T;(p)) = 0.

Nhu vay, mo hinh bai toan bao ham nhiéu 16p bai toan tach khac nhau,
trong do6 c6 bai toan chap nhan tach va mot s6 mo hinh bai toan tach lien quan. Do
cac bai toan nay c6 nhiéu ting dung trong thic tién nén mo hinh c6 kha
nang ké thita vd md rong cac huéng ing dung do, dac biet doi véi cac bai toan doi hoi
dong thoi thoa man nhiéu diéu kién hodc khai thac thong tin tit nhiéu nguon. Vi vay,
viéc nghién cttu vé mo hinh bai toan nay ctiing v6i do6 1a cac phuong phap tim nghiém
clia bai toan 1a mot chii dé c¢6 ¥ nghia khoa hoc. Trén co sé d6, ching toi liya chon bai
toan nay lam doi tuong nghién citu chinh ctia luan an.

Bén canh huéng mé rong va tong quat hoéa cac mo hinh ciia bai toan chap nhan
tach, viec phét trién cidc phuong phéap giai cho 16p bai toan nay da thu hit sy quan
tam dang ké trong nhitng nam gan day. Sau day, ching toi trinh bay khai quat mot sb
phuong phap va thuat toan tieu biéu. Cac phuong phap nay lam co sé cho viéc xay
dung va phan tich cac phuong phap dugc dé xuat trong luan an.

Nam 1932, J. Hadamard (xem [34]) da chi ra rdng phan 16n cac bai toan tach, dic
biét 1a nhitng bai toan c6 lien quan dén toan tit ngude, thuong 1& bai todn dat khong
chinh (ill-posed problems). Nghiém ctia chiing c6 thé khong ton tai, khong duy nhat
hoiic khong 6n dinh trude nhitng nhiéu nhé trong dit lieu dau vao. Didu nay gay kho
khin dang ké trong thiyc hanh tinh toan va trong céc ting dung nhu xt 1y tin hiéu, khoi
phuc dnh, hay bai toan ngudc trong vat 1y toan. Dé khic phuc van dé nay, nam 1943,
A. N. Tikhonov (xem [71]) da dé xuat phuong phdp hiéu chinh Tikhonov ( Tikhonov
regularization) — mot cong cu co dién nhung van cé gia tri nén tang cho dén ngay nay.

Y tudng chinh cfia phuong phap nay la thay vi giai truc tiép bai toan dit khong chinh

Ax =0

Y



ta xét mot bai toan dat chinh dang
min || Az — b|[* + A%, (0.1)
TeH

trong d6 A 1a toan ti tuyén tinh, A > 01a tham s6 hiéu chinh (regularization parameter).

Diéu kien t6i uu bac nhat cia (0.1)) tuong duong véi phuong trinh
A*(Az —b) + Az = 0.

Khi A — 0, nghiém hiéu chinh z, tién dan t6i nghiém thic ctia bai toan gdc. Tir do,
phuong phap hiéu chinh Tikhonov da tré thanh mot cong cu quan trong trong giai
tich phi tuyén va dugc két hgp véi nhidu phuong phap lap hien dai dé giai cac bai
toan t6i uwu, bat ding thitc bién phan, bai todn tach va nhiéu bai todn khéac. Nhitng
két qua nay cé thé xem trong mot sb6 cong trinh ctia Y. I. Alber va I. V. Ryazantseva
(xem [8]), M. T. Nair (xem [47]), P. K. Anh va céc cong sy (xem [4,5]36]), cing nhiéu
tac gid khac. Diéu nay cho thay phuong phap hiéu chinh Tikhonov van tiép tuc duge
phét trién va mé rong.

Mot trong nhitng phuong phap phoé bién dé giai 16p bai toan chap nhan tach do la
phuong phap CQ, dugc gidi thieu lan dau boi C. Byrne (xem [15]). Thuat toan CQ
cling mot s6 md rong clia né nhin chung chi thu duge sy hoi tu yéu trong khong gian
Hilbert thuc vé han chiéu véi ¢d bude duge chon phu thude vao chuan ciia toan tit
chuyén (trong thyc té viéc tinh toan chuan ctia mot toan tit thusng khong don gian).
Dé khic phuc dugc han ché lien quan dén viéc tinh chuan ctia toan t chuyén cta
thuat toan CQ, thudt todn tu thich nghi da dudc dé xuat, mot s6 nghién citu ve thuat
toan nay cé6 thé xem trong cac tai lieu [42,51,62,[70,[80] va cic tai lieu lien quan khac.
Uu diém ctia cac thuat toan nay 1 ¢d bude duge xay dung tu thich nghi, khong phu
thuoc vao chuan ciia toan tit chuyén.

Thudt todn diém gan ké (Prozimal Point Algorithm) ciing 1a mot trong nhitng thuat
toan quan trong dé giai 16p bai toan chap nhan tach. Thuat toan nay duge nghién
cttu lan dau bdi B. Martinet (xem [44]) cho bai todn cyc tiéu ctia phiém ham 15i trong

khong gian Hilbert H. Tac gia da xay dung day lap {x,} hoi tu yéu dén nghiém tbi



uu cila phiém ham 16i f, v6i xap xi dau x; € H va cong thitc lip 1a
. 1 9
Tpe1 =argmins f(y) + =|ly — x|y, n>1. (0.2)
yeH 2
Day {,} dugc xay dung trong (0.2) c6 thé duge viét lai dudi dang
af(xm—l) + ZTpy1 DXy, N> L

Nam 1976, R. T. Rockafellar (xem [59]) da ap dung phuong phap diém gan ké ctia
B. Martinet dé tim khong diém cia todn ti don diéu cuc dai A : H — 2™ trong khong
gian Hilbert H. Ong da dé xuat mot day lap {z,} véi diém xudt phat 2y € H, dudc
xac dinh theo quy tac

rnA(Tpe1) + Tps1 D2, n >0, 1, >19 > 0. (0.3)
Cong thic lap (0.3)) tuong duong véi

Tpt+1 = '];i (Jin),

trong d6 J7* = (I +r,A)™" 1a toan ti gidi cia A v6i ry, > ro > 0.

Tuy nhién, phuong phap diém gan ké chi dat dugce su hoi tu yéu trong khong gian
Hilbert vo han chiéu. Mot s6 vi du dé chi ra ring day lip tao bdi chi hoi tu yéu
c6 thé xem trong [33] ctia O. Guler va [11] ctia H. H. Bauschke va céc cong su. Dé
dat dugc sy hoi tu manh, phuong phap diém gan ké dugc cac tac gia két hop véi mot
s6 phuong phap nhu phuong phap hiéu chinh Tikhonov, phuong phap lap Halpern,
phuong phap xap xi mém, phuong phap chiéu co hep, phuong phap chiéu lai ghép va
mot s6 phuong phap khéac (xem [14,24,33,46]).

Mot huéng mé rong khac ctia phuong phap diém gan ké dé 1a dua them thanh
phan quan tinh vao cong thic lap ctia thuat toan v6i mong muén dé tang tdc do hoi tu.
Céc thudt todn qudn tinh (inertial algorithms) c6 ngudn goc tit co hoc ¢d dién. Cong
trinh dau tien dat nén méng cho thuat toin quan tinh 1a bai bao ctia B. T. Polyak vao

nam 1964 (xem [49]). Trong cong trinh nay, tac gid da dé xuat cac phuong phap lap
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k-bude dé giai phuong trinh toan tit trong khong gian Banach, ciing nhu cdc phuong
phép gii cho bai toan t6i uu kha vi thong qua viéc giai phuong trinh V f(z) = 0. Nam
1987, ¥ tudng quan tinh duge B. T. Polyak chuan héa va phét trién day du hon trong
phuong phap Heavy Ball (xem [50]), v6i cong thic lap

xn—l—l — " OéVf(l‘n> _’_B(xn . mn—l),

trong d6 a > 0 va B € [0,1). Nho vao thanh phan “quan tinh” thong qua sai phan
2™ — 2", phuong phap nay da dudc chi ra la c6 kha nang cai thien dang ké téc do
hoi tu so v6i cac phuong phap mot bude c¢o dién trong cac bai toan t6i wu 16i tron.
Nam 2001, F. Alvarez va H. Attouch da dua thém thanh phan quan tinh vao phuong
phap diém gan ké, qua d6 dé xudt phuong phdp diém gan ké qudn tinh dé tim khong
diém ctia toan tit don di¢u cyc dai trong khong gian Hilbert (xem [6,[7]). Ly ¥ tudng

tit viec dua bai toan tién hoa bac hai

d?x dx
— — 4+ A
Oedt2+ﬁdt+ (x), B>0,

ve dang tuong duong

Tpy1 — 2xn + Tp—1 + anJrl — Tn

0¢e 2 3

+ A(.I'n_;’_l).
T d6 ho da dua ra thuat toan diém gan ké quan tinh nhu sau
Tnt+l1l = J)i(xn + €n<$n - xn—l));

trong d6 A : H — 2% 1a toan tit don diéu cyc dai thoa man Zer(A) # 0. Khi d6 néu
day tham s6 dugc chon théa man mot s6 diéu kién nhat dinh thi diy lap sinh bdi
thuat toan trén sé hoi tu yéu t6i khong diém ctia toan tit A. Khi 6,, = 0 thi thuat toan
nay tréd thanh thuat toan diém gan ké co dién. Diém dic trung ctia nhitng thuat toan
c6 thanh phan quan tinh 13 mdi buéc lip mdi khong chi phu thude vao buée trude doé
ma con két hop thong tin tit hai bude lap truée. Trong mot s6 trusng hop cu thé, dieu

nay da dugc chi ra la gitp cai thien dang ké hieu suat clia cac thuat toan khong co
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thanh phan quan tinh. Bing cach két hgp v6i mot s6 ky thuat khac, nhiéu tac gia da
chi ra duge két qua hoi tu manh cho thuat toan diém gan ké quéan tinh, chang han
nhu W. Cholamjiak va H. Dutta (xem [22], ndm 2022), B. Tan va S. Y. Cho (xem [64],
nam 2022), D. V. Thong va cong sy (xem [73], ndm 2020). Gan day, huéng nghién cttu
nay tiép tuc dugc md rong theo huéng xay dung cac cong thitc lap c6 nhiéu thanh
phan quan tinh nhim ting téc do hoi tu, c6 thé xem trong cac cong trinh ctia O. S.
Iyiola va Y. Shehu (xem [37], nam 2022), va C. Zhang va cac cong su (xem [82], nam
2020). Hién nay, cac thuat todn quan tinh va phuong phap diém gan ké da tré thanh
nhitng cong cu httu hiéu trong téi wu, 1y thuyét diem bat dong va cac bai toan tach.
Tt nhitng phan tich va két qua da trinh bay & trén, ching toi Iya chon nghién citu
dé tai “Mot s6 phuong phap lap giai bai toan nghiém chung tach cho 16p
phuong trinh toan ti don diéu véi da tap dau ra” cho luan an ctia minh, nham

g6p phan phét trién 1y thuyét va cac thuat toan hiéu qua cho 16p bai toan nay.

2. Muc tiéu nghién ciu

Muc tiéu ctia luan an la nghién ctu, xay dung cac phuong phéap lap, thuat toan dé
tim nghiém cho bai toan (SCSP-MOE]) va mot s6 bai toan lien quan. Cac thuat toan
dugc phat trién theo huéng tu thich nghi. Cu thé nhu sau:

e Nghién cttu phuong phap hiéu chinh Tikhonov (15p an) cho bai toan (SCSP-MOE).
Tt phuong phap hiéu chinh thu dude, dé xuat phuong phap lip hién cho bai

toan nay.

e Nghién citu va dé xuat phuong phap diém gan ké quan tinh (hi¢u chinh) cho bai
toan ([SCSP-MOE]). Dong thoi dé xuat cac mo hinh két hop phuong phap nay
véi mot s6 ki thuat khac nhu phuong phap xap xi mém, phuong phap chiéu lai
ghép, phuong phap chiéu co hep nhim xay dung cac thuat toan hiéu qua hon dé

gi4i bai toan (SCSP-MOT).

e Ap dung cac thuat toan dé xudt cho mot sb bai toan lien quan va xay dung cac

vi du s6 minh hoa cho céc két qua 1y thuyét thu duge bang MATLAB.
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3. D6i tuong va pham vi nghién ciu

D6i tuong nghién citu ciia luan an 1a bai toan trong khong gian
Hilbert thuc va mot s6 bai toan lien quan nhu: bai toan khong diém chung tach véi da
tap dau ra; bai toan diém bat dong chung tach véi da tap dau ra; bai toan chap nhan
tach véi da tap dau ra va bai toan diém cuc tiéu chung tach véi da tap dau ra.

Pham vi nghién cttu: Luan an tap trung nghién citu va dé xuat mot so6 thuat toan
mdéi trén co sé phuong phéap hiéu chinh Tikhonov, phuong phap diém gan ké quan
tinh, ciing nhu su két hop gitta phuong phap diém gan ké quan tinh v6i mot so6 phuong
phap khac nhu phuong phap chiéu lai ghép, phuong phap chiéu co hep va phuong

phap xap xi mém dé giai 16p bai toan néu trén.
4. Cach tiép can, phuong phap nghién ciu

Dé nghién citu céc noi dung néu trén, luan an van dung cac kién thic va ki thuat
clia giai tich ham, giai tich 15i, t6i wu héa va 1y thuyét diém bat dong. Cach tiép can
dugc thuce hien thong qua viéc st dung cac phuong phap co dién, ching han nhu
phuong phéap chiéu va cac phuong phap lap, két hop véi nhitng ki thuat khac nhau
nhu tim kiém do dai bude thich nghi, k¥ thuat lai ghép, ki thuat thu hep va ki thuat

xoay vong.

5. Két qua nghién citu va cau tric cua luan an

Trong luan an nay, ching to6i dat duge mot s6 két qua mdi nhu sau:

e Dé xuat va nghien cttu bai toan (SCSP-MOE]), 1a mot mo hinh bai todn mdi ¢6
tinh téng quat, bao ham va mad rong ciia 16p bai toan chap nhan tach.

e Dé xudt hai phuong phap hiéu chinh Tikhonov bao gom phuong phép lap an va

phuong phéap lap hien dé giai bai toan (SCSP-MOE]), dong thsi khéo sat tinh on
dinh ctia hai phuong phap nay khi dit lieu dau vao bi nhiéu.

e D¢ xudt bén thuat toan lip mdéi dua trén phuong phap diém gan ké quan tinh
dé xap xi nghiem cho bai toan (SCSP-MOE)). Bao gom: mot thuat toan hoi tu
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yeu va ba thuat toan hoi tu manh. Thuat toan hoi tu manh dau tien dat dugc
bang cach két hgp thuat toan hoi tu yéu véi phuong phap xap xi mém. Hai thuat
toan hoi tu manh tiép theo 14 hai thuat toan chiéu xoay vong, dudc xay dung
biang cach két hop phuong phép diém gan ké véi da thanh phan quan tinh va k§

thuat chiéu lai ghép ho#c chiéu co hep.

e Ap dung cac thuat toan dé xuit gidi mot s6 bai toan lien quan va thuc hien céc
tinh toan s6 minh hoa trong cac khong gian hitu han chiéu, vo han chiéu va bai
toan khoi phuc tin hiéu.

Noi dung clia luan an duge chia thanh 04 chuong, ciing véi phan md dau, két luan,
danh muc cac ky hiéu, danh muc cac cong trinh khoa hoc ctua tac gia va tai liéu
tham khao.

Chuong 1: Kién thitc chuan bi.

Chuong 2: Phuong phap hiéu chinh Tikhonov giai bai toan (SCSP-MOE)).
Chuong 3: Thuat todn diém gan ké quan tinh giai bai toan (SCSP-MOE]).

Chuong 4: Hai thuat toan chiéu véi da thanh phan quan tinh gidi bai toan
(SCSP-NIOB).

Noi dung luan an dude xay dung duya trén cac két qua nghién citu da cong bo trong
ba bai béo (CT1), (CT2) va (CT3) trén cac tap chi SCIE Q1/Q2 trong Danh muc cac
cong trinh khoa hoc ctia tac gid lien quan dén luan an. Cac két qua ciia luan an da
dugce trinh bay tai:

e Seminar tai BO mon Toan ting dung va Tin hoc, Khoa Toan — Tin, Truong Dai

hoc Khoa hoc — Dai hoc Thai Nguyén, cac nam 2022 — 2025.

e Hoi nghi Toan hoc toan qudc lan thit X, Truong Dai hoc Su pham, Dai hoc Da
Nang, thang 8 nam 2023.

e Hoi thao T6i wu va Tinh toan khoa hoc lan thit 22, Ba Vi, thang 4 nam 2024.

e Hoi nghi Nghién citu sinh, Truong Dai hoc Khoa hoc — Dai hoc Thai Nguyén,
thang 11 nam 2024.
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Chuong 1

Kién thitc chuan bi

Trong chuong nay, ching toi nhac lai mot s6 kién thiic co ban clia giai tich ham
dugc st dung trong cac chuong sau bao gom: sy hoi tu manh, sy hoi tu yéu, tap 16i,
ham 10i, dué6i vi phan ctia ham 16i, mot s6 toan ti trong khong gian Hilbert, mot so
16p 4nh xa lién tuc, phép chiéu métric, toan tit loai don diéu, bat déng thic bién phan
va mot s6 bd dé bo tro.

Trong toan bo noi dung ctia chuong, ta luon gia thiét H 1a khong gian Hilbert thuc

v6i tich vo hudng duge ky hieu la (.,.) va chuan duge ky hieu l1a ||.||.

1.1 Mot s6 nodi dung co ban trong khong gian Hilbert

1.1.1 Su hoi tu manh va su hoi tu yéu
Dinh nghia 1.1.1 (xem [12], trang 33).

i) Day {z,} trong H dudc goi 1a hoi tu yéu dén phan tit z € H, ky hiéu z,, — z, néu

lim (z,,y) = (z,y), v6i moi y € H.

n—oo

ii) Day {z,} trong H dudc goi 1a hoi tu manh dén phan tt x € H, ky hicu
x, — x, néu

lim ||z, —z|| = 0.
n—oo

Chi y 1.1.2. Hoi tu manh kéo theo hoi tu yéu nhung diéu ngudc lai chua chic dang.



15

Vi du, xét khong gian cac day sé thuc c6 binh phuong kha tong
0.9]
% = {x: (T1, Ty o ooy Ty o) | X1, Ty oty Ty, - € R, mel<oo}
n=1

va day {e,} C £? dugc cho bdi
en=1(0,0,0,...,1,0,...),

trong d6 toa do thid n bang 1 va cac toa do con lai thi bang 0. Khi d6, e, — 0 khi
n — oo. Tuy nhién day {e, } khong hoi tu manh vé 0 khi n — oo, vi ||e,|| = 1 v6i moi
n>1.

Mot s6 tinh chat ctia diy bi chan duge st dung trong cac chiing minh ctia luan an
dugce trinh bay trong ciAc ménh dé duéi day.
Ménh dé 1.1.3 (xem [12], trang 36). Néu day {x,} la day bji chdn trong H thi day
{x,} c6 day con hoi tu yéu.
Ménh dé 1.1.4 (xem [12], trang 35, 36). Cho {z,} la mot day trong H. Khi dé, néu
T, — x € H thiday {x,} bi chan va

|z|| < liminf ||z,||.
n—oo

Ménh dé 1.1.5 (Tinh chat Kadec - Klee, xem [12], trang 37). Cho {x,} la mot day

trong H va v € H. Khi dé x,, — x néu va chi néu x, — x va ||x,|| — ||z

1.1.2 Toan ti¥ tuyén tinh bi chin va toan t lién hop

Dinh nghia 1.1.6 (xem [3], trang 200). Toan t1t tuyén tinh 7" tit khong gian Hilbert
H1 vao khong gian Hilbert Ho dudce goi 1a b chdn néu ton tai mot hang s6 M > 0 sao
cho v6i moi x € Hq, ta co

17 ()]} < Mll].

Meénh dé 1.1.7 (xem [3], trang 200). Todn tii tuyén tinh T : H1 — Ho la lien tuc

néu va chi néu né bi chan.
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Dinh nghia 1.1.8 (xem [3], trang 201). Cho T : Hi — Ha la todn ti tuyén tinh bj

chan. Khi dé, chuan cia toan t T ky hiéu la |T||, duge zdc dinh nhu sau

| 7(2)]]
Jz]l#0  HIT [J]|=1

Dinh nghia 1.1.9 (xem [3], trang 331). Cho T : H; — Hz 14 toan tt tuyén tinh bi

chan. Khi do6 todn ti lien hop T : Ho — H;q clha toan ti 1" duge xac dinh bdéi

(T'(x), y) = (x, T*(y)),
v6i moi x € ‘Hy va moi y € Ho.
Nhan xét 1.1.10. Toan tit lien hgp 7 clia toan tit tuyén tinh bi chan 7" luon ton tai
va xac dinh duy nhat. Hon ntta, 7% cling la toan tt tuyén tinh bi chan va ||[T*|| = ||T||.
1.1.3 Ham 156i va duéi vi phan ctia ham 16i
Dinh nghia 1.1.11 (xem [1], trang 18). Tap con khac rong C' ctia H dugc goi la

tdp 10i néu véi moi z,y € C, A € [0,1] thi Az + (1 — \)y € C (tic 14, moi doan thang
ndi hai diém bat ky trong C' déu thuoc C).

Vi du 1.1.12. Trong khong gian R", cac nita khong gian déng
C={zr= (1,29, ..., 2,) €ER" | (a,2) < a},
vii a € R" va o € R 1a cac tap 1oi.

Dinh nghia 1.1.13 (xem [2], trang 13). Cho C' 1a mot tap con 16i, khac rong trong H

va xg € C. Nén phdp tuyén cia C tai xo, dude ky hiéu 1a Ng(xg), duge xac dinh béi
No(zg) ={veH| (v, z —x) <0, Vx € C}.

Dinh nghia 1.1.14 (xem [12], trang 10, 113, 114). Ham f : H — (—o0, 0o] dugc

goi la:
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i) 10i trén H néu v6i moi s6 thue A € [0,1], Vo, y € H ta c6
fOz+ (1= Ny) < Af(z) + (1= f(y).
ii) loi chat trén H néu v6i moi s6 thue A € (0,1), Vo, y € H, x # y ta ¢
fQz+ (1= Ay) <Af(2)+ (1= A)[f(y).
iii) chinh thuong néu mién hitu hiéu ctia no6
domf ={xeH| f(z) <oo}#0.
Vi du 1.1.15. Mot s6 vi du vé ham 16i va ham 16i chit.
i) Cho C' la tap con 16i ctia H. Ham chi ctia C' xac dinh béi

. 0 néuzeC
io(r) =
oo néuz ¢ C

14 mot ham 16i.

ii) Ham chuan | - || 14 ham 16i nhung khong 16i chit. That vay, gia st x € H \ {0}
va a € (0,1). Khi d6

[z + (1 = )0 = [az]| = allz] = aflz]| + (1 = a)[0].

Do d6, ham || - || khong phai 1a ham 16i chat.

iii) Ham chuan binh phuong || - || 14 ham 15i chat.
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Dinh nghia 1.1.16 (xem [1], trang 24). Cho ham f:H — R vax € H.

i) Ham f duge goi 1a kha vi Gateaur tai diém z néu ton tai mot phan tit u € H
sao cho v6i moi y € H thi

mnﬂx+mn—f@ﬁ—ﬂ%U>
t—0 t

=0.

Phan tt u (néu ton tai) 1a duy nhat va duge goi 1a dao ham Gateaux cia f tai x,

ky hiéu la ff,(z) hoac V f(x).

ii) Ham f dugc goi 1a khd vi Fréchet tai diém z néu ton tai mot phan tit u € H sao

cho v6i moi y € ‘H thi

i & +Y) = f2) — (y.0)

—0.
lyl|—0 lyl|

Phan i u (néu ton tai) 14 duy nhat va duge goi la dao ham Fréchet ctia f tai x,

ky hiéu la f'(x) hodc Df(x).

Nhan xét 1.1.17. Theo dinh nghia, néu ham f kha vi Fréchet tai x thi n6 kha vi
Gateaux tai diém nay. Diéu ngudc lai ding khi f 1a ham 16i trong khong gian Hilbert

httu han chiéu.

Dinh nghia 1.1.18 (xem [12], trang 223). Cho ham f : H — (—o0, o0] 1a mot ham
16i, chinh thudng. Dudi vi phan cia f 1a mot toan ti da tri f : H — 27, dugce xac
dinh béi

Of(x) ={veM| fly) = f(z) = (v,y —x), Vy € H}. (1.1)

Ham f dugc goi 1a khd dudi vi phan tai x € H néu 0f(x) # 0; mdi phan ti ciia O f ()

dugce goi la dudi gradient cia f tai x.

Vi du 1.1.19. Ham chi ctia tap 16i C' ¢6 dudi vi phan tai méi diem z € C la

Jic(z) ={veH | (v,;y—x) <0,Vy € C} = Ng(x).



19
Mot s6 tinh chat cia ham 161, kha vi Gateaux va duéi vi phan ciia ham 16i dudge
trinh bay trong cadc ménh dé sau day.
Ménh dé 1.1.20 (xem [2], trang 120). Cho f la ham loi tren H. Khi dé:

i) Néu f khd vi Gateaux tai xo € dom f vdi dao ham Gateaux tai v la V f(xg) va

kha dudi vi phan tai xg, thi Of (zo) = {V f(xo)}.

i) Néu f la ham chinh thuong, lien tuc tai xo va Of(xo) gom mot phan ti duy nhat
thy f khd vi Gateaux tai g va dao ham Gateauz cia f chinh la phan ti duy

nhat do.

1.2 Mot s6 16p anh xa dic biét

Trong muc nay, ching toi trinh bay cac khai niém va tinh chat co ban clia mot s
16p anh xa dic biét, duge stt dung cho viéc thiét lap gid thiét ctia bai toan nghién citu

cting nhu chitng minh cac dinh 1y ctia luan an.

1.2.1 Anh xa lién tuc Lipschitz

Dinh nghia 1.2.1 (xem [1], trang 58). Cho C' la tap con khéc réng ciia H. Anh xa
T :C — H duge goi la:

i) dnh za L-lién tuc Lipschitz néu ton tai hang s6 L > 0 sao cho véi moi z,y € C,
ta co

[T (z) = T(y)|| < Ll — yl[;
ii) dnh za co néu T 1a L-lién tuc Lipschitz véi hiang s6 L < 1;

iii) dnh xa khong gian néu T 1a L-lien tuc Lipschitz véi hiang s6 L = 1, tiic 1a v6i
moi z,y € C, ta cb

17 () = T < llz =yl

Nhan xét 1.2.2. Moi anh xa L-lién tuc Lipschitz 1a 4nh xa lién tuc déu. Tuy nhién

mot anh xa lien tuc co thé khong lien tuc Lipschitz.
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Dinh nghia 1.2.3 (xem [12], trang 59). Cho C' la tap con khac rong ciia khong gian
Hilbert #, I 1 anh xa dong nhat tren H. Anh xa T : C' — H duoc goi la khong gian

viing néu
I =T)(x) =T =T)YWI* =l = ylI* = |T(x) = TWI*, Ye,yel.  (1.2)
Nhan xét 1.2.4. i) Biéu thiic (1.2)) c6 thé dugc viét lai dusi dang tuong duong

IT(2) = T(W)|* < (z —y, T(x) = T(y)), Va,yeC.

ii) Anh xa khong gian vimng la dnh xa khong gian.

Khai niem diém bat dong dong vai tro trung tam trong nhiéu thuat toan lap cla
16p bai toan chap nhan tach. Sau day, chung to6i trinh bay dinh nghia va mot s tinh

chat co ban clia diém bat dong ctia anh xa khong gian.

Dinh nghia 1.2.5 (xem [1], trang 63). Cho C 1 tap con khac rong ctia H. Phan ti
r € C duge goi la diém bat dong cia dnh va khong gian T : C — C néu T(x) = .

Tap tat cd cac diém bat dong ctia T ky hieu la Fix(T), tic 1a
Fix(T)={z € C | T(x) = z}.

Ménh dé 1.2.6 (xem [1], trang 65). Cho C la tdp con déng, khdc rong ciia khong gian
Hilbert H va T : C — C la dnh xa co thi T ¢6 duy nhat mot diém bat dong trong C.

Ménh dé 1.2.7 (xem [12], trang 78). Cho C' la tap con loi, dong, khdc rong va bi
chan cia H. Khi dé moi anh za khong gian T : C — C' ¢6 it nhat mot diém bat dong

tren C.

Ménh dé 1.2.8 (xem [12], trang 76). Cho C' la tdp con loi, déng, khdc rong clia H va
T :C — H la mot anh za khong gian. Khi dé Fix(T) la tap loi, déng.
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1.2.2 Anh xa h-lién tuc

Pinh nghia 1.2.9 (xem [1], trang 59). Cho C' la tap con khéc rong ciia H. Anh xa
T : C — H dugce goi 1a h-lien tuc tai x € C néu day {x,} C C hoi tu manh t6i = doc
theo mot duong thang kéo theo day {T'(z,)} hoi tu yéu téi T(x), tic la

T(xp) =T(x+t,y) = T(x) khi t,, — 0 v6i moi y € C.

Anh xa T dudc goi 1a h-lien tuc tréen C néu né h-lién tuc tai moi x € C.

Nhan xét 1.2.10. Moi anh xa lién tuc la anh xa h-lién tuc. Tuy nhién mét anh
xa h-lién tuc chua chic l1a 4nh xa lien tuc. Chéng han, xét anh xa T : R? — R x4c

dinh bdi
uv?

T(u,v) = 2u? + v
0 néu (u,v) = (0,0)

néu (u,v) # (0,0)

14 4nh xa h-lién tuc tai (0,0) nhung khong lién tuc tai diém nay. That vay, v6i moi
y = (a,b) € R? ta c6
t,ab?

2 214
T(z,) = T(tpy) = { 207 T30
0 néu (a,b) = (0,0).

néu (a,b) # (0,0),

Do d6, T(x,) — 0 khi ¢, — 0. Do d6 T 1a h-lién tuc tai (0, 0). Tuy nhién, néu chon day
1 2

Tn — 0,

v6i moi n € N thi ta ¢6

tuy nhién
(1/n?)(2/n)? 2

Ten) = g ey amyt ~ 97

Suy ra, T" khong lién tuc tai (0, 0).
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1.2.3 Phép chiéu métric

Ménh dé 1.2.11 (xem [1], trang 70). Cho C la mot tip con loi, dong khdc rong
clia H. Khi dé, vdi moi x € H, ton tai duy nhat phan tiy € C sao cho

—yll = inf —z|l. 1.
= yll = inf o 2| (13)

Dinh nghia 1.2.12 (xem [1], trang 71). Cho C 13 mot tap con 16i, déng, khac réng

trong H, anh xa Po : H — C sao cho véi moéi x € H ta ludn c6
_ P — inf llz —
lz = Pe()|| = inf ||z — z|

ducc goi 1a phép chiéu métric tit H len C. Phan tit Po(x) duge goi 1a hinh chiéu cia

x trén C.

Vi du 1.2.13. Trong khong gian Hilbert #, ta c6 mot s6 vi du sau vé phép chiéu

métric tit H lén mot tap con 16i, dong, khic rong clia no.

(i) Phép chiéu métric len mot siéu phang: Gia sit C la mot siéu phang, duge xac
dinh bdéi
C:{$€H| <$7y>:a}’

trong d6 y € H, y # 0 vi a € R. Khi d6, phép chiéu métric clia mot diem z € H
len C' dugce cho bdi cong thiic

(z,y) —a

Po(z) =2 — Y.
lyll?

(ii) Phép chiéu métric léen niia khong gian déng: Gia st Q 1a nita khong gian dong,
dugc xac dinh béi
Q={zeM|(zx,2) <a},

trong d6 z € H, z # 0 va a € R. Khi d6, v6i moi x € H, phép chiéu métric clia

lén () c6 dang
Py(x) = x — max {M, O} z.

I/
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Cac ménh dé sau trinh bay nhitng diic trung co ban va tinh chat hinh hoc ctia phép

chiéu métric.

Ménh dé 1.2.14 (xem [1], trang 72). Cho C' la tdp con loi déng khdc rong ciia khong
gian Hilbert H. Dieu kién can va di dé anh za Po : H — C' la phép chiéu métric tu H
len C' la

(x — Po(z),y — Po(x)) <0, vdi moix € Hvay e C.

Ménh dé 1.2.15 (xem [1], trang 73, 74). Cho C la tdp con 167 déng khdc rong ciia
khong gian Hilbert H va Po la mot phép chiéu métric t& H lén C. Khi dé cdc tinh

chat sau duogc théa man:

i) |Po(z) — Pe(y)|| < ||z —yll, Yo,y € H (tic phép chiéu métric la dnh za
khong gian);

i) | Po(z) —yll* < [lz — ylI* = || Po(z) — 2|

Nhan xét 1.2.16. Phép chiéu métric Po va anh xa I — Pg 1a cic anh xa khong gidn.

1.3 Toan ti& don diéu

Tinh don diéu va tinh bic cua toan ti dong vai tro quan trong trong viéc giai 16p
bai toan chap nhan tach. Cac meénh dé va dinh nghia dudi day trinh bay vé mot s
diéu kien dac trung cho tinh don diéu, don diéu manh, don diéu manh nguge va don

diéu cyc dai cung véi toan tit giai tuong tng ctia toan tit don diéu.

Dinh nghia 1.3.1 (xem [12], trang 2). Cho A : H — 2% 1a toan ti da tri c6 mién

xac dinh va mién gia tri lan luot 1a:

D(A) = {x € H | Alx) # 0},
R(A) = {A(2) | ¢ € D(A)}.

Khi do6 ta c6 cac khai niém sau.
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i) Do thi clia A la tap

GA) ={(z, u) | (x,u) € H x H,u € A(x)}.
ii) Todn ti nghich ddo A~': 2" — H x4c dinh bsi

AVw) = {z € H | ue A@)},
hay (u, ) € G(A™1) néu va chi néu (z, u) € G(A).

iii) Tap khong diém ctia A la

Zer(A) = A"H0)={z € D(A) | 0 € A(x)}.

Dinh nghia 1.3.2 (xem [12], trang 293, 297, 323). Cho H la khong gian Hilbert thuc,

toan tit A : H — 2" duge goi 1a

i) don diéu trén H néu
(x—y,u—wv) >0, véimoiz, yeH;,uec Alx),ve Aly).
ii) don diéu chat tréen H néu
(r—y,u—wv)>0, véimoiz,yeH; x#y uec Alx);ve Ay).
iii) y-don diéu manh trén H néu ton tai hang s6 v > 0 sao cho
(x —y, u—0v) >z —yl? véimoiz, yeH;ucAl);veAly).

iv) don diéu cuc dai tréen H néu A 1a toan tit don dieu va G(A) khong la tap con

thue su ciia do thi ctia toan tit don diéu nao khac.

Nhan xét 1.3.3. A la toan tit v-don diéu manh trén H thi A don diéu chat trén H.
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Vi du 1.3.4. Mot s6 vi du vé toan tit loai don diéu.

i) Ham f: H — (—o00, 00| la ham 16i, chinh thuong thi 0f 14 don dieu. That vay,
voi moi x, y € H, u € df(x), v € df(y), tu (1.1)) ta co

) <

(y)
(z)

(y

—x,u
<I’—y,’l)> S

fly) — f(z);
f — )
Cong vé v6i vé ta dugc

(x —y,u—wv) >0.

ii) Cho C' la tap con khéc rong cia khong gian Hilbert H, T : C' — H la anh xa
khong gian, o € [—1,1], I 14 anh xa dong nhat, dit A = I + T, khi d6 A 1a don

diéu. That vay, véi moi x,y € C ta cb

(r—y,Alz) — A(y)) = llz —y|* + alz —y, T(z) = T(y))
> |lz =yl (lz —yl| = [al[|T(z) = T(y)])
> 0.

Dinh nghia 1.3.5 (xem [1], trang 55). Cho C' la tap con khac rong ctia khong gian
Hilbert . Anh xa T : C — H dugc goi la bie tréen C néu ton tai 29 € C sao cho
(z —mo, T(x) —T(x9)) _

||| =00 |z — ]|

Nhan xét 1.3.6. Anh xa T la y-don diéu manh trén C thi né 1a bic tren C. Tuy

nhién, ngugce lai néi chung khong ding.

Meénh dé 1.3.7 (xem [12], trang 297). Todn ti A : H — 2% la todn ti don diéu cuc

dai néu va chi néu vdi moi (v,u) € H x H, tu dieu kién
(x —y, u—v) >0, wdimoiye D(A), veAly),

suy ra u € A(z).
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Ménh dé 1.3.8 (xem [12], trang 298). Néu T : H — H la todn ti don diéu va lien

tuc thi T la don diéu cuc das.

Ménh dé 1.3.9 (dinh ly Minty; xem [12], trang 311). Cho A : H — 2™ la todn ti
don dieu. Khi dé, A la todn ti don diéu cuc dai néu va chi néu R(I + A) = H.

Dinh nghia 1.3.10 (xem [12], trang 333). Cho A : H — 2% 14 mot toan ti don dieu
va A 1a mot hing s6 duong. Toan tit gidi ctia A ky hieu 1a J{' dugc xdc dinh bdi

Jd = (I+ 247"

Nhan xét 1.3.11. i) Khi A\ = 1, ta thuong viét J4 = J{.

ii) Theo Ménh dé|1.3.9, néu A la toan tit don digu cuc dai, thi J = (I + AA)7! 1a

don tri va xac dinh trén toan bo H.

Meénh dé 1.3.12 (xem [12], trang 335). Cho T : H — H la mot dnh za. Khi dé T la
khong gidn ving néu va chi néu T la todn ti gidi ctiia mot todan ti& don diéu cuc dai

A:H — 2™,

Ménh dé 1.3.13 (xem [12], trang 345). Cho A : H — 2% la mot todn ti don diéu, va
A la mot s6 thuc duong. Khi dé Fix(J{!) = Zer(A).

Ménh dé 1.3.14 (xem [12], trang 345). Cho A : H — 2% la mot todn ti don dieu
cuc dai. Khi dé Zer(A) la tap loi va déng.

Nhan xét 1.3.15. i) Néu A =1 — T, véi T la anh xa khong gian thi tap khong

diém ctia A chinh la tap diém bat dong cia T

ii) Néu A = 9f v6i f 1a ham 16i, chinh thudng, nita lien tuc dudi thi tap khong diém

ctia A chinh 1 tap diém cuc tiéu ctaa f.

Mot 16p anh xa quan trong khic trong giai tich va téi wu 14 4nh xa don diéu manh

nguge, duge dinh nghia nhu sau.
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Dinh nghia 1.3.16 (xem [12], trang 60). Cho C la tap con khéc rong cia ‘H va 5 la
mot hiing s6 duong. Anh xa T : C — H dugdce goi la 8-don diew manh nguge néu ST 1a

anh xa khong gian viing, tic la
(v =y, T(z) = T(y)) = BIT(x) = T(y)|*, v6imoiz, yeC.

. 1
Nhan xét 1.3.17. i) Néu 7T la anh xa f-don diéu manh nguge thi T 1a E—lién tuc

Lipschitz. That vay, v6i moi x,y € H, ta co

BIT(x) = TW)II* < (x —y, T(x) = T(y))
< lz = ylliT (@) = Tl

Do do,
1
1T(x) =Tl < Zllz =yl

1
i) Gia st S : H — H la anh xa khong gian. Khi d6, énh xa I — S la i—ddn diéu

manh nguge. That vay, véi moi x,y € H, vi S la anh xa khong gian nén

15(z) = Sl < llz = yll

Tu do, ta co

(@ =y, (I=8)(x) = (I = S)y) = |z —yl* — (& —y, S(x) - S(y))

= Sl =yl = 31S(x) - S@)IP
n %II(I — )(x) — (I = 8)(»)|’
> (7= 8)(@) — (T - )

1.4 Bét dang thic bién phan trong khéng gian Hilbert

Bai toan bat déng thic bién phan la mot moé hinh todn hoc quan trong véi nhiéu

ting dung trong t6i uu héa va cic linh vyc lien quan.
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Dinh nghia 1.4.1 (xem [1], trang 127). Cho C' la tap con 16i, déng, khéc réng trong
khong gian Hilbert thyc H va F': C' — H la mot anh xa xac dinh trén C. Bai toan
bat dang thitc bién phan (Variational Inequality Problem), viét tat 1a (VIP), c6 dang:

Tim z* € C sao cho (F(z*), z —2*) >0 véi moi x € C. (VIP)

Tap nghiém ctia bai toan bat dang thitc bién phan (VIP)) dugce ky hieu 1a Sol (VIP(F, C)).
Anh xa F va tap C tuong ing duge goi 14 anh xa gid (anh xa muc tiéu) v mién rang

buoc (mién chap nhan dugc) ciia bai toan.

Céc ménh dé sau day trinh bay vé diéu kién ton tai nghiém ctia bai toan bat ding
thitc bién phan (VIP)).
Ménh dé 1.4.2 (xem [1], trang 131). Cho C la tap con loi, déng va khdc rong
cua khong gian Hilbert H, F' : C — H la mot danh xa don diéu va lién tuc. Khi do
x € Sol(VIP(F,C)) khi va chi khi

reC: (Fy),y—z)>0, VYyeC.

Ménh dé 1.4.3 (xem [39], trang 13). Cho C la tap con loi, déng, bi chdn va khdc
rong cia khong gian Hilbert H, F : C — H la mot anh xa don diéu va lién tuc. Khi
dé, bai toan (VIP)) cd nghiém.
Ménh dé 1.4.4 (xem [39], trang 14). Cho C' la tdp con loi, déng va khdc rong cia
khong gian Hilbert H, F': C' — H la mot anh xa don diéu, biic va lién tuc. Khi do, bai
toan (VIP)) cé nghiém.

Mbi lien heé giita bai toan bat dang thiic bién phan v6i bai toan diém bat dong dugc
néu trong ménh dé sau day.
Ménh dé 1.4.5 (xem [1], trang 129). Gid s C' la mot tap con loi, déng, khdc rong
ctia khong gian Hilbert thuc H. Khi dé =* la nghiém cia Bai todn (VIP) néu va chi

néu vdi moi X > 0, * la diém bat dong ciia todn tit Po(I — AF) : C — C, tic la

¥ = Po(z" — A\F(xY)).
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Vi du 1.4.6. Xét ham muc tiéu

va tap rang buoc
C:{x€R2|x1+x2§1, x1 >0, xQZO}.
Bai toan bat déng thitc bién phan tuong ting la:
Tim z* € C sao cho (" —a,x —2*) >0 vé6i moi x € C.

Vi f(x) 1a ham 16i kha vi v6i gradient V f(z) = x — a nén bai toan trén chinh 1a bai
toan toi wu 16i:

: 1 9
min f(z) = min S|z — af|".

Do dé6, nghiém z* chinh 14 phép chiéu métric clia a lén tap C, tic la:
t = Pc<a).
Khi chiéu a lén C, ta thu duge nghiem z* = (1,0).

1.5 Mot sé bo dé bo trg

Trude hét, ching to6i nhic lai mot s6 déng thic va bat dang thic co ban trong

khong gian Hilbert, dugc sit dung trong chitng minh cac két qua ctia luan an.

Ménh dé 1.5.1 (xem [12], trang 29). Trong khong gian Hilbert H, cho x,y € H. Khi

do, ta co cac khang dinh sau:
i) {z,y)| < ||lz||.|lyll (Bdt dang thiic Cauchy - Schwarz);

ii) (z,y) = 5 (l=I* + Iyl = = — ylI*);

N | —
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(I + 9l =Nzl = llyl?).

N | =

iii) (x,y) =
Céc b6 dé sau day duge dung trong chiing minh cac két qua chinh ctia luan an.

B6 dé 1.5.2 (xem [8], trang 55). Néu A : H — H la mot todn ti don diéu, h-lién tuc
va bic thi R(A) =H.

B6 dé 1.5.3 (xem [8], trang 64). Néu F : H — H la todn tii don dieu cuc dai va
T :H — H la toan tu lién tuc Lipschitz trén H, thi khe do F' + T la toan ti don diéu
cuc dai. Néu F + T la bic thy R(F+T) =H.

Bo dé 1.5.4. Néu A : H — H la todan ti ~v-don diéu manh nguoc trén H, thi tap hop
S={z et | Alx)=f}
vdi moi f € R(A) la tap loi va déng trong H.

Chiing minh. Vi A : H — H la toan tit y-don diéu manh ngugc nén theo Nhan

1
x6t [1.3.17| ta ¢c6 A la —-lién tuc Lipschitz. Xét mot day {z,} C 9, tic la
Y

A(zy,) = f, v6imoin €N,

va gia st z, — x. Khi do, ta ¢6 A(z,) — A(z) nhd tinh lién tuc cia A. Suy ra
A(z) = f. Do d6 x € S. Nhu vay, S la tap dong trong H.

Tiép theo, ta chiing minh tinh 16i ctia S. That vay, véi moi x € S, y € S, tic 1a
Alx)=f, Aly) = fvaxe€[0,1], dat z = Az + (1 — Ny, ta ¢

[A(z) = fll = [|A(z) — A(2)[| = [[A(z) — A(y)][-
T tinh don diéu manh nguge cia A suy ra

NIA(Z) = I < S(AGz) — Af),A(z — 2)),

—_ 2

(1= NIAR) = I < =(A(z) = Ay), (1 = N)(z = y)).

)



31

Cong hai bat dang thic trén, ta dudc
1
IA(z) = fII* < ;(A(Z) —fiz=(Az+(1=XNy)) =0,

suy ra A(z) = f. Do d6 z € S. Nhu vay S la tap 1oi trong H.
Vay, S la tap 16i va dong trong H. O

Bb6 dé 1.5.5. Cho H va H;,i=1,2,..., N, la cdc khong gian Hilbert thuc. A - H — H
va A;  Hy — Hi, i =1,2,..., N, la cdc todan ti don diéu manh ngugc vdi hé so6 v va
v, tuong ing. Ty : H — H;, i = 1,2,..., N, la cdc toan ti tuyén tinh bi chan. Ddt
F:H — H duoc xac dinh bdi

N
F(z) = A(z) + Y T/ (Ai(Ti(2))),
i=1
vt mot x € H va T; : H; — H la toan tu lién hop cua toan tu'l;, i+ =1,2,..., N.

Khi dé ta c6 cdc khang dinh sau:
i) F' la mot todn t don diéu va lién tuc Lipschitz;
it) Toan ti I + F la mot song anh.

Chiing minh. Ta can ching minh rang v6i bat ky v € H, phuong trinh (F +1)(z) = u
c6 nghiém duy nhat.
Trude tién ta chitng minh rang F 14 toan tit don diéu va lién tuc Lipschitz. That

vay, véi bat ky x,y € H, ta co

(x —y, F(z) — F(y))

= (v —y, A(z) — A(y)) + Z(x -y, 17 (Ai(Ti(z))) — T (Ai(Ti(y))))
= (z —y, A(z) — A(y)) + Z(Ti(:v) = Ti(y), Ai(Ti(z)) — Ai(Ti(y)))

> || A(z) = A@)|I* + Z%HAZ-(T%(:I:)) — A(Ti(w))|* = 0.
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Do dé, F' la toan ti don diéu tut H vao H. Theo Nhan xét [1.3.17, cac toan tit A va A;

N 1 1
(i=1,2,...,N) lan lugt 1a —- v —-lién tuc Lipschitz. Do dé, ta c6
v Vi

IQ]ﬁMﬂmm—ﬁMﬂmmWSZNﬁ(@@W—ﬁ%ﬂmmH

SE]WWWH i(@)) = A(Ti))|

N
T 2
< SRy

=1 i
Tu ta dudc
|F(z) = F(y)ll < [[Alz H+§]W* — T (A(Ti ()|l

1732
< |-+ |z —yl|.
(W Zz_; Vi

Do d6, F' 1a L-lién tuc Lipschitz véi L = -|— Z

Tiép theo, ta sé chi ra F' + I 1a bic. That vay, vol moi x € H ta co

«F+U@%@Zéﬂﬂﬂ$+23WVMEWMAﬁ+MW

+ ) (Ai(Ti(x) = Ai(0), Ty(@)) + Y _(Ai(0), Ti()) + [l
> (A(0),z) + Z<A¢<0>,Ti<x>> + z))?

> [|[* — | A0) ][l - ENM- )TNl

(1.4)
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Do do, ta co

((F + I)(2), z)
]

> ||zl = [ AQ) = Z 1A O) T

Diéu nay kéo theo

tiic 1a F + I 1a bidc. Do do, theo Bo dé thi R(F + I) = H, vi vay phuong trinh
(F 4 I)(z) = u ludn c6 nghiém.

Cubi cung, ching t6i chiing minh phuong trinh (F' 4 I)(z) = u ¢6 nghiem duy nhét.
That vay, gia st y ciing 1a nghiém cia phuong trinh (F + I)(z) = w. Khi do, ta ¢

F(z)—F(y)+x—y=0.
Do tinh don diéu cta F', nén

0= (F(x) - F(y)+z—y,z—y)
= (F(z) = F(y),z —y) + |z — y||?

> [l —y*.

Do do, x = y. O]

Bo dé 1.5.6 (xem [60], trang 745). Cho {a,} la mot ddy s6 thuc duong, {b,} la mot
day so thuc, va {o,} la mot day sé6 thuoc (0,1) théa man > o, = co. Gid si
n=0

a1 < (1 —op)ay + opb, Yn > 1.

Néu limsupb,, < 0 wdi moi daiy con {a,} ctia {a,} théa man
k—o0

liminf(a,,+1 — an,) > 0, thi lim a, = 0.
k—o0 n—r00

B6 dé 1.5.7 (xem [13] - Dinh ly Baillon-Haddad). Cho f : H — R la ham 163 khd vi
Fréchet va 8 la mot s6 thuc duong. Khi dé V f la f-lién tuc Lipschitz néu va chi néu
V[ la1/B-don diéu manh ngugc.
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KET LUAN CHUONG 1

Trong chuong nay, ching t6i da trinh bay mot s6 kién thic nén tang lién quan dén
khong gian Hilbert, bao gom cac khai niém vé hoi tu manh, hoi tu yéu, toan ti tuyén
tinh bi chan, toan tit lien hop, cling véi cac yéu td giai tich ctia ham 16i va dudi vi
phan ctia ham 16i. Céc 16p anh xa dac biét nhu anh xa lién tuc Lipschitz, 4nh xa h-lién
tuc va phép chiéu meétric cling duge gisi thiéu, phuc vu cho viéc phan tich cac thuat
toan lap trong cac chuong sau.

Bén canh do, chuong nay da trinh bay nhitng khai niém trong tam cta ly thuyét
toan ti don diéu va mo hinh tong quat ciia bai toan bat dang thiic bién phan trong
khong gian Hilbert. Cubi cling, mot s6 bo dé ki thuat can thiét da dude dua ra dé hd
tro cho viéc thiét 1ap va ching minh cac két qua chinh trong cac chuong sau.

Cac chuong tiép theo chiing toi sé xay dung cac thuat toan, phuong phap lip dé
giai bai toan (SCSP-MOE])) va mot s6 bai toan lién quan.
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Chuong 2

Phuong phap hiéu chinh Tikhonov giai
bai toan (SCSP-MOE)

Trong chuong nay, dya trén phuong phap hiéu chinh Tikhonov, ching toi dé xuat
hai thuat toan xap xi nghiém cho bai toan (SCSP-MOE)). Hai thuat toan nay tuong
tng v6i phuong phéap lap an va phuong phap lap hién, dong thoi déu bdo dam hoi tu
manh t6i nghiém clia bai toan. Ngoai ra, ching toi khao sat tinh on dinh ctia nghiem
xap xi khi dit liecu dau vao bi nhiéu. Phan cudi chuong trinh bay mot sé tng dung va
dua ra cac vi du sé6 dé minh hoa tinh hiéu qua ctia cac phuong phap dugc dé xuét.

Cac két qua ciia chuong nay duge trinh bay dya trén noi dung ctia bai bao (CT?2).

2.1 Phuong phap hiéu chinh Tikhonov an
Xét bai toan (SCSP-MOE) véi cac gia thiét sau:

(H1) H va H;, (i =1,2,...,N) la cac khong gian Hilbert thuc;
feHvaf;eH;, (i=1,2,...,N) la cac phan ti cho trude.

(H2) A:H — H la mot toan tit y-don dieu manh nguge trén H;
AiH; — Hiy (1=1,2,...,N) la cac toan tit v;-don diéu manh ngugce trén H;.

(H3) T; : H — H;, (i=1,2,...,N) la cic toan tit tuyén tinh bi chan, véi toan tit lien
hop tuong tng la 17 : H; — H.
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N
(H4) Q=QaN (ﬂ Qm) # (), trong do
i=1

Qa={zeH|Alx) = [},
Qu, ={xeH | Ai(Ti(x)) = fi}, v6imoii=1,2,...,N.

Bai toan yéu cau tim mot phan ti z € Q.

Trén co s6 phuong phap hiéu chinh Tikhonov co dién da dugce trinh bay trong phan
md dau, ching toi dé xuat thuat toan véi day lap duge xay dung theo phuong phap
lip an, trong d6 st dung toan tit hiéu chinh S(z) dé giai bai toan dudi

cac gid thiét (H1) — (H4) va cac diéu kién sau:
(P1) S:H — H la toan tit f-don dieu manh va h-lién tuc trén H;

(P2) {a,} 1a day sb thyc duong théa man lim «,, = 0.

n—oo

Thuat toan 2.1.1 Phuong phap hiéu chinh Tikhonov an
Day {z,} dugc xac dinh bdi phuong trinh

Alzn) + DT (Al Ti(wa))) + anS(an) = £+ 3T (£) (2.1)

Meénh dé sau day chi ra sy ton tai ctia day lap {z,} dugc xay dung trong Thuat

toan 2.1.1]
Ménh dé 2.1.2. Vdi moin € N, phuong trinh [2.1) c6 nghiém duy nhat x,.

Chiing minh. V6i moéi x € H, dit U, : H — H bdi

Ua,(z) = A(z) + Y T} (Ai(Ti(2))) + anS(z).

1=1

Tit gia thiét (H2), (H3) va Bo dé[1.5.5(tacé V = A + vazl TrA;T; 1a mot toan tit

don diéu va lién tuc Lipschitz.
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Tiép theo, ta sé chi ra U,, 14 mot toan tit a,,5-don diéu manh va biic. That vay,
v6i moi x,y € H, ta co
(Ua,(z) = Ua, (y), z —y) = (V(z) = V(y) + an(S(z) — S(y)), v — )

= (V(z) =V (y), * —y) + an(S(x) = S(y), z — y)
> apfillz —yl*.

Hon nita, chon y = 0 ta dugc

(Ua (), ) = cnBl|2])* + (Ua, (0), ) > anfBl|z|]* — |Ua, O) l|]]-

Do do, ta suy ra

lim o, (@), 2) lim (anf|z]] = [|Ua, (0)]]) = oc.

]| o0 ||| T |lzf|—oo

ViV la toan tit lién tuc Lipschitz va S la h-lién tuc nén U,, la mot toan tit h-lién
tuc. Theo B6 dé[1.5.2 v6i mdi n € N, ton tai z,, € H théa man phuong trinh (2.1)).
Gia st rang T, ciing 1a mot nghiém ctia phuong trinh ([2.1)). Khi d6, tit tinh don

diéu manh cua U, , ta suy ra
0= (Ua, (%n) = Ua, (Tn), Tn — ) > |7 — anQ-

Dieu nay kéo theo Z,, = x,,. Tic la, phuong trinh (2.1)) c6 nghiém duy nhat.
Menh dé dugc chiing minh. m

Su hoi tu cua day lap duge xay dung trong Thuat toan dugc chi ra trong dinh

Iy sau.

Dinh 1y 2.1.3. Day {x,} dugc tao bdi Thuat toin hoi tu manh dén x* € Q. Hon

nida, * la nghiém duy nhat cia bat dang thic bién phan
(S(z"), ¢q—x%) >0, Vqeq. (2.2)

Chiing minh. Dinh 1y duge chiing minh qua cac buée sau day.
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Buéc 1. Ching minh day {z,} tao béi Thuat toan 1& bi chan.

That vay, véi moi p € €, ta co

N
i=1

Diéu nay kéo theo

(Alxn) = f, 20 —p) + Z(Ai(Ti(fvn)) — Ji» Ti(wn) = Ti(p)) + (nS(xn), @0 — p) =

Phuong trinh trén tuong duong véi

(A(zn) = A(p), 20 —p) + Z(Ai(Ti(In)) — Ai(Ti(p)), Ti(xn) — Ti(p))

+ an(S(zn) = S(p), Tn — p) = = (S(p), 0 — ). (2.3)
T (H2) va (P1), ta ¢6
Ba || 2y _pH2 < —an(S(p); Tn — p).-

Vi8> 0vaa, >0, tasuy ra ||z, —p|| < %||S(p)|| Diéu nay ching t6 rang day {z,}
bi chan.

Buéc 2. Chiing minh day {z,} ¢6 day con hoi tu yéu t6i mot phan tt ctia €.

That vay, v6i moi p € Q, tu ta co

MA(n) = ||2+Z%HA A(T()I + anBlln — plI*

= a,(S(p), p — ). (2.4)
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Vi day {z,} bi chan v& a;, — 0, ta suy ra ring
N
YWA(n) = AP)I” + D %ill Ai(Ti(xn)) — Ai(Ti(p))||*> — 0.
i=1

Do do, ta co

[A(zn) = AD)I| = [[A(zn) = fI| =0, (2.5)

Mt khéac, vi day {x,} bi chin nén ton tai day con {z,, } hoi tu yéu. Gia st z,, — T.

Ta sé chi ra = € 2. That vay, ta ¢

0 <[ A(zn,) — A@)II* < (Alwn,) — A@), 20, —T)
= (Alxn,) = f, oy = T) + (f = A(T), 2 — T)
< [A@@n,) = flHl|an, — 2| + (f = A(®@), 20, — T)
< K| A(zn,) = fll +{f = A@), 2n, — ). (2.7)

v6i K = supy, ||z, — Z||. Trong (2.7)), cho k — oo, tit gid thiét z,, — T ta thu dugc
[A(zn,) — A@)|| = 0.

Két hop véi (2.5)), ta suy ra ring A(T) = f. Diéu nay c6 nghia la T € Q4. Bing
cach lap luan tuong tu nhu trén va st dung , ta cling thu dugc T € 4, v6i moi
i=1.2,...,N.Dodo,T € Q.

Budc 3. Ching minh day {z,} hoi tu manh t6i z*, v6i z* 1a nghiem duy nhat cta
bat déng thiic bién phan (2.2).

Gia stt {z,,} 1a day con ctia {z,}, hoi tu yéu t6i mot phan it 2* nao dé. Theo chiing
minh trong Budc 2 thi x* € Q. St dung va luu ¥ rang a, > 0 v6i moi n € N,
ta co

(S(q), g — xn,) >0, Vqel. (2.8)
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Tt bat dang thite (2.8)), cho [ — oo, ta thu duge
(S(q),g—x%) >0, VqeQ. (2.9)

Theo B6 dé thi © 1a tap 16i nén 2z = tq + (1 — t)z* € Q véi moi ¢ € (0,1). Do do,
i (2.9) ta co
(S(tq+ (1 —t)x"), tg + (1 — t)z" —2*) > 0,

v6i moi t € (0,1). Bat dang thic trén tuong duong véi
(S(z*+t(qg—2a%),qg—2x") >0, Vte(0,1).
Do S 1a h-lien tuc nén khi cho t — 0%, ta thu duoc
(S(z¥), ¢ —2") >0, VYgeqQ,

tic 1a o* 13 nghiém ctia bat dang thic bién phan (2.2).
Tiép theo, ta chiing minh tinh duy nhat ctia z*. That vay, gid sit y* ciing 14 mot
nghiém ctia bat dang thitc bién phan (2.2)). Khi do, ta c6

(S(z%), ¢ —2") 20, Vqe, (2.10)
(S, a—y) =20, Vge (2.11)

Trong (2.10) va (2.11)), thay ¢ lan lugt bdéi y* va z*, ta suy ra

(S(@") = S(y"), 2" —y") <0.
Vi S 1a toan tit f-don diéu manh nén ta c6
Bllz* — |1 <0.

Do dé z* = y*. Vi vay, bat dang thiic bién phan (2.2)) c6 nghiém duy nhéat. Tinh duy

nhat cta z* kéo theo x,, — x* khi n — oo.
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Mat khac, trong (2.4]), thay p bdi x*, ta duge

(S(x*), x* — xy)
5 .

0 < [, —2*|* <

T do, cho n — oo va st dung z,, — =¥, ta suy ra z,, — x*.

Dinh Iy dugc chiing minh. ]

2.2 Phuong phap hiéu chinh Tikhonov hién

Trong phan nay ching to6i xay dung mot phuong phap lap hién dua trén phuong
phap hiéu chinh Tikhonov dé giai bai toan (SCSP-MOE]) véi cac gia thiét tit (H1) dén

(H4) va cac dieu kién sau:
(P1*) S :H — H la toan t1t S-don diéu manh va L-lién tuc Lipschitz trén H.
(P2*) {a,} va {6,} 1a cac day s thuc duong, thoa man:

(i)  limy e =0,

(i) D07 Opa, = o0,
0
(iii)  lim, e — = 0,
n
|an+1 - O-/n|

b ="

(iv)  limpeo

Thuat toan 2.2.1 Phuong phap hiéu chinh Tikhonov hién
1: Chon diém dau y; € H tuy .
2: forn=1,2,... do

Tinh

w

Fan(yn) = A(yn) + ZT: (Az(Tz(yn))) + ans(yn) - f - ZTz*(fz)

4:  Cap nhat
Yn+1 = Yn — OnFo, (Yn)- (2.12)

5. end for
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Tru6e khi phat biéu dinh 1y hai tu chinh, chiing toi dua ra mot chi ¥ vé toan tit
F,, dugc xay dung trong cong thic lap (2.12)), nham phuc vu cho viéc phan tich sy
hoi tu cia day lap duge tao bdi Thuat toan m

Chua y 2.2.2. V6i moi x € H, toan ti F,, : H — H dugc dinh nghia béi
N N
Fo,(z) = Alx) + YTy (A(Ti(x)) + anS(x) — £ = > T (i),
i=1 i=1
la toan t1t o, S-don diéu manh va Lpg-lién tuc Lipschitz, véi
- 1
Lr=—+) TP~ +anl.
Y ; Vi
That vay, st dung cac két qua trong Menh dé[2.1.2] ta c6

(Fon () = Fa, (y), © = y) 2> anfllz - y]|?

N
1 1

| Fo, () = Fa, ()| < ;Hx —yll+) IIT’iIIQ;Hw —yll + an Lz —y|
i=1 t

R 1
==+ D _ITIP= +anl | |z —yll
R Vi
= Lrlz -yl
Tiép theo, ching t6i chiing minh ménh dé sau.

Meénh dé 2.2.3. Todn ti G,, = I — 0, F,, la mot dnh za co vdi hé s6 co

= \/1 %+ 2L,

khi n du lon.
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Chiing minh. Tu dieu kien (P2*)(iii), ta c6

2
0, _ 28

ay, L_%’
khi n da 16n. Tit do, ta suy ra 6, € (0,20,5/L%).

Véi moi z,y € H, ta co

I1Ga(@) = GuW)I* = 1T = 0nFo,)(2) — (I = 0uFo, ) ()]
= llo = yll* = 200 (Fo,,(2) — Fa,(y), © — y)
+0p|| P, (2) = Fo, (9)II*. (2.13)

Tit Cha v [2.2.2va .13), ta c6

|Gu(@) = Ga()II* < (1 = 200008 + 07 L) [lz — ylI*.

Do do,

[Gal) = Gul)ll < /1~ 26008 + B2 L2 ||z — y| = 7ullz — ]|

Meénh dé dugc ching minh. O

Sy hoi tu manh cia day {y,} dugc xay dung theo cong thiic lap hien (2.12) dén
nghiém ctia bai toan (SCSP-MOE|) duge trinh bay trong dinh 1y sau.
Dinh ly 2.2.4. Day {y,} dugc zay dung trong Thudt toin hoi tu manh tdi
x* € Q. Hon nita, x* la nghiém duy nhat cia bat dang thitc bién phan (2.2)).
Chiing minh. Dinh 1y duge chiing minh qua céc bude sau day.
Budc 1. Ching minh day {y,} bi chan.
That vay, lay bat ky p € Q, khi d6 F,,(p) = @,S(p). Ta c6

[Yn1 = pll = [[(yn — OnFo, (yn)) — pll
||(I - QnFanxyn) - (I - enFan)(p) - enFan(p>||
< ”(I - enFan)(yn) - (I - enFan)(pHI + enHFan(p)”
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T Ménh dé 2.2.3 ta ¢

|Ynt1 — 2l < Tullyn — 2l + Onanl|SO)|]
On v

= Tallyn =2l + 1 = 7) 5 1S()I]- (2.14)
Mit khac, ta c6 thé thay ring
Oty Opan(1+7,) Opa(1+7)  oap(l47) 147, (2.15)
l—7,  1—-72  20,0,8—02L% 20,8 —0,L% On 5 '
" " 25— "2,
0,

T (2.15), dinh nghia 7, va diéu kien (P2*)(iii) cho ta giéi han

. 0,00, 1
lim =—>0.
nLool—’rn 15}

. . 0,
Tu do, ta suy ra ton tai Ky = sup,, ] n

" > 0. Tu (2.14), ta c6
[Yn+1 =PIl < Tallyn — pll + (1 = 1) K[| S (D)
< max{[[yn — pll, K:1[|S(p)||}

< max{|y1 — pll, K1l|S(p)l}-

Diéu nay c6 nghia la day {y,} bi chan.
Buégce 2. Ching minh day {y,} hoi tu manh té6i x* € Q. Hon nita, 2* 1a nghiém duy
nhét clia bat déng thiic bién phan (2.2).

Gié st z,, duge xac dinh béi (2.1). R6 rang F,,, (z,) = 0. V1 S ciing 1a mot toan tit
h-lien tuc nen tit Dinh 1y 2.1.3] ta ¢6 z, — 2* € Q va 2* 1a nghiem duy nhat ciia bat
déng thiic bién phan (2.2)). Do d6, ta chi can ching minh ring ||y, — x,| — 0.

Ap dung bat ding thiic

la* < 0 +2(a, a = b), Va,beH,
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ta co

1Ynt1 — Znsa I < a1 — Zll® + 2Wna1 — Tng1, Tn — Toga)
< lgn = Zall® + 241 — Tns Ynt1 — Yn)
+ 2(Ynt1 — Tnt1, Tn — Tny1)
< lyn = zall® + 20yns1 — o0 — 2oga |

+ 2(Unt1 = Tny Ynt1 — Yn)- (2.16)
Ngoai ra, ta ¢c6 danh gia sau
I = Znall < gnsall + llonall < Ko, v6i Ko = sup{flgnal + llona ) (217)
Hon nita, vi Fy, (z,) = 0 va F,, 1a a;,0-don diéu manh nén ta c6

(Unt1 = Zns Y1 — Yn) = Un — OnFo,(Un) — Ty Yn — OnFo, (Yn) — Yn)
= =0 (Yn — &0 — OnFo, (Yn), Fo,(yn))
= =00 (Yn — T, Fu, (n)) + 02 Fa, () ||
= —0n(Yn — Tn, Fo () = Fa, (20)) + 02| Fa,, (ya)I”
< —0n0nBllyn — zal|> + 02 Fu, (yn) 11> (2.18)

Mt khéc, vi {y,,} bi chan va F,, la mot toan tit lien tuc Lipschitz (Chud ¥ [2.2.2)), nén
day {F,, (y,)} cing bi chian. Do d6, sit dung (2.18)), ta c¢6

(Yn+1 =Ty Ynt1 = Yn) < —O0nanB|yn _anQ"’eiK??, v6i K3 = sup || Fa, (yn)][- (2.19)
n
Ngoai ra, ta cling co

0= <Fan (In) - Fanﬂ(@"nﬂ), Tp — In+1>
= (Fo, (vn) = Fo, (Tnt1), Tn — Tng1) + (Fo, (Tni1) — Fa,py (Tos1), Tn — Tpga)
= (Fo, (Tn) = Fo, (Tn11), Tn — Tng1) + (@ — 1) (S (Tng1), T — Tnga)

> OénﬂHiUn - $n+1|’2 + (an - an-l-l)(S(In-H)? Tp — $n+1>-
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Tu do, ta suy ra

nBl|zn — Tpi1]? < (anpr — @) (S(@ns1)s Tn — Tps1)

< Jompr — ol [1S(@n i) l[[[2n — 2ol (2.20)

Hon ntta, vi {y,} bi chdn va S 1a mot toan tit lien tuc Lipschitz, nén day {S(z,+1)}
cting bi chan. Do d6, tit (2.20) ta c6

’Ofn—&—l - an'

R (2.21)

||xn - xn—HH <

trong d6 K4 = sup,, ||S(zn+1)]|-
Tu (2.16), (2.17), (2.19) va (2.21)), ta suy ra

Opt1 — Qip,
et = vt < (1= 2308 — P+ 2R 2o

n

_ 0. K2
= (1 = 20,00 8) ||l yn — @0 ||> + 20,008 (K2K4 i1 — + = 3>

002 32 a3

= (1 - Cn)”yn - xn”2 + CnCm

trong do

|1 — an| | 0,53
G = 20,0003, cn = KoKy enoé% 2 anf3 )

Ap dung B8 dé|[1.5.6) v6i a, = [|yn — 2|2, c6 thé théy tat ca cac diéu kien trong bé dé

nay deu duge théa man. Nhu vay ||y, — 2| — 0 khi n — oc.

Dinh 1y dugc chiing minh. []

Nhan xét 2.2.5. Thuat toan va Thuat toan déu dugce xay dyng dua trén
phuong phap hiéu chinh Tikhonov. Diém khac biét giita hai thuat toan nay la & cach
giai bai toan hiéu chinh. Thuat toan stt dung phuong phap an, trong dé tai méi
buée lap can xac dinh nghiém ctia phuong trinh hiéu chinh tuong tng véi a,,
trong khi Thuat toan stt dung phuong phép hién, trong dé nghiém xap xi dugc
cap nhat tryc tiép thong qua toan tit Fy,,, bing cong thic lap (2.12). Do d6, Thuat
toan c6 cau tric don gidn trong phan tich 1y thuyét, con Thuat toan2.2.1| c6 wu
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diém la cong thic cap nhat dugce thuc hién truc tiép va khong yéu cau giai phuong

trinh hiéu chinh tai moi buée lap.

2.3 Tinh 6n dinh cta phuong phap hiéu chinh

Trong phan nay, chiing to6i nghien citu vé tinh 6n dinh ctia phuong phéap hiéu chinh
Tikhonov an va hiéu chinh Tikhonov hién khi di lieu dau vao bi nhidu béi cac diéu

kién nhiéu nhu sau:

(L1) Cac diem f € H va fi € H; (i = 1,2,..., N) chi dugc cho gan ding. Cu thé,
thay f va f; béi céc day {f} ¢ H va {f} C H,, théa man

1= 1< 0 = <6
trong do6 {5, } va {0°} 1a cac day s6 thuc duong.

(L2) Cac toan tit A va A; (i = 1,2,...,N) lan luot dugce thay thé bdi cac toan ti
Al - H — H va A?% : H; — H;, sao cho A 1 ~v-don dieu manh ngugc tréen H
va A?% cling la cac toan tit y;-don diéu manh ngudgc trén H; tuong tng. Hon nita,
do xap xi gitta cac toan tit A va A, A; va AZ}-L; dugc xac dinh béi cac bat ding
thic sau:

A" (2) = A@)]| < ¢(lzl)ha, Yz EH,

148" (@) = Ai(@)|| < @illelDhy, Vo€ H,,
trong d6 o(t) va ¢;(t) 1a cac ham sb bi chan v6i moi t > 0, va {h,}, {h%} 1a cac

day s6 thic duong.

Truée hét, ching toi xem xét tinh on dinh ctia phuong phéap hiéu chinh Tikhonov an

bang cach xét day {z,} duge xac dinh bdi phuong trinh:

N 4 N .
Al (z) + > T (AP (Ti(2) + anS(z) = [ + Z T (). (2.22)

1=1
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Theo Ménh dé [2.1.2] v6i cac gid thiét trén, véi mdi n € N, phuong trinh ([2.22) c6

nghiém duy nhat z,.
Dinh 1y 2.3.1. Gid st cdc dieu kien (P1), (P2), (L1), (L2) dugc théa man. Ngoai ra,

néu dieu kién sau duoc théa man

N (¢ i
lim On + o + 2 i1(6;, + hy)

n—+00 Qp,

=0, (2.23)

thy day {z,} dugc tao bdi phuong trinh ([2.22)) hoi tu manh dén x* € Q, trong dé z* la
nghiém duy nhat cia bat dang thitc bién phan (2.2)).

Chatng minh. Goi x,, 1a nghiém duy nhat ctia phuong trinh (2.1]). Ta biét rang z,, — z*
khi n — oo, trong d6 x* 1a nghiem duy nhat ctia bat dang thitc bién phan (2.2)). Dé
dang thay rang

0= (A(x,) — Ah”(zn), Ty — Zn) + an(S(xn) — S(2n), Tn — 2n)

=1 =1
N .
_<f_f6n7x”_zn>_z<ﬂ*(fi_fi;)a xn_zn>- (224)

Mat khac, ta co

(A(zy) — Ahn (zn), Tn — 2n) = (Axy) — Ah"(:(:n), Tn — Zn)

> (A(wy) — A" (2), Tn — 25) (2.25)

va
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+ N AP (Ti(20)) — AP (Ti(z0), Tila) — Tilz0))
> ST (AT (0) — AP (T (), Tolwn) = Tilza)). (2:26)

T (2.24)), (2.25) va (2.26) ta suy ra

0> {A(rn) = A (). =z} = (f = = 20} = D_(TF(fi = 7). = 2]
N .
+ Z(A (Ti(zn)) — A?;(TZ(xn)% Ti(wn) — Ti(2n)) + canBl|lzn — Zn||2
Tu do, ta dugce
anfllen = 2n)* < = (Azn) = A" (23), 20 — 20)

N .

= D (AiTi() — AP (L)), Tien) = Ti(en)
=1 N |

+ (f = 7 w0 = z) + Y AT (fi = ), 0 — 20)-

i=1

Duya vao diéu kién (P1), (L1) va (L2), ta c6

N
anBllen = zall* < NAwa) = A (@)l |20 = zall + ) IT 8l — zal

i=1

N .
+ 3 N A(Ti(wn) = A (T |Ti(wn) = Tilzn)l| + Sullzn — 2l
i=1

N

< e(llzal)hallzn = zall + Y @il To@a) DRRIT n = 2all
1=1

N
+ 5n||$n - Zn” + Z ||TZ|| 5721”5571 - Zn”

1=1
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Suy ra

hn O
Bllzn = zall < @(llznll) a—+2¢z I xn)H)HTH +—+Z HTH

n

Tu dieu kien (2.23)), ta duge ||z, — 2,|| = 0. Vi x,, — 2* nén suy ra z, — z*.

Dinh 1y dugc chiing minh. ]

Tiép theo, ching toi sé phan tich tinh 6n dinh ctia phuong phap hiéu chinh Tikhonov

hien. Cu thé, v6i moi u; € H, ta xét day {u,} dugc xac dinh bdéi

A~

Upt1 = Up — O Fo, (uy), m>1, (2.27)
trong do
R N _ N ,
Fo,, (un) = Ahn(un) + ZTZ*(AZM(TZ(UTL))) + anS(un) — f(sn - ZTZ*(ff”)
i=1 i=1

Bing cach st dung lap luan tuong tu nhu trong ching minh Dinh 15 [2.3.1] ta c6
dinh 1y sau day.

Dinh 1y 2.3.2. Gid si cic dieu kien (P1%), (P2*), (L1), (L2) va ([2.23)) déu théa man.
Khi dé, day {u,} dugc tao bdi ([2.27) hoi tu manh dén x* € Q, trong dé x* la nghiém
duy nhat ciia bat dang thiic bién phan (2.2).

Nhan xét 2.3.3. Dinh ly va Dinh 1y cho thay Thuat toan va Thuat
toan 1a on dinh trude nhiéu. Tic 1, ngay ca khi dit lieu va toan ti chi duge cho
gan ding theo céac diéu kien (L1), (L2) thi cac day lap thu duge van hoi tu manh dén
nghiém duy nhat z* cia bai toan. Diéu nay cho thiy thuat todn dé xuat vita c6 co sé
ly thuyét vitng chic, vita c6 tiém nang ting dung trong cic bai toan thuec tién, noi dit

liu thuong chita sai sb.
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24 Ij’ng dung va vi du s6 minh hoa

Trong phan nay, cac vi du s6 dude thyc hien bang phan mém MATLAB R2014a
trén may tinh DELL Precision 5560, trang bi bo xi Iy Intel(R) Core(TM) i7-11850H
thé he thtt 11 v6i xung nhip 2.50 GHz (16 161 x1t 1) va bo nhé RAM 16 GB.

2.4.1 Ung dung giai bai toan diém bit dong chung tach va bai toan khong
diém chung tach véi da tap dau ra
ChoT;,:H — H;,1=1,2,..., N, la cac toan ti tuyén tinh bi chin trén H. Cho
B:H—>HvaB;,:H;—H;,i=1,2,...,N, la cac anh xa khong gian trén H va H;
tuong ting. Xét bai todn diem bat dong chung tach véi da tap dau ra (SCEPP-MOS):

Tim z € Q = Fix(B (ﬂT (Fix(B ) £ 0. (2.28)

1
Theo Nhan xét |1.3.17], cac toan tt I — B va I, — B; 1a E—ddn diéu manh ngugc. Do
do6, néu ta thay cac toan tit A va A; trong Thuat toan va Thuat toan lan
lugt béi cac toan tit I — B va I; — B;, dong thoichon f=0va f; =0,(i=1,2,...,N)

thi sé thu duge cac day lap tuong tng hoi tu t6i nghiem clia bai toan (2.28). Cu thé

nhu sau:

Dinh ly 2.4.1. Gid st cic diéu kién (P1) va (P2) dugc théa man. Khi dé, day {x,}
duoc xac dinh boi

(I = B)(xa) + Y T (I = B)(Ti(wn))) + cnS(,) = 0

i=1

hoi tu manh vé x € Q, trong dé = la nghiém duy nhét cia bét ding thic bién phan
(S(z),p—x) >0, VpeQ. (2.29)

Dinh 1y 2.4.2. Gid st rang cic diéu kién (P1*) va (P2*) dugc théa man. Khi dé,
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day {y,} dugc sinh bdi
Yn+1 = Yn — en <(I - B)(yn) + Z Tz*((lz - Bl)(ﬂ(yn») + Oan(yn)>

hoi tu manh vé x € SAZ, trong dé x la nghiém duy nhat ciia bat dang thic bién phan ([2.29).

Gid st B = Po va B; = Py,, trong d6 Po 1a phép chiéu métric tit khong gian
Hilbert H len tap C, con Py, 1a phép chiéu métric tir khong gian H; len tap Q;, véi
moi ¢ =1,2,..., N. Vi phép chiéu métric 1a anh xa khong gian, nén Fix(Pg) = C va
Fix(Pg,) = Q;. Do d6 dua trén Dinh ly va Dinh 1y 2.4.2] ta thu dwoc cac két qua
sau cho bai todn chdap nhan tach vdi da tap dau ra (SFP-MOS]).

Dinh 1y 2.4.3. Gid st cic dieu kién (P1) va (P2) dugc théa man. Khi dé, day {x,}
duogc xac dinh boi

N
(I = Po)(a) + Y T7 (I = Po)(Ty(wa))) + anS(xa) =0
i=1
hoi tu manh dén x € Q, trong dé x chinh la nghiém duy nhét cia bét ding thice
bién phan

(S(z),p—x)>0, VpeqQ, (2.30)

trong do
i N
Q=0Cn (ﬂ 1—;1<Q2)> # 0.
i=1
Dinh 1y 2.4.4. Gid si cic dieu kien (P1*) va (P2*) dugc théa man. Khi dé, day {y,}
duoc xac dinh boi

st =t — 0 (1 = Po)un) + D27 (U = Po)(Ti(y)) + auS(ua)).  (231)

1=1

hoi tu manh dén x € Q, trong dé x la nghiém duy nhét cia bat ding thic bién

phan (2.30)).
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Gid st F : H — 2" va F, : H; — 2" 1an luot 1a cac toan tit don diéu cuc dai trén
H va H;, v6ii=1,2,...,N. Xét bai todn khong diém chung tach vdi da tap dav ra
(SCNPP-MOS):

Tim z € Q = Zer(F (ﬂ T; ' (Zer(F, ) # (. (2.32)

Theo Ménh dé [1.3.12/ va Ménh dé [1.3.13|thi cac toan tit gidi JI ctia F va Jf cua Fj,
i=1,2,..., N la cac anh xa khong gian, dong thoi

Zer(F) =Fix(J}); Zer(F;) = Fix(J[").

Do d6, ta c6 thé ap dung Dinh Iy va Dinh 1y dé bai toan (2.32) nhu sau:

Dinh 1y 2.4.5. Gid st cic diéu kien (P1) va (P2) dugc théa man. Khi dé, day {z,}

duge sinh boi

(1= T () + > T (I = TENTi(xn)) + S () =0, (2.33)

i=1
hoi tu manh dén x € Q. Hon nia, x chinh la nghiem duy nhat cia bat dang thic
bién phan
(S(z),p—x) >0, VpeQ. (2.34)
Dinh 1y 2.4.6. Gid st cdc dieu kien (P1*) va (P2*) dugc théa man. Khi dé, day {y,}
dugc xdac dinh bdi cong thic lap

N
e = 0 = 0 (1= T ) + ST (0 = TN T ) + cnS)), (239)
i—1
hoi tu manh dén x € Q. Hon nida, x chinh la nghiém duy nhat cia bt ding thic bién

phan (2.34).

Vi du 2.4.7. Xét bai toan chap nhan tach véi da tap dau ra (SFP-MOS)) nhu sau:
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TmzeQ=CnN (ﬁ Til(Qi)> : (2.36)

=1
v6i cac gid thiét sau day.
(i) H=H; = L?0,7] (: =1,2,3) v6i tich vo huéng dugc cho béi

(e,y) = / “ey()dt, Vo =a(t), y=y(t) € L20.7],

va chuan tuong tng dugce cho béi

W 1/2
|z|| = (/ z%(t) dt) : Vo =x(t) € L*[0, 7).
0
Cac tap C va @; (i = 1,2,3) dugc xac dinh bdi

C={zel?0,7]:|z|| <2},
Qi = {33 - LQ[O,F] : (ai,az> < bz },

trong do

a;(t) = sin ((i + 1)t), Vt € [0, 7],
1 —cos(ir)
i+ D+ 2)

(ii) Véi méi i = 1,2,3, toan t1t T; : L?[0, 7] — L*[0, 7] dugce dinh nghia béi

T;(z)(t) = x(t) , Vo = x(t) € L*0,7].

Khi do tap Q 1a khac rong, vi 0 € Q. Hon nita, r, = 0 1a nghiem duy nhat ctia bai
toan (2.36). Ching to6i stt dung cong thic lap hién (2.31)) véi cac dit lieu duge chon
nhu sau:

Toén tit hieu chinh S(z) =z véi moi x = x(t) € L?[0, 7l;
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Diém dau: z; = ¢!, véi moi t € [0, 7);

Cac tham s6: oy, = n~ 01, 0, =0.75n7°3;

St dung tieu chuan dimg e, = ||lz,|| < TOL, véi TOL la ngudng sai s6 cho trudc.
Dong thai, ching toi cling so sanh két qua sd clia cong thic lip (2.31)) v6i Thuat
toan 3.5 trong [52] va Thuat toan trong Hé qua 4.3 ctia [54]. Cac dit liéu cho mai thuat

toan ducgc lua chon nhu sau:

e Thuat toan 3.5 trong [52]:
f(x) = 0.85z, an =n" 0t Vo = g
e Hé qué 4.3 trong [54]:
flz)=085z, a,=n"""  B,=075  OG,=1,  pi,=1

Céc két qué s6 duge trinh bay trong Bang [2.1] Su bién thien cia sai s6 &, duge
minh hoa trong Hinh .

Bang 2.1: Bang két qua s6 ctia phuong phéap lip hien (2.31]) va so sanh giita cac thuat toan

TOL Thuat toan n En Thoi gian (s)
1075 Phuong phap lap (2.31)) 38 9.375 x 107° 0.001
Thuat toan 3.5 trong [52] 196  9.676 x 107° 0.006
Hé qua 4.3 trong [54] 71 9.073 x 107° 0.029
107 Phuong phap lap (2.31) 51 9.144 x 1077 0.001
Thuat toan 3.5 trong [52] 240 9.627 x 1077 0.007
Hé qué 4.3 trong [54] 82 9.531 x 107 0.030
1077 Phuong phéap lap (2.31) 65 9.790 x 10°8 0.001
Thuat toan 3.5 trong [52] 285 9.929 x 10°® 0.008

Hé qua 4.3 trong [54] 93 9.897 x 10~ 0.032
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107 ¢ T T T

= Phuong phap lap (2.31) ]
He qua 4.3 trong [54] -
= Thuat toan 3.5 trong [52] |3
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Hinh 2.1: Dang diéu ctia &,, trong Bang [2.1| v6i diéu kien dimg TOL = 10~°

2.4.2 Ung dung giai bai toan diém cuc tiéu chung tach véi da tap dau ra

Chog: H—Rvag : Hi—R,i=1,2,..., N, la cdc ham 16i kha vi Fréchet. Gia
st rang Vg va Vg; 1a cic toan ti lien tuc Lipschitz véi hé s6 Lipschitz tuong tng 1a 8
va f;. Goi Ty« H — Hy,i=1,2,..., N, la cac toan ti tuyén tinh bi chan. Gia sit rang

TEH 1

Q" = argmin g(z <ﬂT arg mln gz(yz))> # 0.

Bai toan diém cuc tiéu tach v6i da tap dau ra yéu cau tim mot phan tit p € H sao cho
p € QF, tic 1a,

€ i T; € i i(Yi), 2.37
p arggggg(x), (p) argyl}égig(y) (2.37)

v6imoii=1,2,..., N.

Mo hinh bai todn nay yéu cau tim mot nghiém dong thoi t6i vu héa ham g va
théa man céac diéu kién cuc tiéu ctia ba ham ¢; théng qua cac toan ti tuyén tinh
T;. Cau trac nay thuong gap trong cac bai toan phan tich tin hiéu va xt 1y dit lieu

nhiéu nguon.
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Theo dinh 1y Baillon-Haddad (xem Bd dé[1.5.7), ta c6 Vg va Vg;, i =1,2,..., N,
la cac toan tit don diéu manh ngugc véi he s6 1/8 va 1/3; tuong tng. Do do, ap
dung Dinh 1y va Dinh 1y v6i A = Vg, A; = Vg, f = f; = 0 v6i moi
i=1,2,..., N, ta thu dugc cac két qua sau cho viéc giai bai toan diém cuc tiéu chung

tach vé6i da tap dau ra.

Dinh 1y 2.4.8. Gid st cic dieu kien (P1) va (P2) dugc théa man. Khi dé, day {z,}
duogc xac dinh boi

Vo(rn) + > TF(Vgi(Ti(xn))) + 0nS(zn) =0 (2.38)

1=1

hoi tu manh vé x € QF, trong dé x la nghiém duy nhat cia bat dang thic bién phan
(S(x),p—x) >0, VpeQ (2.39)

Dinh ly 2.4.9. Gid st rang cac dieu kien (P1%) va (P2*) duoc théa man. Khi dé, day
{yn} dugc sinh bdi

N

Yn+1 = Yn — On (Vg(yn) + ) T (VgilTi(yn))) + anS (zm)) (2.40)
i=1

hoi tu manh vé v € QF, trong dé v la nghiém duy nhat cia bat dcfng thie bién

phan (2.39).

Vi du 2.4.10. Xét bai toan diém cyc tiéu chung tach véi da tap dau ra.

4
Tim z € QF = Argming N (ﬂ T, (Argmin gl)> , (2.41)

i=1
vOl cac dit lieu nhu sau:
(i) Cac ham muc tiéu: Chog: R> - R, g; : R? = R, g2 : R? - R, g3 : R* = R,
va g4 : R® — R 1a cac ham 16i va kha vi Fréchet, dugc xac dinh béi:

2 2 2
X i X
g(z) =5+ F+ 25+ T

5 5 + 233% — 1T + 20173 — X104 + 20105 — 27903
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+ Toxy — 2915 — 2x3704 + 4x3T5 — 22405 — X1 + X0 — 203 + 4 — 275,

2
a(y) = y_21 + 205 + 2y192 — 21 — 4y,
Z% 2 Z:’%
g2(2) = b + 225 + 5 = 22129 + 2123 — 22923 + 21 — 229 + 23,

Loy 2 2 2 B B B
gs(u) = 2(u1 + us 4 ug + ui) + ugug — ugus + Uty — Ugg + Uslly — Uzly

— 3(ug + ug — uz + uy)

1
gs(v) = 5(1}% + 1132, + 41}52) + vg) — 103 + 20105 — V1V — 20305 + V3V — 20506

— 4(1)1 — Us -+ 2@5 — Uﬁ),

Vol moi x = (x1,79,23,74,75) € R y = (y1,42) € R, 2 = (21,22,23) € R?,
u = (ur, ug, uz, ug) € RY, v = (v1, v9,v3,v4, v5,06) € RE.

(ii) Cac toan ti¥ chuyén: Ma tran clia cac toan tit chuyén 7; : R® — R2
Ty :R> - R3 Ty : R> - R* v Ty : R? — RO lan lugt la:

11 -1 2 -1
-1 -1 -2 0 -2

1 -1 0 1 0 0 1 1 1 0

1 0 0 0 =2 o o0 1 -1 -1
T3 - ) T4 -

0O 1 —-11 0 1 1 0 0 1

-2 2 1 1 4 1 0 0 -1 1

2 0 -4 -1 -1

Dé thay g va g;, i = 1,2, 3,4, 1a cdc ham 16i va tap nghiém ciia bai toan 1a

-2
O = {(2a+c—2,c,3+b,a,b> |a,b,cE]R}.



99

Chon S(z) = z v6i moi z € R®. Khi d6, ., = (—0.24, 0.24, 0.56, 0.76, 0.56) la

nghiem duy nhat ciia bat dang thic bién phan

(S(xy),x

—2,) >0, VYreQ

Trong trudng hop nay, x, 1a nghiém v6i chuan nhd nhat.
Stt dung cong thite 1ip ([2.38) (phuong phap hiéu chinh Tikhonov an) véi oy, = n=1,
cac két qua dugce trinh bay trong Bang . Déng diéu cta ¢,, dugc minh hoa trong

Hinh lﬁ]
Béng 2.2: Bang két qua sb ctia phuong phap lap an

n en = ||Tn — x.|? T,

100 3.6890 x 1077 (—0.2398, 0.2398, 0.5598, 0.7595, 0.5598)
200 9.2275 x 1078 (—0.2399, 0.2399, 0.5599, 0.7598, 0.5599)
300 4.1019 x 108 (—0.2399, 0.2399, 0.5599, 0.7598, 0.5599)
400 2.3075 x 1078 (—0.2400, 0.2400, 0.5599, 0.7599, 0.5599)
500 1.4769 x 1078 (—0.2400, 0.2400, 0.5600, 0.7599, 0.5600)

1
0 50 100

i
150

1
200

I \ I I I
250 n 300 350 400 450 500

Hinh 2.2: Dang diéu cua ¢, trong Bang



60

Tiép theo, ching t6i khado sat tinh hoi tu ctia phuong phap hiéu chinh Tikhonov
hién (cong thic lap ([2.40)), dong thoi so sanh phuong phap nay véi Thuat toan 3.1
trong [54]. Chon diém dau z; = (2, 3, 4, 5, 6) va cdc tham s6 st dung cho timg thuat

toan dugce lua chon nhu sau.

e Phuong phap lap ([2.40)):

S(z)==x o = n 02 6, = 0.06702!,

Y Y

e Thuat toan 3.1 trong [54]:

By = Vg, B; = Vg, f(z) = 1, a, =n"1,
Bi,n - 027 /riyn - 1, pi,n = 145, 91'7” =0.5.

Dé dimg qua trinh ldp, ching t6i sit dung tiéu chuan &, = |2, — z.||* < TOL,
trong d6 TOL la ngudng sai s6 cho trude. Cac két qua s6 tuong ting duge tong hop
trong Bang [2.3]

Béang 2.3: Bang két qua sb ciia phuong phap 1dp hién (2.40) va Thuat toan 3.1 trong [54]

TOL Phuong phap lap (2.40) Thuat toan 3.1 trong [54]
En n  Thoi gian (s) En n Thai gian (s)
1072 9.9000 x 1073 448 0.0031 1.0000 x 1072 1032 0.0184

1073 9.9537 x 10~* 739 0.0045 9.9999 x 10~* 33094 0.4507
107*  9.9997 x 107° 7922 0.0298 1.0000 x 10~* 1057638 14.6100

Nhan xét 2.4.11. Vi du va Vi du cho thay rang cac phuong phap hieu
chinh Tikhonov lip an va lap hién ma ching toi dé xuat trong chuong nay cho két
qué vugt troi so véi thuat toan ctia S. Reich va cac cong su trong [52] va thuat toan
ciia S. Reich va T. M. Tuyen trong [54], xét vé s6 vong lap cling nhu thoi gian CPU.
Daic biet, trong Vi du [2.4.10, phuong phap lap cho thay khi «,, di nho, ta cé

thé tinh duge nghiem xap xi x, mot cach nhanh chong.
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2.4.3 f]’ng dung giai bai toan khoéi phuc tin hiéu

Xét bai toan khoi phuc tin hieu thua x € R" tit cac phép do tuyén tinh bi nhiéu,
bao gom phép do truc tiép va cac phép do gian tiép thong qua nhicu toan tit tuyén
tinh bi chan. Cu thé, bai toan dit ra la tim mot tin hieu x € R® dua trén phép
do tryc tiép Az va cac phép do da qua bién ddi A;T;(z) (i = 1,2,...,N), trong d6
A; (i=1,2,...,N)lacac ma tran lay mau va T; (i = 1,2, ..., N) la cac toan tii tuyén
tinh bi chan (toan t chuyén). Mo hinh toan hoc cua bai toan dugc mo ta nhu sau.

Gia stt o € R™ 1a tin hiéu can khoi phuc, ta c6 hai loai phép do:

e Phép do truc tiép:
b= Ax +n,

trong d6 A € R™*" la ma tran do chinh, b € R™ la véc-to quan sat dugc, va n la

nhiéu Gauss véi phuong sai o2.

o Phép do gidn tiép thong qua cdc todn ti tuyén tinh:
bl:AZﬂ($)+VZ, i:1,2,...,N,

trong d6 A; € RPiX™i 13 cac ma tran lay mau, 7; : R — R™ 14 cac toan ti tuyén

tinh bi chan, b; € RP¢ 1a véc-to quan sat thu duge tt qua trinh do tha 7, va v; 1a
2

nhiéu Gauss v6i phuong sai o7

Viéc gidi bai toan trén duge quy vé bai toan t6i uwu tuong duong
zeR” Y ER™

N
Tim z € Q, = arg min h(z) N (ﬂ T, (arg min h,(yl))), (2.42)
i=1

trong do

1
h(z) = 5|14z — b],

1 .
hi(yi) = §||Aiyi —bl>, i=1,2,...,N.
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R0 rang, cac ham h(z) va hi(z) (i =1,2,..., N) déu la cac ham 16i kha vi. Hon nita,
cac gradient ctia chung c6 dang

Vh(z) = A*(Azx — b),
Vhi(y:) = Af (A — b)), i=1,2,...,N,
trong d6 A*, A; lan lugt 1a cdc toan tit lien hop clia A, A; (trong trudng hop A va A;
la cAc ma tran hitu han chidu thi A* va A} tuong ting tring v6i ma tran chuyén vi AT
va AT). Do cac toan tit Vh va Vh; (i =1,2,..., N) la cic toan tit lien tuc Lipschitz
nén theo dinh ly Baillon-Haddad (xem Bé dé thi Vh va Vh; (i =1,2,...,N) la
cac toan ti don diéu manh nguge. Do do, ap dung Dinh 1y va Dinh ly véi

AZVh, AZZVhl, f:fZ:O, Véiini:1,2,...,N7

ta thu dudc cac két qua sau cho viéc giai bai toan khoi phuc tin hieu.

Dinh 1y 2.4.12. Gid st cic diéu kién (P1) va (P2) dugc théa man. Khi dé, day {x,}

duoc xac dinh boi
N
A (Azy = b) + T (A (AiTy() — b)) + @S (@) = 0 (2.43)
=1

hoi tu manh vé x € ., trong dé x la nghiém duy nhat cia bat ding thic bién phan
(S(z),p—x) >0, Vpe,. (2.44)

Dinh 1y 2.4.13. Gid st rang cdc dieu kién (P1*) va (P2*) dugc théa man. Khi do,
day {y,} dugc sinh bdi

N
Ynt1 = Yn = On (A*(Ayn —b)+ Z T7 (A7 (AiTi(yn) — b)) + anS(yn)> (2.45)

hoi tu manh ve x € Q,, trong dé x la nghiém duy nhat cia bat dang thic bién

phan (2.44)).
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Vi du 2.4.14. Xét bai toan khoi phuc tin hieu véi cac dit lieu thit nghiem duge thiét
lap nhu sau:

Xét khong gian R™ v6i n = 128. Tin hiéu gbc z € R" 1a tin hiéu thua 0-1 véi 32
phan ti khac khong, cac phan tit khac khong nhan gia tri bang 1, vi tri duge chon
ngau nhién.

Ma tran do chinh A ¢6 kich thuée m x n trong d6 m = maxj<; <y m;, m € [50, 100].
Cac phan t cia A dugce sinh ngau nhién theo phan phéi chuan. Cac hang ctia ma
tran A duge chuan hoéa theo chuan Euclid.

Véi N hé do bo sung, mdi hé dugc thiét lap bao gom mot toan ti tuyén tinh bi
chan T; : R” — R™ va mot ma tran lay mau A; € RPPX™i trong d6 m; € [50,100]
va p; € [20,50] duge chon ngau nhién. Cac hang clia ma tran A; va T; lan lugt duge
chuan héa theo chuan Euclid v& chuan Frobenius.

Nhiéu Gauss véi phuong sai o = 0.0001 dude them vao dit lieu quan sat.

Sai s6 dugc danh gia theo cong thiic

s —
"~ max{L, Ja]]}

Stt dung phuong phéap hiéu chinh Tikhonov an véi cong thic lap (2.43), va cac dit
liéu duge chon la

1
S(z) ==z, a, = —, N = 100.
n

Thuat toan dude thuc hién vé6i céc lga chon khac nhau ctia tham sé hiéu chinh «,,, két

qué s6 duge trinh bay trong Bang . Hinh anh khoi phuc tin hiéu tng véi trusng

1 2
hop a, = 200 dugce the hién trong Hinh [2.3

Bang 2.4: Bang két qua sb ctia phuong phap lip an (2.43)

la' En Thoi gian (s)
1/50 3.026 x 1072 0.1612
1/100 1.779x 1072 0.0410
1/200 9.021x 1073 0.0390

1/300 6.047x 1073 0.0389
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Tin hieu khoi ;;hsuc:::ﬂ::1 00) ; 160 &
% 0.001-: 20 40 Ixt:: )z:::ujau 80 100 120
;g - .HH.TT%.T.TUﬂ.@'ﬂ..‘rm{tﬂL»TrLLTM?DTTTT?{UHLT«,?TBQ»L?L‘THHTT? JTTLTLTTTJ»Tﬂ:kj..{

o

20 0 100

0 Chi so mau

Hinh 2.3: Tin hiéu gdc va tin higu khoi phuc bing phuong phap lap an (2.43)) véi a,, = 1/200

Tiép theo, ching toi st dung phuong phap hiéu chinh Tikhonov hién véi cong thiic
lap (2.45), trong d6 diém xuat phéat z; 1a goc toa do va cac dit ligu duge chon nhu sau

S(x) =2, a,=n"% 0,=035n"0%%

Thuat toan dimg khi ¢, < TOL, v6i TOL cho truéc hoac khi sé vong lap dat 20000.
Két qua s6 duge trinh bay trong Bang[2.5] Hinh 4nh khoi phuc tin hieu véi TOL = 10~°
dugc thé hien trong Hinh .

Bang 2.5: Bang két qua s6 ctia phuong phap lap hien ([2.45))

TOL Sé buéc lap En Thoi gian (s)
103 100 9.9579x 10~* 0.0019
10~ 499 9.9916x 10~° 0.0081
102 2297 9.9971x 107° 0.0361

1076 11714 9.9999x 1077 0.1847
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Tin hieu goc

1 T T
g 05 H

0 2L0- 410- 610 Chi so mau 810 160 120

; Tin hieu khoi phuc (N=100)
g8 05H 1
B opleellllonlulenslucelsonger aelass ae cnlucl unrmans o conersesnne, wraenisosuntienelesnternernne Lo yee Lol lle,

08 2 2 0 Chiso mau 50 100 120

-g o | |Xglnn Ky o]
ol L
é LTHﬂUhJTJL;OTTT?.L.LF o JLOTL’ ﬂT..TvTJ.c LYJTJ.ﬁvf%oﬁlfjT?TﬂTLJT”hT-l[ ?LW?T!.T LL.!NJ ﬁﬂ

0 40
Chisomau 80 100 120

Hinh 2.4: Tin hiéu gbc va tin hiéu khoi phuc bang phuong phap lap hien (2.45) véi
TOL =107°

KET LUAN CHUGNG 2

Trong chuong nay, ching toi da xay duyng hai thuat toan xap xi nghiém cho bai toan
dua trén phuong phép hiéu chinh Tikhonov. Diém nhan quan trong ciia
chuong 14 viéc chiing minh tinh hoi tu manh va tinh 6n dinh truée nhiéu cho céac thuat
toan dé xuét, thé hien qua Dinh ly , Dinh 1y , Dinh 1y va Dinh ly .
Cac két qua nay mé rong dang ké tinh kha dung clia cac phuong phap lip trong bbi
canh dit lieu thyc té thuong chita sai sob.

Bén canh phan phan tich 1y thuyét, chuong nay con trinh bay viéc van dung cac
thuat toan da xay dung dé giai mot sé bai toan lien quan. Céc vi du s6 minh hoa
khong chi xdc nhan tinh hoi tu clia thuat toan ma con cho thay hiéu qua tinh toan tot
hon so v6i mot s6 phuong phap khac trong mot sb trusng hop cu theé.

Nhin chung, chuong nay déng gép mot huéng tiép can hieu qua va dang tin cay
cho bai toan (SCSP-MOE]), tao nén tang cho viéc phat trién cac thuat toan manh hon

sé dugce trinh bay trong cic chuong tiép theo.
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Chuong 3

e P e

Thuat toan diém gan ké quan tinh giai
bai toan (SCSP-MOE)

Trong chuong nay, dia trén phuong phép diém gan ké quan tinh (hiéu chinh),
ching toi dé xut hai thuat toan 1ap giai bai toan (SCSP-MOE]). Thuat toan thit nhat
duge chitng minh hoi tu yéu dén nghiém ctia bai toan va dude danh gia vé toc do hoi
tu. Thuat toan thi hai dudc xay dung trén co sé két hop thuat toan thi nhat véi
phuong phap xap xi mém nham thu duge sy hoi tu manh. Cudi chuong, mot sé vi du
s6 duge dua ra dé minh hoa cho cac két qua 1y thuyét. Céc noi dung ctia chuong duge
trinh bay dua trén cic két qua chinh ctia bai bao (CT1).

3.1 Thuat toan hoi tu yéu va téc dé héi tu

Nhu da dé cap trong phan mé dau, nam 2001, Alvarez va Attouch (xem [6]) da gi6i
thieu thuat toan diéem gan ké quan tinh dé tim khong diém ctia toan ti don diéu cuc
dai A:H — 2%, véi H 1a mot khong gian Hilbert thiyc. Céc tac gid da chitng minh

dugce rang, véi cac tham sb 6, € [0,1), A\, > 0 va diéu kién
o0
D Oullan — zpa|® < o0,
n=1

dugce théa man thi day {z,} sinh béi quy tac lap

Tn+1 = an(xn + en(xn - $n71>);
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véi xg, 1 € H dude chon bat ky, sé hoi tu yéu t6i khong diem ctia toan tit don dieu
cyc dai A (v6i gia thiét tap nghiem clia bai toan khéc rong).

Dua trén thuat toan ctia Alvarez va Attouch, ching toi xay dung mot bién thé cta
thuat toan diém gan ké quan tinh dé tim nghiém ctia bai toan (SCSP-MOE]).

Trong toan bd chuong nay, bai toan duge xét dudi cac gia thiét
(H1)-(H4) da néu trong Chuong 2.

Thuat toan 3.1.1 Thuat toan hoi tu yéu
1: Chon 0 € [0,1) va day {t,} théa man

0<t, <0, Vn>0.

2: Chon hai diém dau zg, 21 € H tuy ¥.

3: forn=1,2,... do
4: Tinh
N N
Tp+1 = JA+Zi:1 TAT: (In + tn(xn - xn—l) + f + Zﬂ*(fl)> . (31)
=1
5. end for

Su hoi tu ctia day duge tao ra béi Thuat toan dugce chi ra trong dinh 1y sau.

Dinh ly 3.1.2. Gid st rang day {t,} dugc chon sao cho diéu kién sau dugc théa man
o0
D tallzn — 2na|® < oo (C)
n=1

Khi dé, day {z,} dugc tao ra bdi Thudt todin hoi tu yéu dén mot nghiém cla bai
todn (SCSP-MOE)).

Chaing minh. Tit Bé dé[1.5.5, ta ¢ day {x,} la hoan toan xac dinh. Viét lai cong thiic
lap (3.1) dudi dang tuwong duong

N

N
Alwni1) + 3 T AT (0041)) + Tt = Tn + talwn — 20m1) +F+ S THF). (32)
i=1 i=1
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Véi moi p € Q, tic la, A(p) = f va Ai(Ti(p)) = fi, i =1,2,...,N. T (3.2)) ta c6

_<xn+1 — Py Tp4+1 — Tn — tn(xn - CCn—l)>

N
= (Tn1 = p, Alwnp) — f) + Z(afnﬂ =, T (Ai(Ti(xn 1)) — 17 (f))

N
= (tns1 =0 Alzan) = AW®)) + Y (Tilwnsr) = Ti(p), Ai(Ti(2an1)) — A Ti(p)))

i=1

N
> [ A@n1) = FIP+ Yl Ai(Ti(wnr)) = fill (3-3)
i=1

1
Mit khéc, dat A, = §||xn —p||?, ta co

<$n+1 — D, Tp4+1 — Tn — tn(xn - In—1)>
= (Tp+1 — Dy Tnt1 — Tn) — tn(Tpy1 — P, Ty — Tp—1)

1 1 1
= EH'TR-H _pH2 + §Hl’n+1 - an2 - 5”5671 _p”2 - tn<xn+l — P, Tn — xn—1>

1
— An—|—1 - An + §”xn+1 - xn||2 - tn((-rn—l—l — Tp, Tp — xn—1> + <xn — P, Tn — xn—1>)
1 2
— An—|—1 - An + §”xn—|—1 - xn“
1
- tn(<xn+1 — Tn, Tp — xn—1> + An - An—l + 5”1'71 - xn—lHQ)
= At — Dy — tn(Dn — D) (3.4)
t
+ 5”*7;71—1—1 - anz - En“xn - xn—lHQ — tn<xn+l — Tpy Ty — xn—1>

- An+1 - An - tn(An - Anfl)

1 2+t
+ EHxn—l—l — Tn — tn(xn - xn—1)||2 - = 9 -

||515n - xn—1||2

2 An—H - An - tn(An - An—l)

1
+ §||xn+1 — Tp — tn(xn - 33n71)||2 - tn”xn - 377%1“2- (3-5)
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Tu (3.3) va (3.5) ta c6
An—l—l - An - tn(An — An—l)
N
< —WA@n1) = FI7 =D il Ai(Tiwarn)) — £ill®
=1

1
- §||:L'n+1 — Tp — tn(xn - xn—l)

I+ tallzn — zaa]®. (3.6)
Tu (3.6)), ta suy ra
Aps1 — Ap < ta(Ap = Apy) + tallzn — 20|
Dat ©, = A, — A,_1 V& 0, = t,||z, — 2,_1||?, khi d6 bat dang thiic trén trd thanh
Oni1 < 1nOn + 0y < 10[On]4 + 0,
trong dé6 [m|; = max{m,0}. Vi 0 <t, <60 nén ta co

[@nJrl]Jr < 9[@n]+ + On.

Do d6, bang cach lap lai bat dang thic trén, ta thu dudc
n—1
[Onstls < 0 [O1) + > 055,
k=0

Tu dieu kien (C), ta duge

Z[®n+1]+ < 10%9 <[@1]+ + Z(S”) :

n

bat U, = A, — > [Ok]+. VI A, > 0va > [Ok]+ < co nén day {¥,} bi chan dudi.
k=1 k=1

Hon nita, vi ©,41 = Ay+1 — A, nén tit dinh nghia cia [6,41]+ ta ¢6

n

‘ljn-i-l = An-l—l - [@n+l]+ - Z[@k]+ S An—i—l — An—l—l + An — Z[@k]+ = \lfn
k=1 k=1
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Do do, day {V,,} 1a day giam. Vi vay, {V,,} va {A,} 1a céc day hoi tu. T (3.6)), ta c6

N
AGar) = S+ S AT 1) = B + 201 = 0 = toln = 2 0) P
i=1
< —[Ani1 = Ay =t (An = Ay )] + bl — 2| (3.7)
Vi day {A,} hoi tu va diéu kién (C]) duge thda man nén ta c6
Anit = By = ta(Bg = Byor) + tal|zn = @] = 0.
Két hop diéu nay véi (3.7), ta suy ra réng

[A(zni1) = Il =0, (3.8)
| Ai(Ti(2n41)) = fill = 0,

Hxn—i—l — Tp — tn(ajn - xn—l)” — 0.

Vi day {A,} hoi tu, nén day {z,} bi chin. Do d6, ton tai mot day con {z, } cla

{z,,} sao cho z, — ¢ khi n — oco. Ta sé ching minh rang ¢ € Q. That vay,

0 < 7l A(zr,) — A(g)|?
< (T, — ¢, Alzr,) — Alg))
= (T, — ¢ Alr,) = [) + @k, — ¢ = Ag))
< M||A(zw,) = fIl + (zr, — ¢, f — Ala)), (3.9)

véi M = sup, {||z, — q||} < co. Lay gidi han khi n — oo trong (3.9) va stt dung (3.8))
cing v6i gid thiét xp, — ¢, ta thu duge

[A(zr,) — Alg)|| = 0.
Két hop diéu nay véi (3.8), ta suy ra

Alq) = f.
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Véi méi i = 1,2,..., N, vi T; 1a toan ti tuyén tinh bi chan va x;, — ¢, nén ta c6

Ti(zr,) — Ti(q). Bang cach lap luan tuong tuw nhu trén, ta co
Ai(Ti(q)) = fi, v6imoi i =1,2,..., N.

Tic 1a ¢ € Q, nhu da khang dinh.

Cubi cung, ta ching minh rang day {z,} hoi tu yéu dén ¢. That vay, gia st ¢’ 1a
mot diém tu yéu khac ctia day {z,}. Khi d6, ton tai mot day con {z;,} ctia {z,} sao
cho x;, — ¢. Tuong tu nhu 1ap luan & trén, ta c6 ¢ € Q. Vi ca ¢ va ¢’ déu thuoc Q
nén ton tai giéi han hitu han

lim ||z, —q|* va lim |z, — ¢[|*
n—oo n—oo
Do d6, ciing ton tai gi6i han httu han
lim (|2, — ql|* = [lzn — ¢'lI*) = 2 lim (@0, ¢" = q) + [lal* — |¢']|*
n—00 n—00

Diéu nay cho thay ton tai gi6i han

lim <1L’n, q/ - q>

n—oo

Vi xp, — q va x;, — ¢’ nén ta duge

(0.4 —q)=(d,d —q).

Do dé6 ||¢ — ¢||> = 0, suy ra ¢ = ¢’. Nhu vay, day {z,,} hoi tu yéu dén q.
Dinh ly dugc chiing minh. O

Nhan xét 3.1.3. i) Bang cich st dung phuong phap diém gan ké quan tinh ching
toi da chi ra duge rang khi diéu kien duge théa man thi day {z,} duge xay
dung trong Thuat toan hoi tu yéu téi nghiém ctia bai toan (SCSP-MOE))

ma khong can ding dén thong tin vé chuan clia toan ti chuyen.

ii) Diéu kien (C) c6 thé dugc dam bio bang cach chon day tham sé phu hop.
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Chang han, ¢6 thé chon day {t,} nhu sau

1

" G ) (om = 2a P 1 B)°

trong d6 s > 1 v «, 8 1a cac hing s6 duong.

Hon nita, diéu kién ciing c6 thé tu dong duge théa man trong mot sé trudng

hop diic biet, ching han nhu truong hop duge trinh bay trong hé qua sau.

Hé qua 3.1.4. Gid st rang {x,} la day duoc tao ra bdi Thudt todn|3.1.1 Néu diéu
kién duge thay thé bdi dieu kién

(£} C [0,6) vdi 0 € [o%] v {ta} la day ting, ()

0]
thi ta c6 . ||zns1 — x> < 00, do dé day {x,} hoi tu yéu dén mot phan ti p € .

n=1

Ching minh. Tt (3.3) va (3.4)), ta ¢6

An—|—1 - An - tn(An - An—l)

t
S _§H55n+1 - anQ + tn<xn — Tpn—1,Tn+1 — $n> + En”xn - xn—1H2-

Ap dung bat déng thitc Cauchy-Schwarz, ta thu dugce

t, —1

An+1 - An - tn(An - Anfl) < ||xn+1 - xn||2 + tn”mn - xn71||2-

Dat A, = A, — A1 + tyllen — 2p_1||* Vi tny1 > £, nén v6i moi n > 1, ta c6

1—30

Apyr — Ay < — 041 — zall”. (3.10)

Tu diéu kien (C), ta suy ra day {A,} la day gidm. Tt dinh nghia clia A, ta ¢6

Ay =ty < A, < Ag (3.11)
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Diéu nay dan dén

n—1
A
A, < 6)”A0+A129’“ < 0"Agy + ] _19.

k=0

(3.12)

T (3.10), (3.11)), (3.12) va dinh nghia ctia A, 41, ta co

1 — 30 —
—5 Z lzrsr — ze||* < Ay — Ay
k=1

< A +0A,
O\,

<A 0n+1A
< A+ o+1_0

= "N + (3.13)

1
1-6
Tit bat dang thic (3.13) cho n — oo, ta duge

1 —30 & 0N, Ay

—_— — Z<A = )

Do do,

= 27
Z [Zng1 — 2 )* < : < 00.
ot (1—-6)(1—30)

Tit Dinh 1y [3.1.2 ta suy ra diéu can ching minh. O

Tiép theo, dya trén y tudng ciia Chen va cong sy [21], Corman va cong su [24],
chiing toi nghien ctu té¢ do hoi tu cia Thuat toan [3.1.1] Trude hét, ta c6 két qua

danh gia sau d6i véi day {z,}.

Dinh ly 3.1.5. Cho day {z,} duogc tao boi Thudt toin Vol Ty = 1 Va4 gid SU
rang day {t,} théa man diéu kien (C'). Khi dé vdi bat ky p € Q va bit ky n € N, ta c6

, 2(1+6%)(1+ 6 — 62
min ”xk—i-l_zkHQS ( )( )

—p|)? 14
1<h<n =01 3o w0 Pl (3.14)

trong do z = xp + ti(xp — xp—1) VO MOt kK =1,2,...,n.
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Chiing minh. Tu (3.13) va 1 = xg ta ¢

Ay
_ 2 o 1—4
Z |Zra1 — mg|]” <2 1_ 30
k=1
1— 0
<2—
- 1—30
gy 7N
= =% o —p?
1—30
1+6— 62 5
< —pl|*. 3.15
< =gzl (3.15)
Tu do, ta dugce
Z 1 — 2]|* = Z 21 — 2x = te(og — )|
k=1 k=1
< (146" (lzrn — wl® + [lzs — 2 |®)
k=1
2(1+6%) (146 — 62
< 2O o — .
(1—-0)(1—30)
Do do,
2(1+ 6% (1 + 60— 6?) 9
11&12 {“‘T]H-l Zk” } = (1 _ 9)(1 _ 39)71 ||$0 p“ :
Dinh Iy dugc chiing minh. O]

Chu y 3.1.6. Trong Thuat toan [3.1.1] néu z,,1 = 2, thi 2,41 € Q, tic 1a 2,41 14
mot nghiém ctia bai toan (SCSP-MOE)).
That vay, gia stt p € Q. T (3.2) ta ¢

0= (Tns1 —p, A(@nt1) — +§:Im4 p, T (Ai(Ti(xn 1)) — T7 (f))

= (Tp+1 — P, A(@n+1) )+ Z i(@nt1) — Ti(p), Ai(Ti(wn11)) — fi)
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N
= (21 = P, A(wnsr) = AW) + Y _(Ti(xnn1) = T(p), Ai(Til2as1)) — Ai(Ti(p)))

1=1

> Y[ A(@nt1) fH2+Z%||A H(@nt1)) — Sill

Diéu nay dan dén A(z,41) = f v Aj(Ty(zpy1)) = fi v6imoi 1 = 1,2,..., N, tic la

Tpi1 € Q. Do do, ta co thé sit dung diéu kien dimg
|Zns1 — 2a]|* < TOL

dé két thic qué trinh lip, trong d6 TOL la ngudng sai s6 cho trudc.

Hon nita, xét day {x,} dugc tao ra nhu trong Dinh 1y , tit bat dang thic
(3-14), dé thu dugc mot nghiem xap xi TOL-t6i wu theo nghia [|z,41 — 2,[|? < TOL,
s6 bude lap t6i da can thiét theo Dinh ly 1a

21+ 0%)(1+0—6%) )
Mmax = TGV — 36) TOL w0 = pII™

Trong phan tiép theo, ching toi sé thiét lap mot bat déng thiic danh gia sai s6 chat
hon, qua d6 x4c nhan rang téc do hoi tu ctia day thyc sy dat bac O(1/4/n). Két qua
chi tiét duge trinh bay trong Dinh 1y duéi day.

Dinh 1y 3.1.7. Cho day {z,} duogc tao bdi Thuat toan vdi t, =0 < 1/3 vdi moi

n>1va xg=x1. Khi dé, vdi bat ky p € Q va moi s6 tw nhién n > 2, ta cé

2(1+760) (146 — 6)(1 + 6?) )
(1—6)(1—20)(1 —30)(n — )H o —pll*.

2011 = 2a]|* <

Ching minh. Tt (3.2) ta co

N

A@ni +ZT* T@n1))) + Tnst = 20 + f + 3 T (fi),

i=1

N
Az, —I—ZT* i(Tixy,) —|—xn—zn1—|—f—i—ZT*fl
=1
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Tu do, ta co
A(:Un—l—l xn + Z T* xn+1)) Az(n(xn)» + Tpt1 — Tp = 2Zp — Zp—1-

Do do,

<Zn — Zn—1,Tn+1 — In>

= ||39n+1 — 2 |* + (Al@nr1) = A(2n), Tps1 — T0)
+§:1“ Ty(@ni1)) = A(Ti(w2)), Tst — )
= H93n+1 — Zal® + (A1) — A(2n), Tng1 — Tn)
+ Z Ti(vnt1)) — Ai(Ti(wn)), Ti(wnt1) — Ti(xn))
> ||#nt1 — 2%

Tu do, ta duge

”InJrl - xn||2 S <Zn — Zn—1,Tn+1 — xn>
= <xn — Tp_1+ 9($n —2xp1 + xn—2)7 Tn+1 — xn>

— (1 + 9)<xn — Tp—1,Tn+1 — xn> - ‘9<$n—1 — Tpn—2,Tn4+1 — xn>

146
=~ (lzns1 = Zoll? + 2 — 2nall? = 2ng1 — 220 + 20 |P)
0
= Iz = Zoll? + lzn-1 — 2pal® = l|2ni1 — 20 — 2p1 + 0o
1 1 0 0
= §||$n+1 - anz + 5”3% - J;nleQ + 5“1'11 - $n71||2 - 5”%%1 - $n72||2
- 9 ||In—|—1 - Z.Tn + xn—l” + 5“3771—&—1 — XTp — Tp—1 + In—?“
1 1 0 0
< L = 2l 4 Sl = ol + Sl = a2 = Dy — o
146
- 9 ||:13n+1 — 2z + xn—1||2

Ol ns1 — 225 + T | 4 20 — 2201 + Ta?).
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Do do,

|Zni1 — InHQ < |lzn — xn—1||2 + 0|lzn — xn—1||2 — Ol — xn—ZHQ

— (1 = O)||psr — 22n + Tp_1]|® + 20||2p — 2201 + T0_s||*-
Vif <1/3,nén 1— 60> 20. Két hop didu nay véi bat dang thiic trén, ta thu duge

||37n+1 - xn”z + 2‘9||33n+1 — 2z, + fL“n—1||2 - 9”3% - xn71||2

< wn = nal]® + 20|z — 2201 + ol — Ollzn_1 — z4o|®.
T do, ta suy ra

(|21 = zall® + 20]|@ns1 — 220 + T0al* = Oll2n — 20a|l”)

n+1
< Z [k — g ]|? + 20|z — 22—1 + Tp—a|® — O]l zR1 — Tp_2]|?]
k=2
n+1
< Z [(1 + 49)||$k - $k71||2 + 39”33k—1 — xk,QHZ]
k=2
n+2
<(1+70)> ooy — zpal®.
k=2

Két hop véi (3.15)), ta thu duge

n([[ensr = 2all? + 20201 — 220 + 20 ||* = Ol — 201 |
(1+76)(1+6 — 62)
=T (1= 0)(1-30)

[0 — plI?, (3.16)
v6i moi p € Q2 va n > 2. Mat khéc, ta ¢

2 — zna]? < 2(||$n+1 — z|” + lTngs — 22, + $n71”2)- (3.17)

Tt (3.16]) va (3.17), suy ra

(1+70)(1+ 60— 62)
(1—6)(1—30)

(1= 20)nllns1 — 2a]* < lzo = pII*.
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Do do

(1+76)(1+6 — 6%
(1—0)(1—26)(1 - 30)n

[ Tns1 — 2n]|* < |0 — p|*.

Tu do, ta co

zn1 = zall® = llons1 = 20 — O(zn — 2n-1)|”

< (1+6) (lensr = zal® + lzn — 20 [)
2(1+70)(1+ 6 — 62)(1 + 6?)
= (1=6)(1—-20)(1—30)(n—1)

lzo — p]I*.

Dinh Iy dugc chiing minh. ]

3.2 Thuat toan hoi tu manh

Trong phan trude, ching toi da xay dung Thuat toan va chitng minh dugc su
hoi tu yéu ctia day lap tuong tng. Dé dat dudce su hoi tu manh, trong phan nay ching
toi st dung phuong phdp xap xi mém (viscosity approzimation method) do A. Moudafi
dé xuét. Y tudng co ban ctia phuong phap nay 1a két hop thuat toan gbe véi mot
dnh xa co ¢ : H — H thong qua mot day tham s6 diéu khién {a,,} C (0,1). Cu thé,
trong [45], A. Moudafi da xét thuat toan

Tni1 = an‘;ﬁ(xn) + (1 - Ozn)S(QZn),

trong d6 S : H — H la mot anh xa khong gian va day {a,} théa méan

n—oo

o0
lim o, =0, E oy = 00.
n=1

Khi d6, day lap khong chi hoi tu t6i mot diem bat dong ctia S (v6i gia thiét Fix(S) # 0)
ma con hdi tu manh t6i mot nghiem clia bat ding thic bién phan thich hop trén tap
diém bat dong ctia S. Tt d6, phuong phap xap xi mém da tré thanh mot cong cu hicu

qué dé chuyén tit sy hoi tu yéu sang st hoi tu manh trong khong gian Hilbert.
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Xuat phat tit ¥ tudng trén, ching toi két hop Thuat toan v6i phuong phap
xap xi mém dé xay dyng mot thuat todn hoi tu manh cho bai toan (SCSP-MOE]).

Thuat toan dé xuat duge trinh bay nhu sau.

Thuat toan 3.2.1 Thuat toan hoi tu manh
1: Chon 0 € [0,1) va day {t,} sao cho

0<t, <6, Vn>0.

2: Chon 4nh xa co ¢ : H — H v6i hé s6 co c € [0,1).
: Chon day {a,} C (0,1) théa man

w

oo
lim o, =0, g ay = 00.
n=1

n—o0

4: Chon hai diém dau zg, 2, € H tuy ¥
5: forn=1,2,...do

6: Tinh
Yn = T, + tn(xn - xnfl)-
7: Tinh
N * N
up = JATRm TAT (yn eSS E*(f») -
i=1
8:  Cap nhat
Tt = Qpp(xn) + (1 — )y, (3.18)
9: end for

St hoi tu manh ciia day duge tao bdi thuat toan trén dén nghiém ciia bai toan

(SCSP-MOE]|) dugc trinh bay trong dinh 1y sau.
Dinh ly 3.2.2. Trong Thuat todn néu dieu kién sau dugc théa man

tn”xn - xn%”

=0, (C”)

n—00 Oy,
thi day {x,} hoi tu manh téi mot phan ti p € Q, théa man p = Po(p(p)).

Chiing minh. Trude tién, ching toi ching minh day {x,} bi chan.
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That vay, lay mot diém bat ky ¢ € Q. St dung lap luan tuong tu nhu trong chiing
minh ctia Dinh 1y [3.1.2] ching ta thu duge bat dang thitc sau

N
Y ACun) = FIP+ Y 3l Ai(Ti(un) = fill?
i=1

< <un —4q,Yn — un>
= (Up — ¢, Yn — q) — |Jun — ql?

1
= S (lun = all* + llgn = all* = lun = 9all*) = llun = gl

1

= S (lyn = all* = llun = ll* = 1w = gall®)- (3.19)

Tu dieu kien (C7)), ta suy ra ton tai mot hang s6 M > 0 sao cho

tn||33n _xanH

< M, v6i moi n.
Qn

Tir (3.18) va (3.19) ta c6

[zn1 = gl = llemp(zn) + (1 = an)un — 4|
< anllp(n) = qll + (1 = an)llun — gl
< an([le(zn) = (@ + llvle) = all) + (1 = an)llyn — 4l

< an(cllzn —qll + lle(g) —qll) + (1 — an)([[2n — ql| + tallzn — Tp-all)
o ||$0(Q) - CIH + tn”xn - xn—lu/@n

<[ - =cda]lzn =gl + (1 —-¢)

1—c
q) —ql| + M

<[1- (1~ o] — gl + (1 - ), FL

— + M
< max { o, gl [

— C

— + M
< max{“iﬁo—qna ||90(CI)1 _q! }

Diéu nay c6 nghia la day {z,} 1a day bi chan.
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Tiép theo, ching toi dua ra mot sé6 danh gia sau.
yn — CI“Q = |lzn — g+ ta(2n — xn—l)HQ

= ||33n - Q||2 + 2tn<$n —q,Tn — xn71> + ti”‘rn - xn71||2

= llzn = al* + ta(llzn — ll* + lzn —2nal* = llzn-1—al*) + tollzn — 20a|”

= (tn + Dlwn = ql* + (& + to)llzn — znal® = tallza— — .
Vit, €10,1), t2 +t, < 2t, nén ta c6
lyn = qll* < (tn + Dllzn — gl + 2tnllzn — 20 ll” = tallzny — ql*.

Tu (3.18) ta ¢6

lns1 — all* = llan(p(zn) — @) + (1 = an)(un — g)II*

< anllp(en) —all* + (1 — an)llun — glf?
< an(My +[lgl)?* + llun — all?,

trong do M = sup, {|[¢(zn)[[} < oo. Tir (3.19), (3.20) va (3.21)), ta duge

(3.20)

(3.21)

2V + ||Un - yn||2 < (||=77n - Q||2 - ||xn+1 - Q||2) + tn(||33n - Q||2 - ||37n71 - Q||2)

+ 2t |2 — T ||+ (M + [|g]])?

= (lzn — ql> = | Zns1 — ¢l|?)
+tu(lan — qll = llg = a1l (J2n — qll + lZae1 — qll)
+ 2|0 — Tpa [P+ (M + [g]])?

< (lzn = all* = Nznrs — all®) + 2(Mz2 + llal)tullzn — za-il

+ 2M2tn||l’n — l'nle + Oén(Ml + ||Q||)2

= (lzn = all* = llznsr — all*) + 2202 + [lgl)tnll2n — 201l

+ o (M + [|g])?,

(3.22)

N
trong d6 My = sup, {[|zn[|} < 00 va Vi = ]| Aun) — f* + 2 YillAi(Ti(wn) = fill*.
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Tu Ménh de [1.2.15) va gid thiét ¢ : H — H 1a anh xa co véi hé s6 co ¢ suy ra Poyp
13 4nh xa co trén H vdi hé s6 co c. Vi vay theo Ménh dé ton tai duy nhat mot
phan t1t p théa man p = Pop(p) € Q.

Tit B18), (B-19) va (B:20) (vdi g = p) ta co

[Zns1 = plI* = (anp(zn) + (1 = an)un — p, Tpi1 = p)
= an{@(@n) = p,Tnt1 —p) + (1 = ) {un — p, Tns1 — p)
= an({p(zn) — 0(P); Tnt1 — p) + (p(P) — P, Tp41 — D))
+ (1 — ap){tn — p; Tny1 — p)

< o ) = P s =gl = I e =
2 2
+ an{p(p) = P Tny1 — )
S O[nC2”xn _p”2 + Hxn—i-l _pH2 + (1 . Oén) Hyn _pH2
2 2
+ an(p(p) — P, Tny1 — D)
< ncllzn — plII? + [|#ns1 — pl?
- 2
+(1— o) (tn + 1) — plI* + 2tn||x1;_ Toa|® = tallzn—1 — pl?
+ an{e(p) = P Tny1 — )
< = =ag]f|lzn — plI? + ||zt — ol
- 2
n tn(l|7n _20“2 — || T2 _sz) + 2t || v — xn—1||2

2
+ an{@(p) = P, Tng1 — )
< L= = ag]f|lzn — plI? + |znsa — pl?
= 2
+ an(e(p) — P, Tns1 — D).

+ (BMZ + ”p”)tn”xn - xn%”

Tu do, ta suy ra

lner = plI* < [1 = (1 = )an]|lzn — pII”

+2(BMz + [pDtallzn — 2l + anle(p) = py2nia = p)]. - (3.23)
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Qp = ||xn _pHQ;
on = (1 — ¢)ay;

tollTn — Tn-1||

C o0 = st = 1))

2
b= o (30 + )

n

Khi d6 (3.23) trd thanh

Gnp41 < (1 - Un)an + Unbn-

Dé chiing minh day {z,} hoi tu manh t6i p, chiing toi sit dung B6 dé|1.5.6, Cu thé,
gid st {a,, } 1a mot day con bat ky cia day {a,} thoa man

liminf(a,, +1 — an,) > 0.
k—o0

T (3.22)) (v6i ¢ = p), ay — 0 va t,||zy, — xp—1]] = 0 ta cod

k—o0

S lim Sup(ank - an;ﬁ-l)
k—o0

+lim sup[2(2Mz + [Ip])t, 20, — 21l + (M + [[p]]) e,

k—o0

= —liminf(an, +1 — an,)
k—o00

<0.
Do do,

lim V,,, =0, (3.24)

k—o00

khm Hunk - ynk“ =0 (3'25)
—00
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T (3.24)), ta suy ra

[A(un,) = Il =0, (3.26)
| Ai(Ti(un,)) — fill = 0,i=1,2,...,N. (3.27)
Tiép theo, chiing t6i chiing minh rang lim sup b,, < 0. Gia sit rang {z,, } 1a mot day

k—ro00
con cua {z,, } sao cho

lim sup(p(p) — p, wn, — p) = Iim (p(p) = p, Tn,, — p)- (3.28)

k—oo =00
T tinh bi chén cta day {z,}, ta suy ra ton tai mot day con cta day {xnkl} hoi tu
yéu vé mot phan tit w. Khong mat tinh tong quat, gia sit ring Ty, — W.
Mat khac, ta co
|Yn — @ull = tullxn — 2n-1]| — 0.

Két hop véi (3.25), ta thu duge [Ju,, — zp, || = 0. Do d6, u,, — w. Tit (3.26), (3.27)
va 1ap luan tuong tu nhu trong ching minh Dinh 1y[3.1.2] ta suy ra ring w € Q. Do do,

tir (3:28) va Menh dé [1.2.14] ta co

lim sup(p(p) = p, 2n, — p) = (p(p) —p,w —p) <0. (3.29)

k—o00

Tu (3.18) va diéu kien a,, — 0, ta o ||zps1 — un|| — 0.

Két hop véi ||un, — 2, || — 0, ta suy ra riang
||xnk+1 - xnk” — 0.
Do do6, tu (3.29) va diéu kien ¢, ||z, — Tn,—1]| — 0, ta ducc

lim sup b, < 0.

k—o0
Nhut vay, tét ca céc gia thiét ciia Bé dé[L.5.6/déu duge thoa man. Tix do, suy ra a, — 0,

tic 1a z,, — p nhu da khing dinh.

Dinh 1y dugce chiing minh. []
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Nhan xét 3.2.3. i) Bing cach két hop thuat toan hoi tu yéu (Thuat toan 3.1.1)
v6i phuong phap xap xi mém ching to6i da ching minh dude sy hoi tu manh ciia
day lap sinh bdi Thuat toan dén nghiem cua bai toan (SCSP-MOE) ma

khong can ding dén thong tin vé chuan ctia toan tit chuyén.

ii) Bing cach lam tuong ty nhu trong muc Ung dung va vi du sé minh hoa ciia
Chuong 2 (Muc , chiing ta c6 thé ap dung Thuat toan va Thuat toan
dé giai bai toan diem bat dong chung tach véi da tap dau ra (SCFPP-MOS),
bai toan chap nhan tach véi da tap dau ra (SFP-MOS), bai todn khong diém
chung tach véi da tap dau ra (SCNPP-MOS]), bai toan diém cuc tiéu chung tach
v6i da tap dau ra (SMPP-MOS) va bai todn khoi phuc tin higu.

3.3 Vi du s6 minh hoa

Trong muc nay, chiing toi dua ra ba vi du s6 minh hoa cho céc két qua ctia Chuong 3,
bao gom mot vi du vé bai toan khoi phuc tin hi¢u, mot vi du vé bai toan (SMPP-MOS)
trong khong gian Hilbert hitu han chiéu va mot vi du vé bai toan (SFP-MOS) trong

khong gian Hilbert vo han chiéu.

Vi du 3.3.1. Trong vi du s6 nay, chiing toi stt dung phan meém MATLAB R2014a chay
trén may tinh DELL Precision 5560, st dung bo xit Iy Intel(R) Core(TM) i7-11850H
thé he thtt 11 v6i xung nhip 2.50 GHz (16 161 x1t 1) va bo nhé RAM 16 GB.

Xét bai toan khoi phuc tin hiéu duge trinh bay trong Muc v6i cac dit lieu thit

nghiem dude thiét lap nhu sau.

e Tin hiéu ban dau c6 kich thuéc n = 100 v6i 32 phan tit khac khong, duge phan

b6 ngau nhién va lay mau theo phan phdi chuan.

e Ma tran do chinh A ¢6 kich thuéec m x n v6i m = 40. Cac hang ctia ma tran A

duce chuan héa theo chuan Euclid.

e N hé do bo sung, méi he duge thiét lap bao gom mot toan tit tuyén tinh bi chan

T; : R™ — R™ va mot ma tran lay mau A; € R trong d6 m; € [50,100] va
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pi € [20,50] duge chon ngdu nhien. CAc hang clia ma tran A; va T; 1an lugt duge

2 P 2 . < 2 .
chuan hoa theo chuan Euclid va chuan Frobenius.

e Dé mo phéng sai s6 do, nhiéu Gauss véi phuong sai 2 = 0.005 dugc thém vao

dit liéu quan sat.

Ap dung Thuat toan [3.1.1] trong d6 céc toan ti

A=Vh,  A;=Vh, f=£=0, i=12,...,N,

ta s& nhan duge thuat toan tuong tng dé giai bai todn (2.42)). Cu thé, véi cac gia tri
khéi tao xg, r1 va zo duge sinh ngau nhién theo phan phdi chuan, day {z,} dugc tinh

bang cong thic lap
Tl = JVh+Z£V:1Ti*VhiTi(xn b (T — Tpo1)). (3.30)

Thuat toan ding khi ||, 11 — (2, + ta(2n — 2,-1))|| < 107° hodc khi s6 vong lap
dat 1000. Thuat toan ducc kiém tra trén 50 lan chay doc lap, trong do cac dai lugng
duge ghi nhan bao gom thdai gian tinh todn trung binh, sai s6 trung binh va s6 bude
lap trung binh. Véi viéc lira chon tham s6 ¢,, = 0.25, chting toi thu dude cac két qua sd

tuong ting véi cac gia tri khac nhau cia N nhu duge trinh bay trong Bang .

Béng 3.1: Bang két qué s6 ctia thuat toan (3.30))

N S6 buéc lap trung binh Thdi gian trung binh (s) Sai s6 trung binh

10 367.26 0.054062 0.059542
20 144.82 0.035797 0.023415
30 96.82 0.031199 0.016185
30 55.76 0.023691 0.009343

Hinh minh hoa tin hiéu géc va tin hiéu duge khoi phuc trong truong hop bai
toan chi c6 mot phép do duy nhat, duge cho bdi b = Ax +n. Trong khi d6, Hinh [3.2] va
Hinh lan lugt bieu dién tin hiéu gbc va tin hieu duge khoi phuc trong céc trudng
hap c6 bo sung them 10 va 50 phép do, b; = ATi(z) + v;.
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Hinh 3.1: Tin hiéu goc va tin hi¢u khoi phuc bang thuat toan (3.30) véi N = 0

Chi so mau
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Hinh 3.2: Tin hiéu goc va tin hi¢u khoi phuc bang thuat toan (3.30) véi N = 10
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Hinh 3.3: Tin hiéu gdc va tin hiéu khoi phuc bang thuat toan (3.30) véi N = 50

Nhan xét 3.3.2. Quan sat cac Hinh cho thay rang, khi ap dung Thuat
toan (3.30]) cho truong hgp bai toan co dién (N = 0), tin hiéu khoi phuc thu duge sai
lech nhiéu so v6i tin hiéu goc. Ngudgc lai, khi thuat toan dude ap dung cho bai toan
v6i nhidu tap dau ra (N = 10 va N = 50), do chinh xéc ciia tin hi¢u khoi phuc duge

cai thién mot cach ro rang.

Vi du 3.3.3. Trong vi du s6 nay, chiing t6i stt dung phan mém MATLAB R2014a chay
trén may tinh DELL Precision 5560, sit dung bo xit 1y Intel(R) Core(TM) i7-11850H
thé he thi 11 v6i xung nhip 2.50 GHz (16 16i x1t 1y) va bo nhé RAM 16 GB.

Xét bai toan chap nhan tach véi da tap dau ra

100
Tim z € Q" = C' N (ﬁ Tﬁ(@») , (3.31)
=1

Vi cac gid thiét sau day.
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(i) H=H;=L?*0,1] (i =1,2,...,100) v6i tich vo huéng dugc cho bsi

1
(x,y) = / x(t) y(t) dt, Vo =az(t), y=yt) € L*0,1],
0
va chuan tuong tng dugce cho béi
1 1/2
|z|| = (/ z%(t) dt) : Vo =a2(t) € L*[0,1].
0
Cac tap C va Q; (1 =1,2,...,100) dugc xac dinh béi

C={xzecL?0,1]: {a,z) =0},

Qi = {I S LQ[O, 1] : <Ci,$> = dl },

trong do
a(t)=3t+2, Vtel0,1]; b=2,

ci(t)y=t*+i, Ytel0,1];

1+ 2i
d; = .
4i

(ii) V6i mdi i = 1,2,...,100, toan ti T; : L?[0,1] — L?[0, 1] duge xac dinh béi

Ti(z)(t) = @, Vo =x(t) € L*0,1].

Khi do6 tap Q* la khac rong, vi z(t) =t € Q*.
Ap dung Thuat toan [3.1.1f v& Thuat toan [3.2.1| ta c6 hai thuat toan sau dé tim

nghiém gan dung cho bai toan (3.31]).
Thuat toan hoi tu yéu. Véi cac diem khdi tao 2o, z; € H, tinh day {z,} theo

cong thic lap

Tniq = J(I—Pc)+232°1 Ti*(fi_PQi)Ti(xn + tn(xn — ;(;n_l)), (3.32)
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Thuat toan hoi tu manh. Véi diém khdéi tao xg, 21 € H, tinh day {x,} theo

cong thic lap
Tpt1 = Qpe(xn) + (1 — ap)un, (3.33)

trong do

Up = JUPOTEA T E=Po)Ti (1 4t (2 — 2nt),
va ¢ H — H la mot anh xa co.
Truéc tien, ching toi chay thit nghiem Thuat toan (3.32) (thuat toan hoi tu yéu)
v6i cac xap xi dau la
xg=0, 1 =0, Vte [O, 1],
va day tham s6 {t,} dugc chon la

1
n?(1+ [|zn — znal])’

t, = Vn > 1.

St dung diéu kien
en = |1 — p — tu(zy, — 25-1)|| < TOL

dé dimg qua trinh lip, v6i TOL la ngudng sai s6 cho trudc. Dong thoi, ching téi tinh
toan thém gia tri
0 = max |{ci, Ti(xy,)) — d;
dé kiém tra su hoi tu ctia thuat toan.
Két qué sé duge minh hoa trong Bang [3.2l Dang dicu ciia &, trong trudng hop
TOL = 10~% duge minh hoa trong Hinh .
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Béang 3.2: Bang két qua sb ciia thuat toan hoi tu yéu ([3.32)

TOL n En Thai gian (s) d;

1073 68 9.914 x10~* 0.0167 1.553 x 1072
1074 264 9.953 x107° 0.0597 1.358 x1073
1075 519 9.989 x107° 0.1201 2.073 x10~*
1076 1895 9.989 x1077 0.4239 2.512 x107°

1 1 | 1 1 1 1 |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
n

Hinh 3.4: Dang diéu cia ¢, trong Bang v6i TOL = 107

Tiép theo, chiing toi kiém tra su hoi tu ctia thuat toan (3.33)) (thuat toan hoi tu

manh) véi cac xap xi dau 1a
xg=0, 1 =0, Vte [O, 1],

va cac di lieu duge chon nhu sau:

1 1

r)=0.250x, a,= , 1p, = min ,0.85 5.
o) n+ 1 {n2(1+|]:€n—xn_1\|) }

Stt dung diéu kien

Enp = ||£Cn+1 — .Z'n” < TOL,
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dé dimng qua trinh lip, véi TOL la ngudng sai s6 cho trude. Két qua sé duge minh hoa
trong Béang [3.3| (trong d6 0; = max; |{¢;, T;(z,)) — d;|). Dang diéu cia ¢, trong trudng
hop TOL = 10~° dudc minh hoa trong Hinh .

Bang 3.3: Bang két qua s6 clia thuat toan hoi tu manh

TOL n En Thai gian (s) d;

1072 8 8.833 x 1073 0.0024 9.430 x1072
1073 38 9.982 x10~* 0.0098 2.357x1072
104 367 9.968 x107° 0.0829 4.871 x1073
1075 1154 9.995 x107° 0.2670 1.391 x1073

| | 1 | |
0 200 400 600 800 1000 1200
n

Hinh 3.5: Dang diéu ctia &, trong Bang[3.3 véi TOL = 10~°

Vi du 3.3.4. Trong vi du nay, cic thuat toan duge chay bang phan mém MATLAB
2014a trén may tinh DESKTOP-9RLTPSO0, stt dung bo xit Iy Intel(R) Core(TM) i5-10210U
CPU @ 1.60 GHz v6i bo nhé RAM 8 GB.

Trong vi du nay chung toi giai lai bai toan diém cuec tieu tach véi da tap dau ra
ciia Vi du bang hai thuat toan ctia Chuong 3.

Ap dung Thuat toan [3.1.1| va Thuat toan [3.2.1] ta c6 hai thuat toan sau dé tim

nghiém gan dung cho bai toan ([2.37)).
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Thuat toan hoi tu yéu. V6i cac diém khdi tao xg, 71 € H, tinh day {x,} theo

cong thic lap
Tyl = JV9+Z?=1 T;VgiT; (xn +tp(xy —2p1)), n>1 (3.34)

Thuat toAn hoi tu manh. Véi cac diém khéi tao zg, z; € H, tinh day {z,} theo

cong thic lap
Tnt1 = an@(xy) + (1 — ap)uy, (3.35)

trong do
4 *
Uy = JVotioa T VgiTi(xn FtolTn — Tpo1)), 1>,
va ¢ : ‘H — H la mot anh xa co.
Chung t6i kiem tra sut hoi tu ciia thuat toan hoi tu yéu (3.34) véi cac xap xi dau

20 = (1,2,3,4,5), 21 = (2,3,4,5,6)

va day tham s6 {t,} dugc chon 1a

1
B+ 7)1+ [lzn — zn[?)

t, = hoac t, =0 VYn > 1.

Stt dung diéu kien
en = |1 — p — tu(zy — 2,-1)]| < TOL

dé dimng qua trinh lip, véi TOL la ngudng sai s6 cho trude. Két qua sé duge minh hoa
trong Béang . Gia tri cta Vg(z,) va Vg;(Ti(xy)), i = 1,2, 3,4 trong truong hop

1

TOL=10"%vat, = :
T B+ [2n — 2aa]?)

dugc chi ra trong Bang |3.5,
Dang diéu ctia ham ¢,, trong Bang m dugce trinh bay trong Hinh .
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Bang 3.4: Bang két qua s6 ctia thuat toan hoi tu yéu ([3.34))

1
TOL n = t, =0
B+ n?)(A+ [[2n — znl?)
En n  Thoi gian (s) En n  Thoi gian (s)
107 3.8078 x 1077 7 23 x 107 6.7732 x 107* 8 11 x 10~
1079 1.7828 x 107 8 13 x 107 3.5879 x 1071 9 15 x 1074
1071 8.0750 x 107t 9 15 x 10~ 1.9005 x 107 10 16 x 1074
Bang 3.5: Bang gié tri cia Vg(x,,) va Vg;(T;(x,)) trong Vi du m
T, = (2.7521,2.2688, —0.5604, 1.2417,1.4396) "
Vy(z,) (0.0596, —0.0596, 0.1193, —0.0596, 0.1193)T x 10-°
Vo (Tyz,) (—0.4849, —0.9698)" x 10~
Vos(Toa) (0.0545, —0.1089,0.0545)T x 10-*
Vgs(Tyr,) (—0.4252, —0.4252, 0.4252, —0.4252)T x 10~
Vou(Tu) (—0.3656,0,0.3656,0, —0.7312, 0.3656) " x 10-°

10°

10

: : : _ _ _ e £ =10((30%) 411 - 1))

Hinh 3.6: Dang diéu ctia €,, trong Béng v6i TOL = 10710
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Nhan xét 3.3.5. i) Tit Bang 3.5, ta thay c6 thé chon p = x,, lam nghiém xap xi

cho bai toan.
ii) Ta thay rang qua trinh lip ding tai lan lap thi n* véi

2(1+60*)(1+60— 62

2
(1= o)1 —sgror 1*o I

n* << Npax =

Diéu nay dan dén cau héi: lieu ching ta c6 thé dua ra mot danh gia tét hon dé

thay thé gia tri
21+ 6%)(1+ 06— 6%

fmax =7 0) (1 — 36)TOL

|20 — p||*?
Tiép theo, chiing toi kiém tra sy hoi tu clia thuat toan hoi tu manh ([3.35)) véi dit
liéu duge chon nhu sau:

_Z " . 5 _l
go(x)—m v6i moi x € R, n = .

Trong truong hop nay, day {z,} hoi tu dén
p = Pq-(0) = (—0.24,0.24,0.56,0.76,0.56) .

Do d6, chiing toi st dung diéu kién e, = ||z, — p|| < TOL dé dimg qua trinh lgp. Véi
cac diém dau duge chon 1a zg = (1,2,3,4,5), 21 = (2,3,4,5,6), két qua sd dugc minh
hoa trong Bang [3.6).

Bang 3.6: Bang két qua s6 ciia thuat toan hoi tu manh (3.35))

1
TOL ¢, = t, =0
(nlogn 4+ 1)(1 4 [[2n — Znll)
En n Thoi gian (s) En n Thai gian (s)
1072 9.9102 x 107% 112 0.0017 10.0100 x 107% 128 0.0021
107*  9.9948 x 107* 1125 0.0113 9.9987 x 10~* 1377 0.0157
107*  9.9994 x 107> 11458 0.0930 9.9999 x 107> 15287 0.1215

Dang diéu cua ¢, trong Bang |3.6| dugc minh hoa trong Hinh .
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Hinh 3.7: Dang diéu cta &, trong Bang [3.6/ véi TOL = 1073

Tiép theo, ching toi so sanh thuat toan ctia minh véi hai thuat toan ctia Reich va
cac cong sy trong . Chting to6i kiém tra sut hoi tu ctia day {z,} dudc tao ra béi
Thuat toan 3.1 hoac Thuat toan 3.4 trong vl cac dit liéu sau:

o = (1, 2, 3,4, 5), ﬁi,n = 02, Ti,n = ]., Om = 000001, pi,n =1.95

v6i moi ¢ = 0,1,2, 3,4, va

1
f(I):% v6i moi x € R, an = —.

Stt dung diéu kién

en = ||z — p|| < TOL

dé ding quéa trinh lap, véi TOL 1a ngudng sai s6 cho trude. Cac két qua duge minh

hoa trong Bang [3.7]
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Béang 3.7: Bang két qua sb ctia Thuat toan 3.1 va Thuat toan 3.4 trong [54].

TOL Thuat toan 3.1 Thuat toan 3.4
En n Thoi gian (s) En n  Thoi gian (s)
1072 9.9722 x 1073 208 0.0045 9.9039 x 10~* 159 0.0124

1073 9.9997 x 10~* 3715 0.0549 9.9935 x 10~* 1887 0.0697
107* 9.9999 x 107 1447528  20.8387  9.9999 x 10~° 920046  30.2716

Nhan xét 3.3.6. Trong vi du nay, vdi cac tham s6 duge chon nhu trén, thuat toan
ctia chting toi cho két qua hoi tu tot hon so véi Thuat toan 3.1 hodc Thuat toan 3.4

trong [54] vé s6 lan lap va thoi gian CPU.
KET LUAN CHUONG 3

Trong chuong nay, dua trén phuong phap diém gan ké quéan tinh, ching toi da dé
xuat hai thuat toan lip dé giai bai toan trong khong gian Hilbert. Dac
biét, cac thuat toan ctia ching toi khong phu thuoc vao chuan ctia toan ti chuyén. Cu
thé, chiing to6i da phan tich sy hoi tu yéu va téc do hoi tu bac O(1/4/n) ctia Thuat
toan [3.1.1] Tiép theo, bing cich két hop thuat toan hoi tu yéu véi phuong phap xap
xi mém chung toi da dua ra duge Thuat toan hoi tu manh v6i ching minh chi
tiét trong Dinh 1y .

Ngoai ra, chiing toi cling da dua ra cac vi du s6 minh hoa cho viéc 4p dung Thuat
toan va Thuat toan dé giai bai toan chap nhan tach véi da tap dau ra, bai
toan diém cyc tiéu chung tach va bai toan khoi phuc tin hieu. Trong cac vi du so nay,
thuat toan méi ctia ching to6i hoi tu té6t hon mot sd thuat toan da co trude do.

Nhitng két qua ctia Chuong 3 dong thoi ggi mé huéng phat trién cac thuat toan
méi dua trén phuong phap diém gan ké két hop thanh phan quan tinh cho cac chuong

tiép theo.
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Chuong 4

Hai thuat toan chiéu véi da thanh phan
quan tinh giai bai toan (SCSP-MOE)

Trong chuong nay, ching toi trinh bay hai thuat toan chiéu xoay vong cho bai toan
(SCSP-MOE), dugc xay dung dua trén phuong phap diém gan ké két hop véi da thanh
phan quan tinh va ki thuat chiéu lai ghép hoac chiéu co hep. Tinh hoi tu manh ctia hai
thuat toan sé lan luot duge ching minh trong cac dinh 1y. Phan cudi ciia chuong trinh
bay hai vi du s6 minh hoa cho cac két qua 1y thuyét, dong thoi so sanh v6i mot s
thuat toan da c6 trude do, qua d6 minh hoa tinh hieu qua ctia cac thuat toan dé xuat.

Cac két qua ciia chuong nay duge trinh bay dya trén noi dung ctia bai bao (CT3).

4.1 Thuat toan chiéu lai ghép

Trong chuong nay, dé thuan tien cho viéc trinh bay thuat toan va chting minh dinh
Iy, chiing toi biéu dién bai toan (SCSP-MOE)) nhu sau.
Tim phan tit p € Q v6i cac gid thiét:
(01) ie J=1{0,1,2,..., N}, H; 1a mot khong gian Hilbert thuc va f; € H; 1a mot
phan ti cho trudc.
(02) V6i mdi i € J, A; : H; — H; 1a toan tit 7,-don dieu manh nguge trén H;.

o = I 1a anh xa dong nhat tren Ho, T : Ho — H; (j =1,2,..., A cic toan
03) Ty = I I énh xa dong nh Ho, T; i Ho —H; (j=1,2,...,N) 1

tit tuyen tinh bi chan véi toan ti lien hop tuong tng 1a 77 : H; — Ho.
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(04) Q2 =1{;esQu, #0, trong do Qa, = {p € Ho : Ai(Ti(p)) = fi} v6i méi i € J.

Trong Chuong 3, cic thuat todn duge xay dung theo phuong phap diém gan ke
quén tinh, trong dé st dung mot thanh phan quan tinh & vé phai dé tim nghiém gan
ding ctia bai toan (SCSP-MOE). Trong mot s6 truong hop cu thé, diéu nay da dugc
chi ra la gitp cai thién va tang toc do hoi tu so v6i cac thuat toan khong cé thanh
phan quan tinh. Bén canh d6, mot s6 két qua gan day ciing cho thay viéc sit dung da
thanh phan quéan tinh c6 thé mang lai hiéu qua hoi tu t6t hon so véi truong hgp chi
dung mot thanh phan quan tinh (xem [29}38] va céc tai lieu tham khdo lién quan).

Trong nghién ctiu cac bai toan chap nhan tach, mot trong nhitng huéng tiép can tu
nhién dé giai quyét bai toan nay la dua trén cac phép chiéu, do dic tinh don gidn va
dé trién khai. Y tudng nay da duge khéi xudng tit cong trinh kinh dién ctia J. von
Neumann vao nam 1933 (xem [76]) vé chiéu luan phien cho hai tap con 16i, sau d6 dén
nam 1967, L. Gubin va céc cong su (xem [32]) md rong cho nhiéu tap con 1oi. Cach
tiép can nay dit nén tang cho phuong phdp chiéu woay vong (cyclic projection method)
duge nghién ciu rong rai trong cac cong trinh sau nay. Y tudng chinh ctia phuong
phép chiéu xoay vong 1a thyc hién phép chiéu tuan tu qua cac tap 16i theo mot quy
tac vong lap co dinh, thay vi xt Iy dong thoi tat ca cac dieu kien. Huéng nghién citu
nay khong nhitng gitip don gian héa qua trinh tinh todn ma con c6 thé dam bao tinh
hoi tu manh trong nhiéu 16p bai toan, dién hinh nhu bai toan diém bat dong chung
(xem [9}10]) va bai todn chap nhan tach da tap hop (xem [79)).

Bang cach két hop thuat toan chiéu xoay vong vdi da thanh phan quéan tinh, ching
toi xay dung thuat toan sau dé giai bai todn (SCSP-MOE). Dac biét, thuat toan ctia
chiing toi stt dung dnh za diéu khién chi s6 (index control mapping) nhim tang tinh
linh hoat trong viéc xac dinh thi ty ciing nhu cach thiic Iya chon cac anh xa tai moi
buée lap.

Trude hét, ching toi nhc lai khai niem anh xa diéu khién chi s6. Anh xa ¢: N — J,

v6i J = {0,1,2,..., N} dugc goi la dnh xa diéu khién chi s6 néu v6i mdi i € J, ton tai
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mot s6 tu nhién M; sao cho
i€ {cn),cln+1),....,c(n+M;— 1)}, VneN.
Vi du nhu, anh xa ¢: N — J dugce dinh nghia bai
c(n)=mn mod (N+1), VneN

14 mot anh xa diéu khién chi sb.

Thuat toan dau tien duge xay dung qua cac buée sau.

Thuat toan 4.1.1 Thuat toan chiéu lai ghép

1: Chon cac day s6 thuc bi chan {¢;,,}, véit =1,2,... k.
2. Chon tity ¥ cac diém khdi tao
T gy T_(k—1)s--->T—1,T0 € Ho.
3: forn=0,1,2,... do
4: Tinh
k
Yn = Tp + Z gt,n (In—i—l—t - xn—t)~
t=1

5. Tim z, € Hy thoa man

6: Xac dinh
Cn={a € Holllzn —al < lyn —all},
Qn:{b€H0|<Io—LL’n, b—:l?n> §0}
7. Cap nhat
Tpt+1l = Pcann(l'()).
8: end for

(4.1)

(4.4)

Menh dé sau day chi ra sy ton tai duy nhat cta z, trong cong thitc (4.1)).

Ménh dé 4.1.2. Vdi méi n € N, phuong trinh (&.1)) c6 nghiem duy nhdit z,.
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Chitng minh. V6i moi x € Hy, ta dinh nghia toan tit G : Hy — Ho nhu sau
G(x) = T7 ) (Aetn) (Tem) () + Lo(z),

trong d6 I 1a anh xa dong nhat trén Ho.

Tu tinh don diéu manh ngudc ciia cic toan t1t (gia thiét 02), ta suy ra

(G(2) =G(y), = —y)
= (T3 (Actn) (Te(ny(2))) = Ty (Actr) Loy (1)), @ = y) + [l — ||
= (Acn) Tem) (%)) = Acir) (Temy()), Tomy (2) = Tomy () + [l — I
> Ve 1Aty (Tem) () = Actm)(Temy WD)II* + [l — ]I

0.

Vv

Vay, G la mot toan tu don diéu trén H,.

Tt tinh lién tuc Lipschitz ctia toan tit don diéu manh ngugce, ta c6

1G(x) = G| = [ T7) (A (Tem) () — Loy (Acm) (Temy (v))) + 2 — |
< T2 (Actn) (Temy () — Ty (Act) Tey @D + |2 =yl
< T2 M Ay (Temy (@) = Acn) Tey @) + llz =y

1
< ( )HTc(n)HHTc(n)(ﬂf) — Ty + ||z =y
< ( L H2+1> o~y
> c(n) =Yl

Ye(n)

Tt do, ta suy ra G la mot toan ti lien tuc Lipschitz trén Hy v6i hée s6

1
Ye(n)

L =

|1 Teo|I* + 1.

Mat khac, ta co

= (T2 (At (Te) (@))) = Ty (At (Ten) (0))), & = 0) + [|2]|* + (G (0), x)
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= <Ac(n) (Tc(n) (SU)) - Ac(n)(Tc(n)<0))7 Tc(n) (:L‘) - Tc(n)(0)> + ||£L’||2 + <g(0)7 ‘CU>
> [l]* = 1G0)l[|-

Tu do, ta suy ra

im D) S el - 16O = oo

lzll—oo  ||Z]| T llz]—oo

Tic 1a, G 1a mot toan ti biic trén Ho. Tl cac két qua trén, ta cé thé két luan ring véi
mdi n € N, phuong trinh (£.1]) luon c6 nghiém z, nhd vao B deé|1.5.3]
Tiép theo, ching toi chitng minh tinh duy nhat cta z,. Gia st w, ciing 14 mot

nghiém ctua phuong trinh (4.1)), tic 1a
T:(n)(Ac(n)(Tc(n)(wn))) - Tc*(n)(fc(n)) + Wy = Yn.
Két hop vai (4.1]), ta co
Tc*(n)(AC(n) (TC(n)(zn))) - T:(n)(AC(n)(TC(n)(wN))) + (Zn - wn) = 0.
Diéu nay dan dén

0= <Zn — Wn, Tc*(n)(AC(n) (TC(n)(ZN))) - T:(n)(AC(n)<TC(n)(wn))) + (Zn - wn)>
= ||Zn - wn||2 + <Zn — Wn, Tc*(n)(AC(n) (TC(n)(ZN))) - Tc*(n)(AC(n) (TC(n) (wn)))>

- ||Zn - rwnH2 + <Tc(n)<zn) - Tc(n) (wn)a Ac(n) (Tc(n) (Zn)) - Ac(n) (Tc(n) (wn))>
> ||Zn - wﬂ“2 + Ye(n) ||Ac(n) (Tc(n)(ZTL)) - Ac(n) (Tc(n) (wn>)||2
Do do, ta suy ra z, = w,.
Menh deé dugc chiing minh. m

Meénh dé sau day chi ra sy ton tai clia day {z,} dugc tao bsi Thuat toan m

Ménh dé 4.1.3. Day {x,} trong Thudt todn dugc wdc dinh tot.
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Chitng minh. Céac bicu thitc (4.2) va (4.3)) c6 thé duge viét lai dusi dang sau

2 _ 2
Cn = {a € Ho: (Yn — 2n, a) < Iy 5 Iz },

Qn = {bE HO : <I0_$m b> < <£Uo—l‘n, In>}

Do d6, ca hai tap C,, va Q,, déu la cac nita khong gian dong trong Hy v6i moi n € N.
Vi vay, ching 1a cac tap 16i va déng trong Hy.
Tiép theo, ta sé chi ra Q C C, N Q,, véi moi n € N. That vay, lay tuy ¥ p € Q,
khi do
Ai(Ti(p)) = fi» Vie ] (4.5)

Ta nhan thay rang
1 2 2 2
(20 =0, ya = P) = 5 (20 = 2I” + 190 = PI° = ll20 = wll") - (4.6)

Mat khac, tur (4.1)), (4.5) va (02), ta c6

*

(zn =D Yn = D) = (20 — Dy Ty (Acn) Tegny(20)) — Loy (fe(m)) + 20 — D)
= (20 = D, Ty (Acm) Ty (20)) = Ty (fem)) + 1120 — pII?
= (Totm) (20) = Tem) (), Actn) Temy (20)) = Aciry (Te(my(0))) + |20 = plI1?
> Ve 1 Acm)(Totm) (2n)) = Ay (Tem) )P + |20 — 2l (4.7)

Tu (4.6) va ([4.7), ta suy ra rang

2o = pI* < llym =PI = 1120 = Ynll* = 29em) 1 Act) (Temy (20)) = fem I (48)
< lyn — pII* (4.9)

Diéu nay ching t6 rang p € C,, véi moi n € N.
Tiép theo, v6i n = 0, 16 rang rang Q C Qp = Ho. Gid st Q C Q,, véi n > 0.

Tu (4.4) va Menh de|1.2.14} ta co

(xg — Tpy1, W—Tpy1) <0, Yw € Cp,NQy.
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Do do, tu p € C), N Q,, ta dugc

<[I}0 — Tn+1, P — xn+1> S 07

suy ra p € Qnai1- Ap dung nguyén 1y quy nap toan hoc, ta suy ra rang p € Q,, v6i moi
n >0, tac la Q C Q,, v6i moi n > 0.

Do dé, ta két luan rang Q C C, N Q, véi moi n € N, nhu da khang dinh. Ttec la,
Cp, N @y, 1a khac rong. Do d6, phép chiéu Pr,ng, (7o) ton tai va z,41 dude xac dinh.
Menh deé dugc chiing minh. ]

St hoi tu manh cua day {z,} sinh bsi Thuat toan dugc thiét lap trong dinh

1y sau.

Dinh ly 4.1.4. Day {x,} sinh bdi Thuat todn hoi tu manh dén mot phan ti

x, € Q théa man x. = Po(xo).

Chiing manh. Chtng toi chia qua trinh chiing minh thanh nhiéu budc. Trude hét, chon
tuy ¥ p € €L
Budgc 1. Ching minh cac day {z,}, {yn} v& {2,} bi chan. That vay, tit (4.3), ta co
z, = Py, (x). Do dé,

l2n = ol| < llzo —pll, Vn = 0. (4.10)

Nhu vay, day {z,} bi chan. T d6, ta cing c¢6 cac day {y,} va {z,} cing bi chan nhg

vao cong thie (4.1) va (4.9).

Buéc 2. Chi ra day {x,} la chinh qui tiém can, nghia la
lim ||z,41 — @] = 0.
n—oo
Vi 241 € Qn VA 2, = Py, (%) nén theo Ménh deé |1.2.15/ta ¢6
[2n11 = @nll® < llensr = 20ll* = lon — 20l|*, V0 >0, (4.11)

Diéu nay cho thay day {||x, — zo||} 1& day tdng v6i moi n > 0. Vi {z,,} bi chan, ta
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suy ra ton tai gi6i han hitu han
lim ||z, — x| = [.
n—o0

Két hop véi cong thiic (4.11)), ta thu duge diéu can ching minh.

Budc 3. Chi ra cac gidi han sau ton tai

lim ||z,+1 — Yl =0, (4.12)
n—oo
lim ||z, — z,|| =0, (4.13)
n—oo
lim ||y, — 2| = 0. (4.14)
n—oo
Tt dinh nghia cia y,, ta ¢
k
me—l - yn” = ||Tn+1 — Tn + Z ét,ﬂ(xn+1—t - xn—t)
t=1
k
< Vtmr = 2l + 3 Wl s — el
t=1

St dung két luan ctia Bude 2 va gia thiét day s thuc {¢;,,} bi chin, ta suy ra su ton
tai clia giéi han (4.12)) nhu da khang dinh.

Mat khac, vi z,11 € C,,, ta co

20 — Tngll < lyn — Tnsa -

Do do,
|zn — Zpe1|| — 0. (4.15)

Tit két luan ctia Bude 2, (4.12)) va (4.15)), ciing véi cac bat dang thiic sau

[z = znll < 201 = zall + 201 = zall,

190 = 2nll < llZnt1 = Yall + 121 — 2all,

ta ciing suy ra dugc cac gidi han (4.13) va (4.14)), nhu da khang dinh.
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Budc 4. Chiing minh moi diém tu yéu ctia day {x,} déu thuoc tap Q.
Gia st p 1a mot diém tu yéu bat ky ctia day {z,}. Khi d6 ton tai mot day con
{z, } cua {z,} sao cho

Tm, — D.

V6i mdi ¢ € J, ton tai mot sd tu nhién M; sao cho
i € {c(my), c(my, + 1), c(my +2), ..., c(m,+M;— 1)}, VneN.

Khi can thiét, ta c6 thé loai bd mot s6 phan tit khéi day con {z,,,} dé thu dugc mot

day con méi (cing ky hiéu la {z,,,}) sao cho
Myy1 > My + M.
Khi d6 ton tai mot day con khac {x,,} cta {z,} sao cho
My < pp <My + My — 1 <My < ppgr, V0T = c(py).

Hon nita, ta c6 thé thay rang

Map+M;—2
1Zp, — T, |l < Z lzj — gl < M —1) _max [l — .
J=mn

T Bude 2, ta co ||y, — m, || — 0. Tt d6, ta suy ra z,, — p va do do6 tur (4.13) ta

thu dugc z,, — p. V1 T; 1a toan tit tuyén tinh bi chdn nén ta c6
Ti(p) — Til5). (116)
Tiép theo, chit y rang A,y = Ai, Typ,) = T v6i moi n > 1, va

0 < YillAi(Ti(zp,)) — A(Ti(D))|1?
< (Ai(Ti(2p,)) — Ai(T3(D)), Ti(2p,) — Ti(p))
= (Ai(Ti(2p,)) — fis Ti(zp,) — T:(D)) + {fi — Ai(Ti(D)), Ti(2p,) — Ti(D))
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< [[Ai(Tizp,)) = fillllTi(2p,) = Ti(D)| + (fi = A(Ti(D)), Tilzp,) — Ti(P))
< Ki|| Tl As(Ti(2p,)) = fill + (fi = Ai(Ta(p)), Ti(2p,) — Ti(P)), (4.17)

trong d6 Ky = sup,, ||z, — p||. Mat khac, ti (4.8)), ta co

ill Ai(Ti(2,)) = fill* < 5 (yp — 2I* = llzp, — 2I*)

N

= 5 Y =PIl = Nz, = PIDUYp. = Pl + 125, = plD)

S K2||ypn - ZPn”?

. 1 . .
V61 165 = = sup, (g5, — Pl + 125, — pl)- K6t hop v6i @TD), ta suy ra

1Ai(Ti(2p, ) = fill = 0. (4.18)

Do do, tu (4.16), (4.17) va (4.18), ta suy ra rang

[ Ai(Ti(2p,)) — Ai(T3(p))|| = 0.

Két hop diéu nay véi (4.18), ta suy ra 4;(T;(p)) = f;. V1 i € J la phan ti tuy ¥, nen
ta co p € Q.
Buéc 5. Chiing minh day {z,} hoi tu manh dén z, = Pq(xo).

Gia st rang {x4, } 1a mot day con ctia {z, } hoi tu yéu dén ¢. Tt Budc 4, ta suy ra
q € Q. Hon nita, vi z, = Po(z0) va q € Q, ti va Ménh dé , ta co6

[z = @ol| < [lg — ol
< liminf ||z,, — x|
n—oo
< limsup ||zg, — 0|
n—od

< ||z — @ol|-
St dung tinh duy nhat ctia diém gan nhat z,, ta suy ra ring =, = ¢. Hon nita, ta co

124, = oll = [lz — @ol-
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Tit Ménh dé [1.1.5] ta duge x,, — 7. Tiép tuc sit dung tinh duy nhat clia z,, ta két

luan rang x, — x, khi n — oo.

Dinh 1y dugc chiing minh.

4.2 Thuat toan chiéu co hep

Trong muc nay, ching to6i dé xuat mot bién thé clia Thuat toan bang cach si

dung phuong phap chiéu co hep dé giai bai toan (SCSP-MOE)).

Thuat toan 4.2.1 Thuat toan chiéu co hep

1: Chon cac day so6 thuc bi chan {¢;,,}, véit =1,2,... k.
2. Chon tity ¥ cac diém khdi tao

Tk T(k=1) - - - T—=1,T0 € Ho,
va dat W_1 = H,.
3: forn=0,1,2,... do
4: Tinh .
Yn = Ty + Z gt,n (xn—l-l—t - xn—t)-
t=1

5. Tim z, € Hy thoéa man

Tc*(n) (AC(”)<TC(”)<Z71)>> - T:(n)(fc(n)) + 2n = Un.

6: Xac dinh
Wa ={a € Wi lllzn —all < lyn —all}.
7. Cap nhat
Tn+1 = Pw,(20).
8: end for

Dinh 1y sau day trinh bay vé sy hoi tu manh ciia day lap duce xay dung trong

thuat toan trén dén nghiém ctia bai toan (SCSP-MOE).
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Dinh ly 4.2.2. Day {x,} sinh bdi Thuat todn hoi tu manh dén mot phan ti

zy € Q théa man z, = Po(x).

Ching minh. Dinh 1y duge chiing minh qua cac buée sau.
Buéc 1. Chira Q C W,, v6i moi n > 0.

Dé thay rang W, 1a mot tap dong va 16i ciia Hg véi moi n > 0. St dung 1ap luan
tuong ty nhit trong chiing minh Menh dé [4.1.3] va bing phuong phap quy nap toan
hoc, ta cling suy ra rang Q C W, véi moi n > 0.

Do d6, day {z,} dugc xéac dinh.

Bué6c 2. Chiing minh day {z,} hoi tu manh dén mot phan tit 27 ndo do trong Hy.

V6i moi p € Q C W, tlt z,1 = Py, (z0) ta ¢
@041 — @ol| < lp — 2o, (4.19)

suy ra day {z,} bi chan.
V6i moim >n > 1,do z, € W1 CW,q va z, = Py,_,(zg) nén theo Ménh

de(1.2.15] ta co

|z = @nll* < 2 — @0l* = [lzn — 2ol — 0 (4.20)

khi n,m — oo. Diéu nay suy ra rang day {z,} 1a mot day Cauchy. Do do6, day {z,}
hoi tu manh dén mot phan tit 27 nao d6, nhu da khing dinh.

Buéc 3. Chi ra cac gi6i han sau day ton tai:

T i1 = 2] =0, (4.21)
T s = ]l =0, (4.22)
i [l = ]l =0, (4.23)
T [y — 2 =0, (4.24)

T (4.20), ta thu duge gidi han (4.21) nhu da khang dinh. Hon nita, bang cach st
dung lap luan tuong tu nhu trong Bude 3 trong chiing minh ctia Dinh 1y [4.1.4] ta cling
thu dugc cac gidi han (4.22), (4.23)) va (4.24)) nhu tren.
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BuGc 4. Chiing minh day {z,} hoi tu manh dén x, = Py(z0).
Vi z, — o' nén tit (4.23) va ([#.24) ta suy ra y, — 2 va z, — x'. Bang cach st
dung 1ap luan tuong tu nhu trong Budc 4 trong ching minh Dinh 1y 4.1.4] ta ciing suy

ra rang ' € Q.

Cubi cung, ap dung (4.19) va cho n — oo, ta duge

= — aol| < . — aoll.

Tt dinh nghia clia phép chiéu métric ta c6

= Ty

Dinh 1y dugc chiing minh. []

Nhan xét 4.2.3. (i) Trong mot s6 cong trinh trude day (chang han nhu bai bao [35]),

(i)

(iii)

cac thuat toan giai bai toan (SCSP-MOE)) yéu cau sit dung thong tin vé he s6
don dieu manh ngudc clia cac toan ti — mot tham s6 thuong kho xac dinh trong
thuyc té. Ngugc lai, hai thuat toan duge dé xuat trong chuong 4 (Thuat toan m
va Thuat toan dude xay dung ma khong phu thudc vao tham sé nay, nho

d6 ¢6 tinh linh hoat cao va pham vi itng dung rong rai hon.

Céc thuat toan trude day nhu trong [35], (CT1) can gidi mot phuong trinh lién
quan dén tong tat ci cac toan ti dé tinh x,,; tai mdi budc lap. Hai thuat toan
dugce dé xuat trong chuong nay chi yéu cau tinh toan véi ting toan tit T; va A;

tai mdi budce lap, qua doé lam gidm dang ké do phiic tap tinh toan.

Ap dung cach lam tuong tu nhu trong muc Ung dung va vi du s6 minh hoa ciia
Chuong 2 vao Thuat toan va Thuéat toan ching ta sé thu dugc cac
thuat toan tuong tng dé giai bai toan diém bat dong chung tach véi da tap dau
ra, bai toan chap nhan tach véi da tap dau ra va bai toan khong diém chung

tach véi da tap dau ra.
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4.3 Vi du s6 minh hoa

Trong muc nay, tat ca cac thuat toan ducgc trién khai bang phan mém MATLAB
R2014a va thyc thi trén méy tinh DESKTOP-8LDGINO, sit dung bo vi xtt 1y Intel(R)
Core(TM) i5-4210U to¢ do 1.70GHz (tdi da 2.40GHz) cing bo nhé RAM 16GB.

Vi du 4.3.1. Xét bai toan diém cuc tiéu tach véi da tap dau ra:

3
Tim z € Q" = ﬂ T; ' (Argmin g;). (4.25)
i=0

V6i cac dit liéu sau:
(i) Céac toan ti chi phi gg : R® = R, g1 : R* = R, g2 : R® - R va g3 : R? — R la cac

ham 16i va kha vi Fréchet, dude xac dinh nhu sau:

go(x 21+ 229 + 23 + 224 + 15 — 1)2, Vo= (x1,19,x3,14,T5) € R5,

) = (

a1y = +2p -y +u—17%  Yy= (4,29 0) R

g2(2) = (221 — 29 + 23 — 1)%, Vz=(21,2,2) € R
) = (

g3(t) = (ty +ta — 1)2, Vit = (t,t) € R%

(ii) Ty = Iy 1a toan tit dong nhét trén R
Cac toan ti chuyen 7; : R® = R, T, : R® — R? va T3 : R® — R? dudc xac dinh

tuong ng nhu sau:

Ti(x) = (1 + xo — 45, 205 — x4 + x5, T1 + 229 + T3 — T4, 279 + 375),
To(x) = (v1 — o + x4, —2w3 + 204 — x5, —211 + 229 — T3 — T4),

Ts3(x) = (1 — 9 — w3 + x4 + 75, —21 + T2 + T3 — 275),

v6i moi x = (x1, 19, T3, T4, 75) € RO,

Khi doé, tap nghiém cta bai toan la

Q' ={x=(5-3t,-4,2, 1+t t)eR’> | tcR}.
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Stt dung Thuat toan va Thuat toan v6i cac toan tir A; lan luot duge thay
bing I; — J% i=0, 1, 2, 3, trong d6

Jagi = (IZ + agi)_la 1=0,1, 2737

v6i I, I va I3 lan luct 1 cac toan ti dong nhat tren R*, R3 va R?, chiing t6i thu dudc
cac thuat toan tuong ting dé giai bai toan (4.25)).

Trong vi du nay, ching toi sit dung 4nh xa diéu khién chi s6
c¢(n) =n mod 4,
va chon cac diem dau la:

z_3=(3,0,3,0,3),

r_o=(2,1,2,1,2),

r— (172717271)7

70 = (—4,0,4,0, —4).
Ngoai ra, dé thay rang
x, = Po+(x0) = (=1, =4, 2, 3, 2).

Chiing t0i cting so sanh hai thuat toan trén véi Thuat toan 2 va Thuat toan 3
trong [35](viét tat 1a ALGO-H1 va ALGO-H2).

Quy tac ding cho tat ci cac thuat toan la
en = ||xn — z.|| < TOL,

trong d6 TOL la ngudng sai so cho trudc.
Cac két qua tinh toan dugc trinh bay trong Béang [4.1, Bang va Bang 4.3,
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Bang 4.1: Bang két qué s6 ctia Thuat toan cho Vi du m

B6 tham s6 TOL n En Thai gian (s)

107 114 9.9000 x 1073 0.2854
bp=1,0, =—3, 05, =2 107 130 9.9781 x 10°° 0.3011
1079 146 9.3456 x 1077 0.3232

1074 134 9.0839 x 107° 0.2949
by, =90, by, = =25, {5, = 100 1075 150 9.1640 x 10°° 0.3569
1079 166 8.8274 x 1077 0.3900

107* 164 9.3564 x 107° 0.3636
ty, =100, 0y, = =30, l3, =—10 10 188 8.0723 x 107 0.4018
107 206 9.9109 x 1077 0.4511

107 119 9.0477 x 107° 0.2712
ty,, =1000/n, by, = =50, {3, =25 10~° 135 9.1169 x 10~ 0.3115
107 151 8.4995 x 107 0.3393

Bang 4.2: Bang két qua s6 ctia Thuat toan cho Vi du

Bo6 tham s6 TOL n En Thoi gian (s)

107 72 9.9920 x 107° 0.4212
bp=1, 0y, = =3, {3, =2 1075 83 7.7280 x 10°¢ 0.5535
107 95 6.5143 x 1077 0.7336

107* 123 8.4315 x 107° 0.6706
(1, =50, by, = —25, {3, = 100 1075 135 7.6039 x 1076 0.8289
1076 147 71771 x 1077 0.9956

107 151 4.7631 x 1073 1.1650
t,, =100, by, = =30, {3, = =10 107° 161 9.8930 x 10°¢ 1.3968
1079 175 6.4232 x 1077 1.6950

107% 95 6.7640 x 107° 0.4592
(y,, =1000/n, ly, = =50, €3, =25 107° 106 8.0157 x 107° 0.5611
107% 115 8.7889 x 1077 0.6583
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Béng 4.3: Bang két qué s6 clia hai thuat toan trong [35]

TOL 0., Thuat toan n En Thai gian (s)
50 ALGO-H1 1607 9.9735 x 107 5.3989
ALGO-H2 303 9.9301 x 107 1.6858
10-4 100 ALGO-H1 3202 9.9604 x 10° 11.3877
ALGO-H2 325 8.8377 x 107 2.1084
1000/n ALGO-H1 263 9.1738 x 107° 1.5724
ALGO-H2 319 9.6868 x 10~° 2.1917
50 ALGO-H1 1826 9.9617 x 10~ 5.9028
ALGO-H2 362 9.9748 x 107 2.4305
10-5 100 ALGO-H1 3638 9.9611 x 10°° 13.3407
ALGO-H2 384 9.8051 x 107 3.0366
1000/n ALGO-H1 281 9.1894 x 107 1.6091
ALGO-H2 373 9.0063 x 10~ 2.9550
50 ALGO-H1 2040 9.9300 x 1077 7.3342
ALGO-H2 448 9.6430 x 10" 3.9373
10-6 100 ALGO-H1 4065 9.9030 x 10~7 14.9199
ALGO-H2 474 9.4845 x 1077 5.0596
1000/n ALGO-H1 298 9.2445 x 1077 1.6584
ALGO-H2 431 8.3679 x 1077 3.7227

Vi du 4.3.2. Trong vi du nay, chiing t6i xét bai toan (SFP-MOS))
B 3
Timpe Q=UyN (ﬂ Tzl(Ul)> , (4.26)

v6i cac gid thiét sau:
(i) V6i méi i = 0,1, 2,3, khong gian H; duge chon 1a H; = L?[0, 1], dudc trang bi
tich vo huéng va chuan tuong tng lan luct 1a
1/2

@)= | LWyt ] = ( / 20 dt) ,

v6i moi x(t),y(t) € L*0,1].
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(ii) Tap hop U; (v6i i =0,1,2,3) duge dinh nghia bdi
Uiy ={z € L*0,1] | (a;,x) = b; },
trong d6 cac ham a; va b; duge cho béi

a; = cos((i + 1)t),

(i+1)sin(i+ 1) +cos((i +1)) — 1
(1+1)3 ’

b; = vVt € [0, 1]

(iii) Toan tit Ty 1a 4nh xa dong nhét trén L2[0, 1], tiic Ty = Io.
V6i méi i = 1,2, 3, toan ti tuyén tinh bi chan T : L2[0, 1] — L?[0,1] dugc dinh
nghia bdi

() (t) = ff)l va(t) € L2[0,1].

Ta d& dang thay ring Q khac réng vi z(t) =t € Q.

Tt Nhan xét [4.2.3] (iii), ching toi ap dung Thuat toan va Thuat toén [4.2.1]
trong d6 cac toan tit A; tuong tng duge thay béi I — Py, i =0,1,2,3 dé tim nghiém
gan ding cho bai todn (4.26). Chiing t6i st dung anh xa diéu khién chi s6

c¢(n) =n mod 4,
va chon céac diém dau

x_3(t) = sint, r_o(t) = cost,

r_4(t) = €, zo(t) = V1, vt € [0, 1].

Ngoai ra, ching t6i ciing so sanh hai thuat toan trén véi mot s6 thuat toan trudc

day: Thuat toan 5.2 trong [26] (ky hieu ALGO-C), Thuat toan 1.5 va 1.6 trong [52]

(ky hieu ALGO-R1 va ALGO-R2), va Thuat toén 4.10 trong [77] (ky hieu ALGO-W).

Véi moi t € [0,1] va o € L?[0,1], cac tham sb clia titng thuat toan duge chon nhu sau:
1 0.05

e ALGO-C: oy =—, 7= 3 >
n L+ T

u(t) =t+1.
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0.0005
o ALGO-RI: n — '
" 3maxogig3{||Ti||2}
ALGO-R? ol = S =05()
° -R2: vy, = y O = =, X = Ul
" 3maxo<i<3{||T;*} nt 7

o ALGO-W: 7, — ﬁ F@)(#) = 0.52(¢).

Quy tac diung dude st dung cho tat ca cac thuat toan 1a
13
e = ZZ; |T3(x) = Pu(Ti(wn))||* < TOL,

trong d6 TOL 1a ngudng sai s6 cho trude.
Céc két qua s6 duge trinh bay trong Bang 4.4, Bang [4.5 v Bang |4.6]

Bang 4.4: Bang két qua s6 ctia Thuat toan cho Vi du m

Bo6 tham sb TOL n En Thoi gian (s)

1074 52 9.5057 x 107° 0.2188
Up=—10s,=—2,0;,=—-3 107° 70 8.7951 x 1076 0.2639

107 171 9.8082 x 1077 0.4298
107 12 7.7042 x 107° 0.1527
bp=1,0p =2,03,=3 107° 25 9.5718 x 10°¢ 0.1782
1076 322 95877 x 1077 0.7363

107% 42 5.9390 x 107° 0.2031
b, =—10, by, =20, 43, = =3 1075 61 3.0716 x 10°° 0.2363
1079 160 9.4149 x 1077 0.4026

107 37 4.9442 x 10~ 0.1873
b, =—-10, 45, =20, 03, =3 107° 89 4.3360 x 1076 0.2877
107% 269 9.7636 x 1077 0.6195
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Bang 4.5: Bang két qué s6 ctia Thuat toan cho Vi du m

B6 tham sb TOL n En Thai gian(s)

107* 36 7.8498 x 10~° 0.2664
Up=—1,0y, =2 0l3,=—-3 1075 65 9.4747 x 1076 0.5076
107 106 9.4637 x 1077 1.2527

1074 11  6.4461 x 107° 0.1730
=1 4ly, =2 05,=3 107 25 9.4475 x 10°© 0.2365
107% 41 6.1331 x 1077 0.3728

107* 36 7.8754 x 107° 0.2928
b, =—10, 4y, =20, 03, =—=3 107° 50 9.5896 x 1076 0.4035
107 76 9.1679 x 1077 0.7797

107* 32 9.0814 x 10~° 0.2751
by, =—10, by, =20, 03, =3 107> 48 8.7057 x 107° 0.4083
1076 72 87536 x 1077 0.7357

Béng 4.6: Bang két qué s6 clia mot s6 thuat toan trong [26}52.(77]

TOL Thuat toan n En Thai gian (s)
ALGO-C 18980 9.9994 x 10~° 0.4136
10-4 ALGO-R1 35148 9.9999 x 10~° 1.2278
ALGO-R2 16 733 9.9993 x 107° 1.1826
ALGO-W 572 9.9985 x 107° 0.2361
ALGO-C 60420 9.9998 x 107 1.3188
10-5 ALGO-R1 304 782 9.9999 x 10~ 10.4006
ALGO-R2 81820 9.9998 x 107 2.9567
ALGO-W 2686 9.9959 x 107° 1.0471
ALGO-C 191291 9.9999 x 10~7 4.1379
10-6 ALGO-R1 577617 9.9999 x 10~7 19.8820
ALGO-R2 411309 9.9999 x 1077 14.7744

ALGO-W 13288 9.9997 x 1077 5.0946
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Nhan xét 4.3.3. T Bang , c6 thé thay trong hai vi du trén, Thuat toan m
va Thuat toan khong nhitng ddm bao do chinh xéc yéu cau ma con thé hien
uu thé ve téc do hoi tu va hiéu qua tinh toan so vdi cac phuong phap da cong bd
trong [26,35,/52,77]. Dic biét, khi ngudng sai s6 giam xuéng mitc nho, wu diém cta
cac thuat toan dé xudt cang dugc thé hien roé rét. Két qua nay gép phan cling cb co
sd thuc nghiem cho cac két luan 1y thuyét da dude trinh bay trong cdc muc trude

cua chuong.
KET LUAN CHUONG 4

Trong chuong nay, ching toi da trinh bay vé hai thuat toan chiéu xoay vong, duge
xay dung duya trén phuong phap chiéu lai ghép va phuong phéap chiéu co hep két hop
v6i da thanh phan quan tinh, dong thoi sit dung anh xa diéu khién chi s6 nhim nang
cao tinh linh hoat ctia qua trinh lap.

Cac thuat toan dugc dé xuat khong can dén thong tin vé chuan clia cac toan ti
chuyén, cing nhu khong phu thuodc vao hé sé don diéu manh ngugc clia cac toan ti
chi phi. Diéu nay gitp tranh duge cong viec uée luong cic tham sé ki thuat phiic tap,
von thuong la mot khé khin trong qua trinh trién khai thuc té cia nhiéu thuat toan
truée day.

Cac két qua thu dugce trong vi du s6 cho thay, déi v6i truong hgp dang xét, cac
thuat toan duge dé xuat cho hiéu qua tot hon so véi mot s6 thuat toan da duge cong
b6 trude do.

Nhitng két qua dat dudce trong chuong nay gép phan mdé rong huéng nghién ctu ve
cac thuat toan chiéu gidi bai toan nghiém chung tach trong khong gian Hilbert, dong
thoi tao tién dé cho cac nghién ciu tiép theo lien quan dén viéc phét trién va tng

dung cac thuat toan chiéu hién dai cho cac 16p bai toan mdé rong khéc.
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Két luan

Luan an nay tap trung nghién ctu mot sé6 phuong phap lip dé giai “Bai toan nghiém
chung téch cho 16p phuong trinh toan tit don dieu véi da tap dau ra (SCSP-MOE])”
trong khong gian Hilbert. Bai toan nay ld mot mo hinh tong quat ciia 16p bai toan
chap nhan tach. Do d6, n6 c6 nhiéu y nghia Iy thuyét va tiém nang tng dung trong
t6i uu hoa, can bang, xit Iy tin hiéu va mot s6 linh vie khéc.

Nhitng déng gép chinh ctia luan an c6 thé tém tit nhu sau:

e Luan an da xay dung thuat todn hiéu chinh Tikhonov an va thudt todn hiéu chinh
Tikhonov hién cho bai toan [SCSP-MOE], déng thoi chiing minh duge tinh hoi
tu manh ciia ca hai thuat toan. Day la nhitng két qud mdi, mé rong phuong
phap hiéu chinh Tikhonov sang mot 16p bai toan tong quat hon. Ngoai ra, cac
thuat toan con dugce chiing minh 1 on dinh truée nhiéu, géop phan nang cao tinh

ting dung.

e Luan an dé xudt hai thuat todn dieém gan ké qudn tinh (bao gdm mot thuat toan
hoi tu yéu va mot thuat toan hoi tu manh), duge phét trién trén co sé két hop
k¥ thuat quan tinh va phuong phap xap xi mém. Céac thuat todn nay gidi bai
toan (SCSP-MOE]) ma khong can dén thong tin vé chuan ciia cAc toan ti chuyén

— mot wu diém ndi bat gitp gidm khoé khin khi tinh toan.

e Luan an da xay dung thudt todn chiéu xoay vong dua trén phuong phap chiéu lai
ghép va chiéu co hep, stt dung anh xa diéu khién chi sé cho bai toan (SCSP-MOE).
Cac thuat toan déu cho két qua hoi tu manh ma khong can dung dén thong tin

ve chuan clia cac toan tit chuyen hay hé s6 don dieu manh ngudc clia cac toan tit
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chi phi. Bén canh d6, tai méi budce lip cac thuat toin duge dé xuat chi yeéu cau
tinh toan véi ting toan tit chuyén va ting toan tit chi phi tuong tng thay vi tinh
toan lien quan dén tong clia tat ca cac toan tit nhu mot s6 thuat toan khac. Day

1a mot hudéng tiép can tinh gon hon so v6i mot s6 phuong phap khéc.

Bén canh nhitng déng gép vé mat 1y thuyét, luan an ciing thyc hién cac vi du s6
minh hoa v& so sanh v6i nhiéu thuat toan trong mot so tai lieu. Két qua sb6 cho thay
cac thuat toan duge dé xuat khong chi hoi tu én dinh ma con cho hiéu nang vugt troi
trong nhiéu trusng hop cu theé.

Nhin chung, cac két qua thu duge trong luan an gép phan lam phong pha theém ly
thuyét vé bai toan chap nhan tach ciing nhu cac phuong phap lap trong khong gian
Hilbert. Dong thoi, luan 4n md ra nhitng huéng nghién ctu tiép theo lien quan dén
viéc phét trién cac phuong phéap lip manh hon, nhanh hon va c6 kha ning mé rong

cho cac mo hinh bai toan tdng quat hon va phic tap hon.
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