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Md dau

Phutong trinh toan tii (Operator Equation Problem), viét tat 1a (OEQ) 1a mot
trong nhitng mo hinh co ban va quan trong ctia Toan hoc hién dai. Nhiéu bai toan
trong giai tich va ting dung c6 thé quy vé viéc giai phuong trinh toan tit tong quat
dué6i dang

Alx)=f, zeU feV, (OEQ)

trong do A la mot toan ti tit khong gian U vao khong gian V.

Trong nhiéu linh vic ctia Toan hoc ting dung hién dai ngudi ta thuong gip phai
cac bai toan ma trong do 10i giai can thod man dong thoi nhicu diéu kién rang buoc
diit tai nhitng khong gian khac nhau. Mot trong nhiing mo hinh toan hoc tieu biéu
cho loai bai toan nay 1a bai todn chdap nhan tdach (Split Feasibility Problem) trong
cac khong gian Hilbert hitu han chiéu, viét tat 1a (SFP), duge gidi thigu lan dau
tién bdi Yair Censor va Tommy Elfving vao nam 1994 cho mé hinh bai toan ngugc.
Bai todn (SFP) dugc phat biéu nhu sau: Cho C' va @ lan lugt 1 céc tap con 10i,
dong va khac rong trong cac khong gian Hilbert thuwe Hy va Ho, T : Hi — Ho 1a
mot toan ti tuyén tinh bi chan.

Tim phan tit p € C sao cho T'(p) € Q. (SFP)

Ké tit khi ra doi, bai toan da tré thanh chi dé nghién citu quan trong va
duge ing dung rong rai trong nhiéu linh vie thuc té nhu x¢ Iy tin hiéu va khoi
phuc anh, lieu phéap xa tri diéu chinh cuong do, gitip toi wu héa phuong phap diéu
tri, gidi quyét cac bai toan can bang trong kinh té va 1y thuyét tro choi va mot s6
ting dung khac.

Bai toan chap nhan tach cting cic bai toan lién quan ngay cang dugc mé rong
va tong quat hon. Nam 2020, Reich va cong sy da nghién ctu va giéi thieu mot mo
hinh tdng quat ciia bai toan chap nhan tach, dudce goi la bai todn chap nhan tdch
vdi da tap dau ra (Split Feasibility Problem with Multiple Output Sets), viét tat 1a
(SFP-MOS). Bai toan dugc phét biéu nhu sau:

Cho H, H;, i = 1,2,..., N, la cac khong gian Hilbert thue, T; : H — H,,
i=1,2,..., N, 1a cic toan tii tuyén tinh bi chan. Cho C va Q; 1a cac tap con 1oi,
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dong, khac réng cia H va H,, i = 1,2,..., N, tuong tng. Bai toan yéu cau:
Tim phan tit p € H sao cho p € C va T;(p) € Q;, (SFP-MOS)

v6i moi ¢ = 1,2,..., N. Trong truong hop N = 1 thi bai toan (SFP-MOS)) tré
thanh bai toan (SFP). Mot s6 16p bai toan lien quan nhu bai todn khong diém
chung téch v6i da tap dau ra hay bai toan diém bat dong tach véi da tap dau ra
ciing da duge nghién cttu.

Mszc du chi méi duge dé xuat trong thoi gian gan day, 16p bai toin chap nhan
tach véi da tap dau ra da thu hit syt quan tam dang ké clia cong dong nghién citu.
Minh chitng cho diéu nay la nhiéu cong trinh khoa hoc da dugce cong bo theo huéng
tiép can nay. Cac cong trinh nay tap trung theo hai huéng chinh: mot 1a, mé rong
va khai quat héa mo hinh bai toan sang cac 16p anh xa hoac khong gian tong quat
hon; hai 1a, dé xuat, phan tich ciing nhu cai tién cac thuat toan lip nham nang
cao toc do hoi tu va tinh on dinh ctia phuong phép.

Xuat phét tit cdc mo hinh bai toan (OEQ)), (SFP) va (SFP-MOS), nam 2023,

trong cong trinh (CT1), ching t6i gidi thiéu va nghién cttu mot mo hinh bai toan

mdéi, goi 1a “ Bai toan nghiém chung tach cho ldp phuong trinh toan ti
don diéu vdi da tap dau ra” (viét tat 1a SCSP-MOE: Split Common Solution
Problem for Monotone Operator Equations) trong khong gian Hilbert, cing v6i mot
sO bai toan lien quan. Mo hinh bai toan trong khong gian Hilbert
dugc phat biéu nhu sau: Cho H va H;, i = 1,2,..., N, la cac khong gian Hilbert
thuc. Cho A: H—Hva A;: H; = H;,1=1,2,..., N, la cac toan tit don diéu.
ChoT;: H — H;,i=1,2,...,N, la cic toan tu tuyén tinh bi chian. Cho f va f;
la cac phan tit cho truéc thuoe H va H;, tuong tng, i = 1,2,..., N.

Tim mot phan tit p € Q = Q4N (NN, Q) #£ 0, (SCSP-MOE)
trong do

Ot ={z et | Al) =},
QY = {z e H | Ai(Ti(z)) = f;}, véimoii=1,2,... N.

Néu S : H — H la anh mot anh xa khong gian, thi A =7 — S 1a %— don diéu
manh nguge. Do d6, trong mot s6 truong hgp dic biet thi bai toan (SCSP-MOE])
tré thanh bai toan bai todn diém bat dong chung tdch vdi da tip dau ra, bai todn
chdp nhan tdch vdi da tap daw ra hay bai todn khong diém chung tdch vdi da tap
dau ra. Nhu vay c6 thé noéi ring mo hinh bai toan bao ham nhiéu
16p bai toan tach khac nhau. Do d6, viéc nghién citu vé mo hinh bai toan nay cling
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v6i d6 1a cac phuong phap tim nghiém ciia bai toan 1a mot chit dé ¢6 y nghia khoa
hoc. Chinh vi vay, ching toi lita chon bai toan nay lam doéi tuong nghién citu chinh
cua luan an.

Bén canh huéng nghién citu mé rong va tong quat héa cac mo hinh clia bai toan
chap nhan téch, viec xay dung va phét trién cic phuong phap ciing nhu cac thuat
toan nham gidi 16p bai toan nay da va dang thu hat duge sy quan tam manh mé
ctia nhiéu tac gia.

Nam 1932, J. Hadamard da chi ra rang phan 16n cac bai toan tach, dac biét 1a
nhitng bai toan c6 lien quan dén toan tit ngugce, thuong 1a bai todn dat khong chinh
(ill-posed problems). Dé khiac phuc van dé nay, nam 1943, Tikhonov da dé xuat
phuong phdp hiéu chinh Tikhonov ( Tikhonov regularization) — mot cong cu co dién
nhung van ¢6 gia tri nén tang cho dén ngay nay. Y tudng chinh ctia phuong phap
1a thay vi gidi tric tiép bai toan dit khong chinh

ta xét mot bai toan dat chinh dang

min || Az — b|* + X%,
rxeH

trong d6 A la toan tit tuyén tinh, A\ > 0 1a tham so hiéu chinh (reqularization
parameter). Khi A\ — 0, nghiém hiéu chinh ) tién dan t6i nghiem thuc ctia bai
toan goc. Phuong phap hiéu chinh Tikhonov khong chi dit nén tang cho nhiéu ki
thuat hien dai trong giai bai toan ngude ma con duge két hop véi mot s6 phuong
phap lap hien dai trong t6i wu héa va 16p bai toan chap nhan tach dé ting tinh 6n
dinh va dat dugce su hoi tu tot hon.

Mot trong nhitng phuong phap phd bién dé giai 16p bai toan chap nhan tach
d6 1a phuong phap CQ, dugc gidi thieu lan dau bdi C. Byrne. Thuat toan CQ
cting mot s6 mdé rong ciia né nhin chung chi thu duge sy hoi tu yéu trong khong
gian Hilbert thuc vo han chiéu véi ¢ bude duge chon phu thudc vao chuan cia
toan tit chuyén (trong thic té viéc tinh toan chuan ctia mot todn tit thuong khong
don gidn). Dé khic phuc duge han ché lién quan dén viéc tinh chuan ctia toan tit
chuyén ciia thuat toan CQ, thudt todn tu thich nghi da dude dé xuat. Uu diém cia
cac thuat toan nay la c¢6 buéc duge xay dung tu thich nghi, khong phu thudc vao
chuan ciia toan ti chuyén.

Thudt todn diém gan ké (Prozimal Point Algorithm) ciing 1a mot trong nhiing
thuat toan quan trong dé giai 16p bai toan chap nhan tach. Thuat toan nay dugc
nghién ctu lan dau béi Martinet cho bai toan cuc tiéu ctia phiém ham 16i trong
khong gian Hilbert #. Nam 1976, Rockafellar da ap dung phuong phap diém gan
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ké clia Martinet dé tim khong diém cia todn ti don diéu cuc dai A : H — 2%
trong khong gian Hilbert . Tuy nhién, phuong phap diém gan ké chi dat dugdc sit
hoi tu yéu trong khong gian Hilbert vo han chiéu. Dé dat duge su hoi tu manh,
phuong phap diém gan ké dudc céac tac gid két hop véi mot s6 phuong phap nhu
phuong phap hiéu chinh Tikhonov, phuong phap lip Halpern, phuong phip xap
xi mém, phuong phéap chiéu co hep, phuong phap chiéu lai ghép va mot s6 phuong
phap khac.

Mot huéng mé rong khac ctia phuong phap diém gan ké dé 1a dua them thanh
phan quan tinh vao cong thiic lap ctia thuat toan véi mong mudén dé ting téc do
hoi tu. Cac thudt todn qudn tinh (inertial algorithms) c6 nguon gbc tit cd hoc co
dién. Cong trinh dau tién dit nén méng cho thuat toan quan tinh 1a bai bao cia
Polyak nam 1964. Nam 1987, ¥ tudng quan tinh ducgc Polyak chuan hoéa va phéat
trien day du hon trong phuong phap Heavy Ball, v6i cong thic lap

o= 0" AV + B - ),

trong d6 o > 0 va B € [0,1). Nho vao thanh phan “quan tinh” thong qua sai phan

n

2™ — 2"~ ! phuong phap nay da dugc chi ra la c6 kha nang cai thien dang ké téc do
hoi tu so v6i cac phuong phap mot budce co dién trong céc bai toan toi wu 16i tron.

Nam 2001, Alvarez va Attouch da dua thém thanh phan quan tinh vao phuong
phap diém gan ké, qua dé dé xudt phuong phdp diém gan ké qudn tinh dé tim
khong diém ctia toan ti don diéu cuc dai trong khong gian Hilbert. Céc tac gia da

dua ra thuat toan diém gan ké quan tinh nhu sau
LTn+1 = J)ﬁ(xn + Hn(xn - In—l))a

trong d6 A : H — 27 1a toan ti don diéu cyc dai théa man Zer(A) # 0. Khi do
néu cac day tham so6 duge chon théa man mot so6 diéu kién nhat dinh thi day lap
sinh bdi thuat toan trén sé hoi tu yéu téi khong diém ctia toan tit A. Khi 6,, = 0
thi thuat toan nay tré thanh thuat todn diém gan ké co dién clia cac gia Martinet
va Rockafellar. Diém dac trung ctia nhitng thuat toan c6 thanh phan quan tinh la
moi buée lap mdéi khong chi phu thude vao bude truée dé6 ma con két hop thong
tin tir hai budc lap trude. Diéu nay da duge chi ra la gitp cai thien dang ké hieu
suat ctia cac thuat toan trude do.

Gan day, huéng nghién cttu nay tiép tuc dude mé rong theo huéng xay dung cac
cong thitc 1ap c¢6 nhiéu thanh phan quan tinh nham tang toc do hoi tu. Cac thuat
toan quan tinh va phuong phép diém gan ké da tré thanh nhitng cong cu thiét yéu
trong toi uu 101, 1y thuyét diém bat dong va viec giai cac bai toan tach, dong thai

déng vai tro nén tang cho sy phét trién ctia nhiéu thuat toan hien dai.
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Tt nhitng phan tich va két qua da trinh bay & trén, ching toi lua chon nghién
cttu dé tai “Mot sé6 phuong phap lip giai bai toan nghiém chung tach cho
16p phuong trinh toan ti don diéu véi da tap dau ra” cho luan an cia
minh, nhim gép phan phat trién 1y thuyét va céc thuat toan hiéu qua cho 16p bai
toan nay.

Muc tiéu ctia luan an la nghién cttu, xay dung cac phuong phap lap, thuat
toan dé tim nghiém cho bai todn (SCSP-MOE)) va mot s6 bai toan lien quan. Céc
thuat toan dudc phat trién theo huéng tu thich nghi. Cu thé nhu sau:

e Nghién cttu phuong phap hiéu chinh Tikhonov duéi dang lip an dé giai bai

toan (SCSP-MOE). Tt phuong phap hiéu chinh thu duge, dé xuat phuong
phéap lap hién cho bai toan nay.

e Nghién cttu va dé xuat phuong phap diém gan ké quan tinh (hiéu chinh) cho
bai toan (SCSP-MOE]). Dong thoi dé xuat cac mo hinh két hop phuong phéap
nay véi mot so6 ky thuat khac nhu phuong phap xap xi mém, phuong phap
chiéu lai ghép, phuong phap chiéu co hep nham xay dung cac thuat toan hiéu

qua hon dé giai bai toan (SCSP-MOE).

e Ap dung céc thuat toan dé xudt cho mot sd bai toan lien quan va xay dung
cac vi du s6 minh hoa cho cac két qua 1y thuyét thu duge bang MATLAB.

Noi dung ctia luan an duge chia thanh 04 chuong, cting v6i phan mdé dau, két
luan, danh muc cac ky hiéu, danh muc cac cong trinh khoa hoc ctia tac gia va tai
lieu tham khéo.

Chuong 1: Kién thtc chuan bi.

Chuong 2: Phuong phép hiéu chinh Tikhonov gidi bai toan (SCSP-MOE]).

Chuong 3: Thuat toan diém gan ké quan tinh gii bai toan (SCSP-MOE]).

Chuong 4: Hai thuat toadn chiéu v6i da thanh phan quan tinh gidi bai toan

(SCSP-MOE).



Chuong 1

Kién thitc chuan bi

Trong chuong nay, chiing t6i nhic lai mot s6 kién thiic co ban ctia giai tich ham
dugc st dung trong cic chuong sau bao gom: sy hoi tu manh, sy hoi tu yéu, tap
161, ham 16i, duéi vi phan ctia ham 16i, mot s6 toan ti trong khong gian Hilbert,
mot s6 16p anh xa lien tuc, phép chiéu métric, toan ti loai don diéu, bat déng thiic
bién phan v mot sb6 bo dé bo tro.

1.1 Mot s6 néi dung co ban trong khéng gian Hilbert
1.1.1 Sw hoi tu manh va sy hdi tu yéu

1.1.2 Toan t& tuyén tinh bi chin va toan ti lién hop

1.1.3 Ham 16i va dué6i vi phan ctia ham 16i

1.2 Mot s6 16p anh xa dic biét

1.2.1 Anh xa lién tuc Lipschitz

1.2.2 Anh xa h-lién tuc

1.2.3 Phép chiéu métric

1.3 Toan t& don diéu
1.4 Bt dang thidc bién phan trong khéng gian Hilbert

1.5 Mot sé bdé dé bo tro



Chuong 2

Phuong phap hiéu chinh Tikhonov
giai bai toan (SCSP-MOE)

Trong chuong nay, dya trén phuong phap hiéu chinh Tikhonov, ching toi deé
xuét hai thuat toan xap xi nghiem cho bai toan (SCSP-MOE). Hai thuat todn nay
tuong ng v6i phuong phap lap an va phuong phép lip hién, dong thoi déu bao
dam hoéi tu manh t6i nghiém ctia bai toan. Ngoai ra, chiing t6i khao sat tinh on
dinh ctia nghiém xap xi khi dit lieu dau vao bi nhiéu. Phan cudi chuong trinh bay
mot s6 tng dung va dua ra cac vi du s6 dé minh hoa tinh hiéu qua ctia cac phuong
phéap dugce dé xuat. Cac két qua clia chuong nay duge trinh bay dya trén noi dung
ciia bai bao (CT2).

2.1 Phuong phap hiéu chinh Tikhonov an

Xét bai toan (SCSP-MOE) véi cac gia thiét sau:

(H1) H va H;, (i =1,2,...,N) la cac khong gian Hilbert thuc;
feHvafieH;, (1=1,2,...,N) la cac phan t1t cho trude.

(H2) A:H — H la mot toan tii y-don diéu manh nguge trén H;
A Hi — Hiy (1=1,2,...,N)1a cac toan t1t v,-don diéu manh ngugce trén H;.

(H3) T; : H — Hy, (i = 1,2,..., N) la céc toan tt tuyén tinh bi chin trén H; véi
toan tu lién hop tuong ung la T : H; — H.

(H4) @ 1= 2401 (N, D, ) # 0, trong do
Qu={xeHH:Alx) = f}, Qu, ={x e H:Ai(Ti(x)) = fi}.

Bai toan yéu cau tim mot phan ti x € Q.
Trén co s6 phuong phéap hiéu chinh Tikhonov ¢ dién da dudc trinh bay trong
phan mé dau, ching toi dé xuat thuat toan sau, véi day lap ducc xay dung theo
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phuong phap lap an dé giai bai toan (SCSP-MOE]) dudi cac gia thiét (H1) — (H4)

va cac dieu kién sau:
(P1) S:H — H la toan tit f-don diéu manh va h-lién tuc trén H;

(P2) {a,} 1a day s6 thuc duong thoa man lim,, . o, = 0.

Thuat toan 2.1.1 Phuong phéap hiéu chinh Tikhonov an
Day {x,} dugc xac dinh bdi phuong trinh

N N

A(z,) + YT (AlTi(n))) + S () = f+ DT (f). (2.1)

i=1 i=1

Ménh dé sau day chi ra sy ton tai ctia day lap {z,,} trong Thuat toan [2.1.1]
Meénh dé 2.1.2. Vdi moi n € N, phuong trinh (2.1) c¢6 nghiém duy nhat x,,.

Su hoi tu cua day lap duge xay dung trong Thuat toan dugce chi ra trong
dinh ly sau.

Dinh ly 2.1.3. Day {z,} dugc tao bdi Thuat todn hoi tu manh dén x* € Q
la nghiém duy nhat cia bat ding thic bién phan

(S(x*), q—x%) >0, Vqe. (2.2)

2.2 Phuong phap hiéu chinh Tikhonov hién

Trong phan nay chting to6i xay dung mot phuong phap lap hién dya trén phuong
phép hiéu chinh Tikhonov dé giai bai toan (SCSP-MOE]) véi cac gia thiét tir (H1)
dén (H4) va cac diéu kién sau:

(P1*) S : H — H la toan 1t S-don diéu manh va L-lién tuc Lipschitz trén H.
(P2*) {ay,} va {0,,} 1a cac day s6 thuc duong, thda man:

(i) limy—oo oy =0,

(ii) Zzo:l 0,0, = 00,

On
(i) im0 -2 =0,
Qn
(iv)  limpy e M —0.

002
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Thuat toan 2.2.1 Phuong phap hiéu chinh Tikhonov hién

1: Chon diém dau y; € H tuy ¥.
2. forn=1,2,...do
3: Tinh

Fa,(yn) = Alyn) + Z T7 (Ai(Ti(yn))) + onS(yn) — f — ZT:(M.

4 Cap nhat
Yn+1 = Yn — gnFan (yn) (212)

5. end for

Sy hoi tu manh cta day {y,} duge xay dung theo cong thiic lap hién dén
nghiém ctia bai toan duge trinh bay trong dinh Iy sau.
Dinh 1y 2.2.4. Day {y,} dugc zay dung trong Thuat todn hoi tu manh tdi
x* € Q. Hon nia, x* la nghiem duy nhat cia bat dang thic bién phan (2.2).
Phan tiép theo trinh bay vé tinh 6n dinh ctia phuong phap hi¢u chinh Tikhonov
an va hieu chinh Tikhonov hién & trén khi dit lieu dau vao bi nhiéu.

2.3 Tinh 6n dinh ctia phuong phap hiéu chinh

Trong phan nay, ching toi nghién citu vé tinh 6n dinh ctia hai phuong phap lap
[2.1) va (2.12) v6i cac diéu kien nhiéu sau:
(L1) Cac diém f € Hva fie H; (i=1,2,... , N) chi dugc cho gan ding. Cu theé,
thay f va f; béi cac day {fr} C H va {f’"} C H;, théa man
n Sn i
1f=f <6 Mfi= £ < 65
trong d6 {5, } va {0’} 1a cac day s6 thic duong.

(L2) Céac toan ti A va A; (i = 1,2,...,N) lan lugt dugce thay béi cac toan ti
Al o H H va A?:‘ - H; — H;, sao cho A" la v-don diéu manh ngugc
trén H va AZ% cling la cac toan tit v;-don diéu manh nguge trén H; tuong ting,
thoa man

|AY (@) = A@@)[| < e(lz)hn, Vo€ H,
147 () — A@)l| < @illzlDhy, Vo e,

trong d6 ¢(t) va o;(t) 1a cAc ham s6 bi chian v6i moi ¢ > 0, va {h,}, {h}} 1a
cac day so6 thuyc duong.



10

Trude hét, chiing t6i xem xét va chi ra tinh hoi tu manh ctia day {z,}, duge xac
dinh béi

A (2,) + Z TZ*(A?”(TZ(zn))) + apS(zy) = [ + Z ﬂ*(ff%). (2.22)

i=1
Dinh Iy sau day trinh bay vé tinh on dinh ctia phuong phap hiéu chinh Tikhonov an.
Dinh ly 2.3.1. Gid st cic diéu kiéen (P1), (P2), (L1), (L2) dugc théa man.

Ngoai ra, neu dieu kién sau dugc thoa man

N . .
lim On + hn + 3 ,21(8, + hy,)
n—oo O{n
thy day {z,} dugc tao bdi phuong trinh (2.22)) hoi tu manh dén z* € Q, trong dé
x* 1o nghiem duy nhat cia bat dang thic bién phan (2.2).

=0, (2.23)

Tiép theo, chiing toi sé phan tich tinh on dinh ctia phuong phéap hiéu chinh
Tikhonov hién. Cu the, véi moi u; € H, ta xét day {u,} duge xac dinh béi

Uil = Up — Qnﬁan(un), n>1, (2.24)

trong do

ﬁ%(“n) = Ah"(un) + ZTZ*(A?%(TZ(UTL») + anS(un) — fén - ZTz*(fzén)
i=1 1=1

Dinh ly 2.3.2. Gid si cic dieu kiéen (P1*), (P2*), (L1), (L2) va ([2.23) deéu théa

man. Khi dé, day {u,} dugc tao bdi ([2.24) hoi tu manh dén x* € Q, trong dé z*

la nghiém duy nhat cia bat dang thic bién phan ([2.2).

Nhan xét 2.3.3. Dinh 1y va Dinh 1y cho thay rang Thuat toan va,
Thuat toan 1a on dinh trudc nhiéu. Tic 1a, ngay ca khi dit liéu v& toan ti chi
duge cho gan ding theo cac diéu kien (L1), (L2), cic day lap thu duge van hoi tu
manh dén nghiéem duy nhat z* ctia bai toan. Nho dé, khang dinh thuat toan dugc
dé xuat khong chi c6 gia tri 1y thuyét ma con kha thi trong thuc tién, noi dit liéu
thuong chita sai so.

2.4 Ung dung va vi du s minh hoa

Trong phan nay, chiing toi trinh bay mot s6 ing dung ciia hai thuat toan dugc
dé xuat trong Chuong 2 dé giai cac 16p bai toan sau:
e Bai toan diém bat dong chung tach véi da tap dau ra (SCFPP-MOS);
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e Bai toan chap nhan tach véi da tap dau ra (SFP-MOS);

e Bai todn khong diém chung tach véi da tap dau ra (SCNPP-MOS);

e Bai toan diém cyc tiéu chung tach vé6i da tap dau ra (SMPP-MOS);

e Bai toan khoi phuc tin hiéu.
Bén canh d6, mot s6 vi du s6 minh hoa ciing duge thuyc hien nham danh gia hieu
qua va kha nang hoi tu clia cac thuat toan de xuat. Bao gom mot vi du vé bai
toan (SFP-MOS)) trong khong gian Hilbert vo han chiéu; mot vi du vé bai toan
(SMPP-MOS) trong khong gian Hilbert hitu han chiéu va mot vi du vé bai toan
khoi phuyc tin hiéu. Trong tém tat nay ching toi trinh bay ngan gon Vi du 2.4.7.
Vi du 2.4.7. Xét bai toan chap nhan tach véi da tap dau ra (SFP-MOS)) nhu sau:

3
TimzeQ:=CnN (ﬂ TZI(QZ)> : (2.36)

i=1
v6i cac gia thiét sau day.

(i) H=H; = L*0,7] (i = 1,2,3) v6i tich vo huéng va chuan dugc cho béi

) = [Ca@ude 1ol = ([ o)

Cac tap C va Q; (1 = 1,2,3) dugc xac dinh béi

1/2

C={xcl?0,7]:|z|| <2}, Qi={xecL?0,n]: {a;,z)<b},

trong do

ai(t) =sin ((i+1)t), Vielon; b= ié ; ;())(S;TQ)

(ii) V6i méi i = 1,2, 3, toan tit T; : L?[0, 7] — L?[0, ] duge dinh nghia béi

Ty(x)(t) = ff)l C Va=a(t) e LYo, .

Khi dé tap  1a khéc rong, vi 0 € Q. Ta ¢6 2. = 0 la nghiem duy nhat cla bai
toan ([2.36)).
Ap dung phuong phap hiéu chinh Tikhonov hién (cong thitc lap (2.31)):

it = 20 = 0 (L= Po)() + 30 T3 (1 = Po)(Ti(en))) + 0uS(20)). (231

1=1
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Cac dit lieu duge chon nhu sau: S(z) = z v6i moi x = x(t) € L?[0, 7] va diem dau
x1 = €'Vt € [0,7]; Cac tham s6 dugc chon 1a

an, =n""h 0, = 0.75n0%;

St dung tiéu chuan dimg €, = ||z,,|| < TOL, véi TOL la ngudng sai s6 cho trude
cho trude.

Dong thoi, ching toi ciing so sanh két qua s6 clia cong thic lap v6i Thuat
toan 3.5 clia Reich va cac cong su trong [52] (Reich, S., Truong, T. M., & Ha,
M. T. N. (2020). The split feasibility problem with multiple output sets in Hilbert
spaces. Optimization Letters, 14, 2335-2353.) va Thuat toan trong Hé qua 4.3 ctia
Reich va Tuyen trong [54] (Reich, S., & Tuyen, T. M. (2021). Two new self-adaptive
algorithms for solving the split common null point problem with multiple output
sets in Hilbert spaces. Journal of Fized Point Theory and Applications, 23(16)).
Cac dit lieu cho mdi thuat toan dude lua chon nhu sau

e Thuat toan 3.5 trong [52]:
f(z) = 0.85z, S Tn = ;
e Hé qua 4.3 trong [54]:
f(x) =0.85z, an =n""1, Bin = 0.75, Oin =1, Pin = 1.

Cac két qua s6 duge trinh bay trong Béang [2.1]

Bang 2.1: Bang két qua s clia phuong phap lap (2.31]) vd so sanh gitta cdc thuat toan

TOL Thuéat toan n En Thai gian (s)
107° Phuong phép lap (2.31) 38 9.375 x 1076 0.001
Thuat toan 3.5 trong [52] 196 9.676 x 106 0.006
Hé qua 4.3 trong [54] 71 9.073 x 1076 0.029
10~ Phuong phap lap ([2.31) 51 9.144 x 1077 0.001
Thuat toan 3.5 trong [52] 240 9.627 x 1077 0.007
Hé qué 4.3 trong [54] 82 9.531 x 1077 0.030
1077 Phuong phap lip (2.31)) 65 9.790 x 108 0.001
Thuat toan 3.5 trong [52] 285 9.929 x 10~8 0.008

He qué 4.3 trong [54] 93 9.897 x 108 0.032
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Chuong 3

Thuat toan diém gan ké quan tinh
giai bai toan (SCSP-MOE)

Trong chuong nay, dya trén phuong phap diém gan ké quéan tinh (hi¢u chinh),
ching toi dé xuét hai thuat toan lap giai bai toan (SCSP-MOE]). Thuat toan thi
nhat duge ching minh hoi tu yéu dén nghiém ctia bai toan va dude danh gia ve
toc do hoi tu. Thuat toan thit hai dude xay dung trén co sé két hop thuat toan thit
nhat véi phuong phap xap xi mém nham thu dude sy hoi tu manh. Cudi chuong,
mot s6 vi du s6 dude trinh bay dé minh hoa céc két qua 1y thuyét. Cac noi dung
clia chuong duge trinh bay dya trén cac két qué chinh ctia bai bao (CT1).

3.1 Thuat toan héi tu yéu va téc do hoi tu

Trong toan bo chuong nay, bai toan (SCSP-MOE) dudc xét dudi cac gia thiét
(H1)-(H4) da néu trong Chuong 2.
Dua trén thuat toan diém gan ké quéan tinh ctia Alvarez va Attouch, ching toi

xay dung thuat toan sau dé tim nghiém ctia bai toan (SCSP-MOE]).

Thuat toan 3.1.1 Thuat toan hoi tu yéu
1. Chon # € [0,1) va day {t,} théa man

0<t,<6, Vn>0.

2. Chon hai diém dau zg, r; € H tiy ¥.
3 forn=1,2,...do
4. Tinh
N
Tngy = JATEL AT (:rn ttn (T — 1)+ f+ Tf(fi)) . (3.0)
i=1

5. end for
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Su hoi tu cia day duge tao ra béi Thuat toan dugc chi ra trong dinh 1y sau.

Dinh ly 3.1.2. Gid st rang day {t,} dugc chon sao cho dieu kién sau dugc
thoa man

o
> tallwn — zpa])? < 0. (C)
n=1

Khi dé, day {x,} dugc tao ra bdi Thudt tocin hoi tu yéu dén mot nghiém cia

bai toan (SCSP-MOE]).

Nhan xét 3.1.3. i) Bing cach st dung phuong phap diém gan ké quan tinh
ching toi da chi ra duge rang khi diéu kien duge thoa méan thi day {z,}
duge xay dung trong Thuat toan hoi tu yéu tdéi nghiém ctia bai toan
(SCSP-MOE)) ma khong can dung dén thong tin vé chuan ctia toan tit chuyén.

ii) Diéu kien (C) c6 thé duge ddm bao bang cach chon day tham s6 phit hop.
Chéng han, c6 thé chon day {t,} nhu sau
1
(a+n5)(|lzn — znall® + B)°

trong d6 s > 1 v «, 8 1a cac hing s6 duong.

n —

Hon nita, diéu kién ciing c¢6 thé tir dong dude thda mén trong mot s6 truong
hop dic biét, ching han nhu trudng hop dude trinh bay trong hé qua sau.

Hé qua 3.1.4. Gid st rang {x,} la day duge tao ra bdi Thuat todn |3.1.1. Néu
dieu kién duoc thay thé bdi dieu kién

{t,} C[0,0) wvdi 6 €|0,1/3] va {t,} la day tang, (C)
thi ta c6 . ||Tns1 — zall? < 00, do dé day {x,} hoi tu yéu dén mot phan tip € .
n=1

Tiép theo, ching t6i nghien ctu téc do hoi tu ciia Thuat toan dua trén ¥
tudng ciia Chen va cong su, Corman va cong su. Trude tién, ching toi thiét lap
mot két qua danh gia so bo cho day {z,} dugc xay dung trong Thuat toan m
nhu sau.

Dinh 1y 3.1.5. Cho day {x,} dugc tao bdi Thuat todn vdi Ty = 1 Va4 gid
st rang day {t,} théa man diéu kién (C). Khi dé vdi bat ky p € Q va bat ky so tu
nhién n, ta co

. 2(1+6%) (1460 — 62
min ”xk+1_zk“2§ ( )( )

2
1<k<n (1_‘9)(1—39)71 on pH )

trong do z = xp + tr(xp — xp_1) VO MOT kK =1,2,...,n.
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Chu y 3.1.6. Trong Thuat toan , Néu Tpi1 = 2y, thi z,41 € Q, tiic 1a z,41 12
mot nghiém ciia bai toan (SCSP-MOE]). Do do, ta c6 thé st dung dicu kién dimg
|Zni1 — 2zal|* < TOL
dé két thic qué trinh lip, trong d6 TOL la ngudng sai s6 cho trudc.

Tiép theo, chiing toi thiét lap mot bat dang thiic danh gia sai sé chit hon, qua
d6 xac nhan rang toc do hoi tu ctia day thyc sy dat bac O(1/4/n). Két qua chi tiét
dugce trinh bay trong Dinh 1y dudi day.

Dinh ly 3.1.7. Cho day {x,} dugc tao bdi Thuat todn vdi t, =60 < 1/3 vdi
moin > 1 va xg = x1. Khi doé, vdi bat ky p € Q va moi so tu nhién n > 2, ta co

2(1+70)(1 + 6 — 6%)(1 + 6?) ,
=01 — 201 —30)m—1) 120~ PI™

2011 = 2o <

3.2 Thuat toan hoéi tu manh

Trong phan nay, ching toi gidi thieu mot md rong ctia thuat toan hoi tu yéu

(Thuat toan [3.1.1)) nhim dat duge tinh hoi tu manh.

Thuat toan 3.2.1 Thuat toan hoi tu manh

. Chon 6 € [0,1) va day {t,} sao cho 0 <t, <4, Vn > 0.
2. Chon &nh xa co ¢ : H — H v6i hé s6 co ¢ € [0,1).

: Chon day {a,} C (0,1) thdéa man

[y

w

o
lim «y, =0, E Qa, = 0.
n—oo

n=1

4 Chon hai diém dau zg, 1 € H tuy ¥.
5: forn=1,2,... do

6: Tinh
Yn = Tp, + tn(ajn - In71)~
7. Tinh
N N
= JHELTIAT <y S Tﬂfi)) .
=1
s:  Cap nhat

Tpt1 = ane(xy) + (1 — ay)uy,. (3.2)

9: end for




16
St hoi tu manh ciia day dude tao bdi thuat toan trén dén nghiém ctia bai toan
(SCSP-MOE)) dugc trinh bay trong dinh ly sau.
Dinh ly 3.2.2. Trong Thudt todn|3.2.1, néu diéu kién sau duge théa man

n—00 Qi

0, (€)

thy day {x,} hoi tu manh tdi mot phan ti p € Q théa man p = Po(p(p)).

Nhan xét 3.2.3. i) Béang cach két hgp thuat toan hoi tu yéu (Thuat toan|3.1.1)
v6i phuong phap xap xi mém ching toi da chitng minh dude syt hoi tu manh
ctia day lap sinh bdi Thuat toan dén nghiém cia bai toan (SCSP-MOE))

ma khong can ding dén thong tin vé chuan clia anh xa chuyén.

ii) C6 thé 4p dung Thuat toan va Thuat toan dé giai bai toan diém
bat dong chung tach véi da tap dau ra (SFNPP-MOS), bai toan chap nhan
tach voi da tap dau ra (SFP-MOS), bai toan khong diém chung tach vé6i da
tap dau ra (SCNPP-MOS), bai toan diém cyc tiéu chung tach véi da tap dau
ra (SMPP-MOS) va bai toan khoi phuc tin hiéu.

3.3 Vi du s6 minh hoa

Trong muc nay, ching toi dua ra ba vi du s6 minh hoa cho cic két qua clia
Chuong 3. Bao gom, mot vi du vé bai toan khoi phuc tin hiéu, mot vi du vé bai
toan (SMPP-MOS) trong khong gian Hilbert hitu han chiéu va mot vi du vé bai
toan trong khong gian Hilbert vo han chiéu. Trong tém tat nay ching
toi trinh bay ngan gon Vi du 3.3.1.

Vi du 3.3.1. Xét bai toan khoi phuc tin hiéu véi cac dit lieu thit nghiém dugce
thiét lap nhu sau. Tin hiéu ban dau c6 kich thuéc n = 100 v6i 32 phan tit khac
khong, dudc phan bb ngau nhién va lay mau theo phan phdi chuan.

Ma tran do chinh A c6 kich thuée m x n v6i m = 40. Cac hang ctia ma tran A
duge chuan héa theo chuan Euclid.

V6i N hé do bd sung, médi hé duge thiét lap bao gdm mot toan ti tuyén tinh bi
chan T; : R” — R™ va mot ma tran lay mau A; € RP*™i trong d6 m; € [50, 100]
va p; € [20,50] duge chon ngau nhién. Cac hang clia ma tran A; va T; lan lugt
duoe chuan héa theo chuan Euclid va chuan Frobenius.

Dé mo phéng sai s6 do, nhiéu Gauss véi phuong sai 02 = 0.005 dugc thém vao

dit liéu quan sat.
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Ap dung Thuat toan [3.1.1] trong d6 cac toan tit

A=Vh,  A;=Vh, f=#£=0, i=12,...,N,

va cac gia tri khéi tao zg, 1 v zo duge sinh ngdu nhien theo phan phdi chuan,
day {x,} dugc tinh bang cong thic 1ap

Tnpt = JYTELTVAT (0 4y (e — ). (3.30)

Thuat toan dimg khi |21 — (2, + ta(2n — 2,-1))|| < 107° ho#ic khi s6 vong
lip dat 1000. Thuat toan dudc kiém tra trén 50 lan chay doc lap, trong dé cac dai
luong duge ghi nhan bao gom thoi gian tinh toan trung binh, sai s6 trung binh va
s6 budc lap trung binh. Véi viéec Ita chon tham s6 ¢, = 0.25, chting toi thu duge
cac két qua s6 tuong ting véi cac gia tri khac nhau ctia N nhu duge trinh bay trong
Bang . Hinh anh khoi phuc tin hiéu véi N = 50 dugc thé hién trong Hinh 3.3.

Béang 3.1: Bang két qua s cua thuat toan (3.30)

N S6 buéc lip trung binh Thai gian trung binh (s) Sai s6 trung binh

10 367.26 0.054062 0.059542
20 144.82 0.035797 0.023415
30 96.82 0.031199 0.016185
50 55.76 0.023691 0.009343
IR R R ! r.] Lteveeelenee tusnenents tree atarnnet
T : J l ] i I i it l i
AR I et Ll e atenend
e J TR I [T i "
DDDZD»TTM.JM‘MT‘N.MTTE »mm.h.‘m‘% IhﬁﬂmLTNLHHTTTT‘mhm 1 ,,mﬂﬁ

10 20 a0 B0 70 a0
mal

Chi 50 mau

Hinh 3.3: Tin hiéu gbc va tin hiéu khoi phuc bang thuat toan (3.30) véi N = 50
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Chuong 4

Hai thuat toan chiéu véi da thanh phan quan
tinh giai bai toan (SCSP-MOE)

Trong chuong nay, ching toi trinh bay hai thuat toan chiéu xoay vong cho
bai toan ([SCSP-MOE), dugc xay dung dua trén phuong phap diém gan ké két hop
v6i da thanh phan quan tinh va ki thuat chiéu lai ghép hodc chiéu co hep. Tinh
hoi tu manh clia hai thuat toan sé lan lugt duge ching minh trong cac dinh 1.
Phan cudi ctia chuong trinh bay hai vi du s6 minh hoa cho cic két qua 1y thuyét,
dong thdoi so sanh v6i mot sd thuat toan da c6 trude do, qua d6 minh hoa tinh hieu
qua clia cac thuat toan de xuat. Cac két qua clia chuong nay dude trinh bay dua
trén noi dung ctia bai bao (CT3).

4.1 Thuat toan chiéu lai ghép

Trong chuong nay, dé thuan tién cho viéc trinh bay thuat toan va chiing minh
dinh 1y, chiing toi biéu dién bai toan (SCSP-MOE)) nhu sau.
Tim phan tit p € Q v6i cac giad thiét:
(01) i€ J={0,1,2,..., N}, H; la mot khong gian Hilbert thuc va f; € H; 1la mot
phan ti cho truée.
(02) V6imdi i € J, A; : H; — H; 1a toan tit y;-don diéu manh nguge trén H;.

(03) Ty = Iy la anh xa dong nhat tren Ho, 7; : Ho — H; (j = 1,2,...,N) 1a
cac toan ti tuyén tinh bi chin trén H; véi toan tit lien hop tuong tng la
Tj : Hj — Hop.

(04) Q= ;c;Qa, #0, trong d6 Qa, = {p € Ho : Ai(Ti(p)) = fi} v6i mdi i € J.

Bang cach két hop thuat toan chiéu xoay vong v6i da thanh phan quan tinh,
chiing toi xay dung thuat todn sau dé giai bai toan (SCSP-MOE)). Dac biét, thuat
toan clia chiing toi st dung dnh wa diéu khién chi s6 (index control mapping) nham



19
tang tinh linh hoat trong viéc xac dinh tha tu ciing nhu cach thiic lya chon cac
anh xa tai moi budce lap.

Trude hét, ching toi nhic lai khai niem anh xa diéu khién chi s6. Anh xa
c:N— J véi J=1{0,1,2,..., N} dugc goi la anh xa diéu khién chi s6 néu véi
moi ¢ € J, ton tai mot s6 tu nhién M; sao cho

ie€{c(n),c(n+1),...,c(n+M; —1)}, VYneN.
Vi du nhu, anh xa ¢: N — J dugc dinh nghia bai
c(n)=n mod (N+1), VneN

14 mot anh xa diéu khién chi sb.
Thuat toan dau tien duge xay dung qua cac bude sau.

Thuat toan 4.1.1 Thuat toan chiéu lai ghép
1: Chon cac day s6 thuc bi chan {4}, véit =1,2,... k.
2. Chon tlty ¥ cac diém khdi tao

Ty T (k—1), - - T—1,%0 € Ho.

3 forn=0,1,2,... do

4: Tinh
k

Yn = Tp + Z Et,n (anrlft - xnft) .
t=1

5 Tim z, € Hy thdéa man

6: Xac dlnh
Cn={a € Holllzn — all < llyn — all}, (4.2)
Qu = {b € Ho (a0 — 0. b—,) <0}
7. Cap nhat
Tnt1 = Po,ng, (%0). (4.4)
s: end for

Su hoi tu manh cia day {z,} sinh béi Thuat toin dugc thiét 1ap trong
dinh ly sau.
Dinh 1y 4.1.4. Day {z,} dugc sinh bdi Thuat toin hoi tu manh dén mot
phan tii x, € Q théa man z. = Pq(xo).
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4.2 Thuat toan chiéu co hep

Trong muc nay, ching toi dé xuat mot bién thé ciia Thuat toan bang cach
stt dung phuong phap chiéu co hep dé giai bai toan (SCSP-MOE).

Thuat toan 4.2.1 Thuat toan chiéu co hep
1: Chon céc day s6 thuc bi chan {4, }, véit =1,2,... k.
2. Chon tly ¥ cac diém khéi tao

Ty T—(=1)s---,LT-1,T0 € Ho,
va dat W_; = Hy.
3 forn=0,1,2,... do
4: Tinh
k

Yn = T, + Z gt,n (xn—i—l—t - xn—t) .
t=1

5 Tim z, € Hy thdéa man

6. Xac dinh
Wh ={a € W lllzn —all < llyn —all}.
7. Cap nhat
Tn+1 = P, (20).
s: end for

Dinh Iy sau day trinh bay vé sy hoi tu manh cia day lap dugc xay dung trong
thuat toan trén dén nghiém ctia bai toan (SCSP-MOE).

Dinh 1y 4.2.2. Day {x,} sinh bdi Thudt todn hoi tu manh dén mot phan ti
Ty €  thoa man x, = Po(xo).

Nhan xét 4.2.3. (i) Trong mot s6 cong trinh trude day, cac thuat toan giai bai
toan yéu cau st dung thong tin vé hé s6 don diéu manh nguogc
clla cac toan tit — mot tham s6 thuong kho xac dinh trong thuc té. Nguoc lai,
hai thuat toan dugc dé xuat trong Chuong 4 duge xay duyng ma khong phu
thuoc vao tham sé nay, nho dé c6 tinh linh hoat cao vd pham vi ing dung

rong rai hon.

(i) Cac thuat toan truéec day nhu trong (CT1) can gidi mot phuong trinh lién
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quan dén tong tat ca cac toan tit dé tinh x,.; tai mdi budc lap. Hai thuat
toan dugc de xuat trong chuong nay chi yéu cau tinh toan véi ting toan ti T;
va A; tai mdi budce lap, qua dé lam gidm dang ké do phic tap tinh toan.

(iii) C6 thé 4p dung Thuat toén vi Thuat toan dé giai bai toan diém
bat dong chung tach véi da tap dau ra, bai toan chap nhan tach véi da tap
dau ra va bai toan khong diém chung tach véi da tap dau ra.

4.3 Vi du s6 minh hoa

Trong phan nay ching toi dua ra hai vi du minh hoa cho hai thuat toan cta
Chuong 4. Bao gom, mot vi du vé bai toan diém cuc tiéu tach véi da tap dau ra
trong khong gian Hilbert hitu han chiéu vd mot vi du vé bai toan chap nhan tach
v6i da tap dau ra trong khong gian Hilbert vo han chiéu. Trong phan tém tat nay
chiing toi trinh bay ngan gon Vi du 4.3.1.

Vi du 4.3.1. Xét bai toan diém cuc tiéu tach véi da tap dau ra:
3
Tim z € Q" := ﬂ T, ' (Argmin g;). (4.25)
i=0
Vi cac dit liéu sau:
(i) Cac toan tit chiphi gg : R* - R, g1 : R* = R, o : R3 - Rva g3 : R?2 - R 1a
cac ham 16i vd kha vi Fréchet, dugc xac dinh nhu sau:

go(z) = (21 + 229 + 23 + 224 + 25 — 1)?, Vo = (11, 1y,73, 24, 25) € R,
91(y) = (Y1 + 2y2 — Y3 +ya — 1)°, Yy = (y1,92,y3,91) € R,

92(2) = (221 — 20 + 23 — 1)% Yz = (21,2,23) € R,

g3(t) = (t1 +ta — 1), V= (t,ty) € R%

(ii) Ty = Ip 1a toan tit dong nhat trén R®. Cac anh xa chuyen 77 : R5 — RY
Ty : R® = R? va Ty : R — R? dugc xac dinh tuong tng nhu sau:
Ti(x) = (1 + x2 — 4x5, 203 — x4 + x5, T1 + 229 + T3 — T4, 229 + 375),
To(x) = (11 — 2o + x4, —223 + 224 — x5, —21 + 209 — T3 — Ty),
Ts(x) = (v1 — 9 — x3 + 24 + 5, —11 + T2 + 3 — 275),
v6i moi x = (x1, T2, T3, T4, 75) € R.
Khi do, tap nghiém cta bai toan la

Q' ={r=(5-3t 4,2, 1+t,t)eR>:tcR}.
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St dung Thuat toan va Thuat toan v6i cac toan tit A; lan lugt duge
thay bing I, — J% i =0, 1, 2, 3, trong d6
Jagi = ([Z+agl)717 i:O7172737
véi Ih, Iy va I3 lan lugt 1 céc toan tit dong nhat tréen R*, R3? va R?, ching toi thu
dugc cac thuat toan tuong ting dé gai bai toan (4.25). Trong vi du nay, ching toi
st dung anh xa diéu khién chi s6
c¢(n) =n mod 4,
va chon céc diém dau nhu sau:
r_3=1(3,0,3,0,3), x_2 =(2,1,2,1,2), 21 = (1,2,1,2,1), g = (—4,0,4,0,—4).
Ngoai ra, dé thay rang z, = Po«(19) = (=1, —4, 2, 3, 2).

Chung t0i cling so sanh hai thuat toan trén v6i Thuat toan 2 (viét tat 1a ALGO-
H1) va Thuat toan 3 (viét tat la ALGO-H2) trong [35] (Ha, N. S., Tuyen, T.
M., & Huyen, P. T. V. (2023). Inertial proximal point algorithm for the split
common solution problem of monotone operator equations. Computational and

Applied Mathematics, 42, Article 303).
Quy tac ding cho tat ci cac thuat toan duge lya chon nhu sau

en = ||xn — x| < TOL,

trong d6 TOL la ngudng sai s6 cho trude.
Céc két qué tinh toan duge trinh bay trong Bang [4.1] Bang [4.2] va Bang [4.3]

Bang 4.1: Bang két qua s ctia Thuat toan cho Vi du

Bo tham sb TOL n En Thai gian (s)
10~4 114 9.9000 x 1075 0.2854
bin=10lap=-3(3,=2 10~° 130 9.9781 x 10~ 0.3011
106 146 9.3456 x 107 0.3232
10~4 134 9.0839 x 1075 0.2949
l1,n =50, lon = —25, £3, = 100 10-° 150 9.1640 x 10~ 0.3569
106 166 8.8274 x 10~ 7 0.3900
104 164 9.3564 x 1075 0.3636
0y n =100, b3 5, = =30, {3, = —10 10~° 188 8.0723 x 1076 0.4018
106 206 9.9109 x 10~7 0.4511
10~4 119 9.0477 x 1075 0.2712
01, =1000/n, b2y = —50, £3, =25 107° 135 9.1169 x 10~ 0.3115

106 151 8.4995 x 10~ 7 0.3393




Bang 4.2: Bang két qua s ctia Thuat toan cho Vi du
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B6 tham sb TOL n En Thai gian (s)
10~4 72 9.9920 x 1075 0.4212
b1 =1,00, =3, 03, =2 10~5 83 7.7280 x 10~6 0.5535
106 95 6.5143 x 10~ 7 0.7336
10~ 123 8.4315 x 10~° 0.6706
015 =50, lo,, = —25, £3,, = 100 10—5 135 7.6039 x 10~ 0.8289
10-6 147 7.1771 x 10~7 0.9956
10~ 151 4.7631 x 105 1.1650
015 =100, ly , = —30, f3,, = —10 107° 161 9.8930 x 10~ 1.3968
10-6 175 6.4232 x 10~7 1.6950
10~4 95 6.7640 x 1075 0.4592
01,5, = 1000/n, by n = —50, {3, = 25 10=° 106 8.0157 x 1076 0.5611
106 115 8.7889 x 10~ 7 0.6583

Béang 4.3: Bang két qua sb ctia hai thuat toan trong [35]

TOL 0. Thuat toan n En Thai gian (s)
50 ALCO-H1 1607 9.9735 x 107 5.3989
ALCO-H2 303 9.9301 x 10~ 1.6858
Lo+ 100 ALCO-H1 3202 9.9604 x 10~ 11.3877
ALGO-H2 325 8.8377 x 10~° 2.1084
1000/n ALGO-H1 263 9.1738 x 1075 1.5724
ALGO-H2 319 9.6868 x 10~° 2.1917
50 ALCO-H1 1826 9.9617 x 106 5.9028
ALGO-H2 362 9.9748 x 1076 2.4305
10-5 100 ALCO-H1 3638 9.9611 x 1076 13.3407
ALGO-H2 384 9.8051 x 106 3.0366
1000/ ALCO-H1 281 9.1894 x 10~ 1.6091
ALGO-H2 373 9.0063 x 106 2.9550
50 ALCO-H1 2040 9.9300 x 107 7.3342
ALCO-H2 448 9.6430 x 107 3.9373
10-6 100 ALCO-H1 4065 9.9030 x 107 14.9199
ALGO-H2 474 9.4845 x 107 5.0596
1000/n ALGO-H1 298 9.2445 x 10~ 1.6584
ALGO-H2 431 8.3679 x 10~7 3.7227

Nhan xét 4.3.2. Cac bang s6 lieu cho thay Thuat toan 4.1.2 va Thuat
toan 4.2.1 dat do chinh xac yéu cau, dong thoi thé hien wu thé vé téc do hoi tu va

hiéu qua tinh toan so véi mot s6 phuong phap da cong bo.
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Két luan

Luan an nay tap trung nghién citu mot sé6 phuong phap lap dé giai "Bai toan
nghiém chung tach ctia 16p phuong trinh toan ti don diéu véi da tap dau ra
(SCSP-MOE]))" trong khong gian Hilbert. Bai toan nay la mot mo hinh tong quat
clia 16p bai toan chap nhan tach.

Nhitng déng gép chinh ciia luan 4n c6 thé tém tit nhu sau:

e Luan an da xay dung thuat toan hiéu chinh Tikhonov an va thudt todn hiéu
chinh Tikhonov hién cho bai toan , dong thoi ching minh duge
tinh hoi tu manh ctia ca hai thuat toan. Ngoai ra, cac thuat toan con dugc
chiing minh 1a on dinh truéc nhiéu, gép phan nang cao tinh ing dung.

e Luan an dé xuét hai thudt toin diém gan ké qudn tinh (bao gdom mot thuat
toan hoi tu yéu va mot thuat toan hoi tu manh), duge phat trién trén co sG
két hop k¥ thuat quan tinh va phuong phap xap xi mém ma khong can dén
thong tin vé chuan ctia cac anh xa chuyén — mot wu diém noi bat gitp giam
kho6 khan khi tinh toan.

e Luan an da xay dung thudt todn chiéu zoay vong dua trén phuong phéap
chiéu lai ghép va chiéu co hep, sit dung anh xa diéu khién chi s6 cho bai
toan (SCSP-MOE]). Tai mdi budc 1ap cac thuat toan duge dé xuat chi yeu cau
tinh toan véi ting anh xa chuyén va timg toan tit chi phi tuong tng thay vi
tinh toan lien quan dén tong clia tat ci cac toan ti nhu mot sé thuat toan
khac. Day 14 mot huéng tiép can mdi, tinh gon hon so véi mot sé phuong phap
hién cé.

Bén canh cac déng gép vé mat 1y thuyét, luan an ciing trinh bay mot s6 vi du
s6 nham minh hoa va so sanh v6i mot s6 thuat toan da cong bo, qua d6 cho thay
hiéu qua ciia cac thuat toan dé xuat.

Nhin chung, cic két qua thu dude trong luan an gép phan lam phong phi them
ly thuyét vé bai toan chap nhan tach ciing nhu cac phuong phap lap trong khong
gian Hilbert. Dong thoi, luan 4n md ra nhitng huéng nghién citu tiép theo liéen quan
dén viéc phat trién cac phuong phép lap manh hon, nhanh hon va c6 kha nang mé

rong cho cac moé hinh bai toan téng quéat hon va phiic tap hon.
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