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Introduction

Fractional calculus investigates derivatives and integrals of non-integer
order and traces back to a question posed by L’Hopital to Leibniz in
1695. Its theoretical development was later advanced by Euler, La-
grange, Liouville, Riemann, Hadamard, and others. Among various
definitions, the Riemann—Liouville and Caputo derivatives are the most
commonly used. In particular, the Caputo derivative is widely adopted
in engineering and physical applications due to its compatibility with
classical initial conditions. Fractional-order models often provide more
accurate descriptions of real-world dynamics than integer-order models.
To capture fast decay effects and finite-memory behavior, the tempered
Caputo fractional derivative has been introduced as an extension of the
classical Caputo derivative.

Finite-time stability has attracted significant attention due to its
practical importance. Originally introduced by G. Kamenkov in 1953
and later developed by P. Dorato in 1961, this concept ensures that the
system state remains within a prescribed bound over a finite time in-
terval, in contrast to Lyapunov asymptotic stability, which guarantees
convergence only as time approaches infinity.

The performance of dynamical systems is typically assessed via the
relationship between input and output signals, reflecting the system’s
ability to satisfy prescribed operational requirements. From this per-
spective, several qualitative problems for fractional-order differential
systems have been extensively studied, including dissipativity analysis
and guaranteed cost control.

The concept of dissipativity, introduced by J. C. Willems in 1972, has
become a fundamental tool in the analysis and design of dynamical sys-
tems. It generalizes several classical notions, including H,, performance
and passivity. As a result, dissipativity theory has attracted consider-
able attention due to its broad applicability in engineering, physics,
and control systems, with many significant results reported for various



classes of dynamical systems.

The guaranteed cost control problem was first introduced by S. Chang
and T. Peng in 1972. In finite-time control, beyond establishing stabil-
ity conditions, it is essential to design controllers that guarantee a pre-
scribed performance level. Guaranteed cost control requires not only
system stabilization but also that a quadratic cost function be bounded
by a given admissible upper limit. Consequently, the integration of
guaranteed cost control with finite-time stability plays a crucial role
in control system design, enabling an explicit upper bound on a pre-
defined performance index. This has motivated extensive research on
guaranteed cost control for various classes of dynamical systems.

However, existing results on dissipativity and finite-time guaranteed
cost control are largely focused on integer-order systems. For fractional-
order systems, particularly those with uncertainties and time delays,
corresponding studies remain relatively limited.

For integer-order time-delay systems, analysis methods are typically
based on Lyapunov—Krasovskii functionals. However, extending these
approaches to uncertain fractional-order systems with delays is con-
siderably more challenging, as it complicates both the construction of
Lyapunov-type functionals and the treatment of fractional-order deriva-
tives of quadratic functions, thereby necessitating new analytical tech-
niques.

Motivated by the above considerations, this dissertation focuses on
the topic “Finite-time stability of some classes of fractional-order dif-
ferential systems and related control problems.”

In this dissertation, the first class of systems under investigation con-
cerns the extended dissipativity problem for uncertain fractional-order
neural networks with disturbances, which are described by the following
system of equations

(6Dpa(t) = —[A+ AA®)a(t) + [W + AW (1)]g(x(t))

(D + AD()]w(?), U
Y u(t) = Cua(t) + Cogle(t)), >0, U
\QZ(O) =1x9 € R™

The results are established using the concept of finite-time extended
dissipativity. Fractional-order—dependent sufficient conditions, formu-
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lated as linear matrix inequalities, are derived to ensure that uncertain
fractional-order neural networks with disturbances satisty finite-time
extended dissipativity over a prescribed interval.

Building on the finite-time extended dissipativity of Caputo fractional-
order systems, we further study the finite-time dissipativity of Caputo
tempered fractional-order neural networks with disturbances and con-
stant time delays, described by the following system

(TC DY (1) = —[A 4+ AAD)]x(t) + [B + AB(t)]g(x(t))

+[W 4+ AW (O)]h(z(t — 7)) + [D + AD()]w(t), t >0,
y(t) = Crx(t)+Cox(t—7)+Csg(x(t))+Crh(x(t—7))+Csw(t),
z(0) = p(0), 0 € [—1,0].

(2)

i,
~—

\

The results are derived by establishing a new lemma for the estimation
of quadratic functions under the tempered Caputo fractional derivative.
Based on this lemma, sufficient linear matrix inequality (LMI)-based
conditions are obtained to ensure the finite-time robust dissipativity of
the system.

The subsequent part of this dissertation addresses the finite-time
guaranteed cost control of uncertain polytopic fractional-order systems
with time-varying delays, described as follows

{ §Dx(t) = A(§)x(t) + D(§)x(t — h(t)) + B(&)u(t), t > 0, (3)
x(n) = o(n), Vn € [—hy,0].

The objective is to design a state-feedback controller of the form
u*(t) = Kx(t) for system (3) with the cost function

Jo /0 (t— )" [T (s)Ma(s) + u' (s)Ru(s)] ds,  (4)

where M and R are symmetric positive definite matrices, such that the
resulting closed-loop system

{ § Dex(t) = [A(E) + B(&)Klx(t) + D(&)x(t — h(t)),
x(n) = w(n), Vn € [—hy,0],

is finite-time robustly stable and the value of the cost function (4) sat-
isfies J < J*, where J* is a prescribed constant.

(5)
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The main results provide sufficient conditions for the existence of
a finite-time guaranteed cost state-feedback controller for the class of
systems described by (3).
The final part of this dissertation focuses on the finite-time guaranteed
cost control of uncertain nonlinear Caputo tempered fractional-order
systems with time delays, described by the following system

TCDSAa(t) = (A+ AA®))x(t) + (D + AD(t))a(t — 1)
+f(t,z(t)+g(t, z(t—7)) + (B+ AB(t))u(t), t >0, (6)
x(0) = p(0), 6 ¢€[-T7,0].

The results provide delay-dependent LMI-based sufficient conditions
for designing a finite-time guaranteed cost state-feedback controller for
the considered systems..

This dissertation aims to develop analysis and control design meth-
ods for uncertain fractional-order systems with delays and disturbances,
with particular emphasis on finite-time stability, dissipativity, and guar-
anteed cost control. Specifically, the main objectives are summarized as
follows:

e To investigate finite-time stability and dissipativity of uncertain Ca-
puto fractional-order neural networks with disturbances, as well
as finite-time robust dissipativity of uncertain Caputo tempered
fractional-order differential systems with disturbances and time de-
lays.

e To study and design finite-time guaranteed cost state-feedback con-
trollers for fractional-order systems, including convex combination
systems with time-varying delays and Caputo tempered fractional-
order systems with disturbances and time delays.

The main content of the dissertation is organized into three chapters.

e Chapter 1: Mathematical preliminaries.

e Chapter 2: Finite-time dissipativity problem for some classes of
uncertain fractional-order neural networks.

e Chapter 3: Finite-time guaranteed cost control problems for several
classes of fractional-order control systems.



Chapter 1

Mathematical preliminaries

This chapter presents the fundamental mathematical background that
serves as the foundation for the research problems addressed in this
dissertation. The contents of this chapter include: basic concepts of
fractional calculus, the existence and uniqueness problem for classes of
fractional-order differential systems, finite-time stability and finite-time
stabilization, dissipativity analysis for dynamical systems, guaranteed
cost control problems, and several auxiliary lemmas used in proving the
main results of the dissertation.

1.1 Some basic concepts of fractional calculus

1.2 Existence and uniqueness of solutions for fractional-order
differential systems

1.3 Finite-time stability and finite-time stabilization
1.4 Dissipativity analysis for dynamical systems
1.5 Guaranteed cost control problems

1.6 Some supporting lemmas



Chapter 2

Finite-time dissipativity problems for
fractional-order differential systems

This chapter investigates the finite-time robust extended dissipativ-
ity of uncertain Caputo fractional-order neural networks with distur-
bances, as well as the finite-time robust dissipativity of uncertain Ca-
puto tempered fractional-order systems with disturbances and constant
time delay. The results presented are based on the author’s published
works [CT1, CT4].

2.1 Finite-time dissipativity for uncertain tempered Caputo
fractional-order neural networks with time delays

Consider the following class of tempered Caputo fractional-order neu-
ral networks with time delay:

(TCD a(t) = —[A+ AA()]x(t) + [B + AB(t)]g(x(t))

) +W + AW ()]h(z-(t)) + [D + AD(t)]w(t), t >0,
y(t) =Cra(t)]l +Cour(t)+Csg(x(t)) + Cih(z- (1) + Csw(t),

\x(e) - @(0)7 0 € [_7_7 0]7

where z,(t) = z(t — 7), a € (0,1] is the fractional order and A > 0 is

the exponential tempering parameter. The state vector is denoted by

x(t) = (21(t),...,2,(t))" € R", and w(t) € R? represents the exter-

nal disturbance input. The dimension n corresponds to the number of

neurons in the network. The matrix A = diag{ay,...,a,} € R"" is a

positive definite diagonal matrix, while B, W € R™*" and D € R"*? are

known constant matrices.
The time-varying uncertain matrices are modeled as

AA(t) = EoF1(t)He, AB(t) = EpFo(t) Ho,

(2.1)
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AD(t) = E,F3(t)Hy, , AW (t) = EFy(t)H,,

where F,, Fy, Ey4, B, H,, Hy, H;, H,, are known constant matrices with
appropriate dimensions. Fj(t) (i = 1,2,3,4) are unknown time-varying
matrices satisfying the following condition

E'OF(t) <I,V¥t>0,i=1,234. (2.2)

Here,p(-) € C([—7,0],R") is the continuous initial condition function
with norm ]| = supge_r.y £(0)]]

The nonlinear activation functions g, h : R"” — R" are defined com-
ponentwise as follows

g1(x1(t)) hi(z1(t — 7))
g9(x) = : , Wzt —7)) = : :
gn(@n(1)) (@ (t — 7))
for any x = (z1,...,2,) € R™
Assumption 2.1.1. g;(+) and hi(-), i = 1,2,...,n, are continuous ac-
tiwation functions that satisfy sector conditions, with g;(0) = 0 and

hi(0) = 0. Specifically, the following inequalities hold

U —v uU—v

(2.3)

where k k7, t7,t5 are known real constants, and u,v € R with u # v.

Assumption 2.1.2. The disturbance input w(-) € L*([0,00),R%) satis-
fies the following condition

37w (Hw(t) <@,
where W is a positive scalar.
In the absence of the output vector, the system (2.1) becomes
TCDS a(t) = —[A+ AA®)|z(t) + [B + AB(1)]g(x(t))
+W + AW ()]h(z(t — 7)) + [D + AD#)]w(t),t >0, (2.4)
z(0) = p(0), 0 € [—T,0].
Definition 2.1.3. Given positive constants c1, co, T, and @ (¢ < ¢2),

system (2.4) is said to be robustly finite-time stable with respect to
(c1,c9, T, @) if the following condition is satisfied:

lel* < et = llz@)|* <2, VEe[0,T],
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for any disturbance signal w(t) € R? satisfying Assumption 2.1.1.

Definition 2.1.4. System (2.1) is said to be dissipative finite-time stable
with respect to (c1,co, T, ) if the following two conditions are satisfied:
(1) System (2.4) is robustly finite-time stable with respect to (¢1,co, T, ©).
(74) For the zero initial condition p(t) = 0 for allt € [—1,0], there exists
a scalar v > 0 such that for all t € [0,T]

t t
/ efA(tfs)(t . S)ailj(S) ds > 7/ efA(tfs)(t . S)aile(S) w(s) ds,
0 0

~

where the performance function J(s) is given by
T(s) =2y (s) Paw(s) +y () Wry(s) +w'(s) Uy (s),

with given real matrices V1, Wy, and V3. Here, V1 and V3 are symmetric
matrices, V1 < 0, and the disturbance w(t) satisfies Assumption 2.1.2.

Theorem 2.1.5. Consider system (2.1) under Assumptions 2.1.1 and
2.2.2. Let c1,¢0,T (c1 < ¢3), and @ be given positive scalars. If there ex-
st positive scalars rq, vy, Td, Tw, Y, Y1, V2, G symmetric positive definite
matriz P, a symmetric positive definite matriz (), and diagonal positive
definite matrices Ay and Aj, such that the following conditions hold

Uy vy
o Wy QL -] = (2.58)
=11 Z12 =13 = =5 PE, PRy, PEg PE,
* EQQ 523 524 525 0 0 0 0
S * 533 534 535 0 0 0 0
* * * 544 E45 0 0 0 0
x ok k% Zs5 0 0 0 0 | <0, (2.5b)
x x x x *x —r,J 0 0 0
x ok k% % x -l 0 0
T T * x —rql 0
|k x ok ok % * * * =1yl
)\m:(P) ()\101 + )\2) S Co, (2.50)

Q — (v — ) > yo(1+ V)1, (2.5d)
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then system (2.1) is dissipative finite-time stable w.r.t. (c1,c9, T, @),
where

Ky, = diag{k7 ki, ky ks, ..., k ki),

. [k R k, +ky
KQQ:dlag{ 1 5 1 ey T},
Ky = diag{t ], tyty, ..., t )},
.+t t, +t;
Ky, = di 1L ...,2_=n
2h 1ag{ 9 ) ’ 9 }7
A, = diag{A{,, Ay, ..., ALY, Ay, = diag{A],, ALy, ... ALY
E,(rT%) — 1
6= EL(7T), = € (ErT) - 1), £ e R
LT/TJ—H f |T/7]+1
Al = >\max ) A - ) — 1 )
1 ng = e a1 | & ;52
Yo = ()‘1”90” + )‘2) T, xT(t) - :L“(t - 7_)7
,yle)\T(Ea (TTa) 1 |T/7]|+1
Yo = 3 Z g-1],
§1+&—1

~PA—-A"P+r,H, H, — Ki,A, — C] ¥,Cy — TP
= —C] U0y, Z13 = PB + Ky A, — C} ¥, C5,

u=PW -0/ 9,04,Z5=—-C/ ¥, — C/V,C5 + PD,

— KAy — Cy U, Cy — TP, g3 = —Cy U1 Cs,

= Kop\j, — Cy W10y, Zgs = —Cy Uy — C) U, Cs,

S35 = ryH,) Hy — Ay — C3 U1C3, B34 = —C3 U,Cy,

B35 = —C3 Uy — C3 U, Cs,

= er;Hw — Ay — O U0y, Bys = —C[ Uy — C) W05,

S5 = rgH | Hy — C{ Wy — W, C5 — C U, Cs

— U+l —nl 4+l +Q,z.(t) =x(t — 7).

1 [I] 1] [I] [I]>

(1
2
I

[
ot
ot

I

For A = 0, system (2.1) reduces to an uncertain Caputo fractional-
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order neural network with time delays.

(S Dox(t) = —[A+ E,F, () Hoa(t) + B+ EyFy(t) Hylg(x(t))

HW+Ewa(t)Hw]h(xr(t))+[D+EdFd(t)Hd]w(t)a
y(t) = Cra(t) +Comr (£)+ Cag((t)) +Cah(w- () + Cow(t),
z(0) = p(8), 0 € [—T,0].

7\

(2.25)

\

From Theorem 2.1.5, the following corollary is obtained:

Corollary 2.1.6. Assume that positive scalars c¢i, co, T, and © are
gwen. If there exist positive scalars rq, 7, Yd, Tw, Y, V1, Y2, Symmetric pos-
itwe definite matrices P € R™ " and () € R™ ™, and positive definite

diagonal matrices Ay and Ay, such that the following conditions are sat-
isfied:

\UZ Wy
* U3 —Q =7l =l

—~

=11 Z12 =13 Zu =z PE, PE, PEy PE,

<0, (2.26a)

I

=11
* 522 523 524 525 0 0 0 0
* * 533 534 Eg5 0 0 0 0
* * * E44 545 0 0 0 0
x ok k% =5 0 0 0 0 | <0, (2.26b)
x % x x x —r,d 0 0 0
T T x —rpd 0 0
T T * x —rqgl 0
| x x x k% * * * =Tyl
)\mlj(P) ()\101 + )\2) < ¢9, (2260)
Q— (m — ) > 2%, (2.26d)

then system (2.25) is dissipative finite-time stable with respect to the
parameters (c1,cq, T, ©).
where
Ky, = diag {ky ki, kg k. ki k)

ki + ki kg +ky ko + kT
KQQZdiag 1+ 17 2+ 27"'7Q )

2 2 2

Ky, = diag {t1t] , tyty .., t, 1 |,
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o+t ot + s t+th
Ko — d 1 1 2 2 o n n
2h lag{ 9 3 9 ) ) 9 )
A, = diag{A{;, ALy, ... NS Y Ay = diag{Al, AL, ALY,
- = E. (T —1
6= B(rT%), o= Bu(T") ~1, & =mye 2L
[T/7]+1 [T/7]+1
At = Amax (P DA ( _ 1)
| 51252 ) = €1+€2_151252
[T/7]+1
~ 71(EQ(TT0‘)
= Oullgll + Xy, 5 = 2ETEI =D 5—1)
&+ -1 Z ’

~PA—-A"P+r,H H,— KijA, — C] U 01

= —C] U0y, Z13 = PB + Ky A, — C] U103, Zyy = PW—CIT\II104,
—C/ Uy — O] W05+ PD, 29y = —K 1A, — Cy ¥,Cy — TP

—Cy U1C3, Zoy = KopA, — Cy W1Cy, Za5 = —Cy) Uy — Cy U,C5,
S35 = 1 Hy Hy — Ay — C3 U105, Z34 = —C3 0,0y,

S35 = —C3 Uy — C3 U Cs, Zgy = 1 H,) Hy — A, — C) UGy,

By =—C) Uy — C/ WU, Cs,

S5 = raH] Hy — C{ Uy — Wy C5 — CF U105 — U3 + 4 — 11 + vl + Q.

(1] [I] [I] [I] [I]>

2.2 Finite-time extended dissipativity for uncertain Caputo
fractional-order neural networks with disturbances

This research studies the following fractional-order neural networks
with uncertainties:

[ Dpa(t) = —[A+ AAWD)a(t) + [W + AW (1)]g(2(t)
+[D 4+ AD(t)|w(t), t > 0,

)
y(t) = Cra(t) + Cog(a(t)), t >0
x(0) = zp € R”,

(2.28)

\

where z(t) = (x1(t),z2(t),...,2,(t))" € R™ denotes the state vector,
y(t) € R™ is the output vector, and w(-) € L*([0,00),RY) denotes the
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input disturbance. Moreover,

g(x(t)) = (g1(1(1)), - - gul@a(t))) '

represents the activation functions. Here, A = diag{ay,...,a,} is a
positive definite diagonal matrix, and W, D, C}, Cy are known constant
matrices of appropriate dimensions.

Assumption 2.2.1. The time-varying parameter uncertainties matrices

AA(t), AD(t), and AW (t) satisfy the following conditions:

Here, Ey, Es, E3, Hi, Ho, and Hs are known real constant matrices of ap-
propriate dimensions, Fi(t)(i = 1,2,3) are unknown time-varying ma-
trices satisfying F,' ())F;(t) < I, Vt>0, (i=1,2,3).

Assumption 2.2.2. g;(-), i = 1,2,...,n, are nonlinear activation func-
tions that are continuous and bounded with g;(0) = 0, and satisfy

u—"v

where k; and k7 are known real constants, and u,v € R with u # v.

In the absence of the output vector y(t), the system (2.28) becomes

6 Dfa(t) = —[A+ AA@®)]z(t) + [W + AW (1)]g(x(t))
+1D + AD(D)w(t), t > 0, (2.30)
513(0) = x9 € R".

Definition 2.2.3. For given a matriz R € S7, positive scalars T, cy, ¢o
(c1 < ¢9), and the disturbance input w(t) satisfying Assumption 2.1.2,
system (2.30) is said to be robustly finite-time bounded with respect to
(w.r.t.) (c1,c0, T,W, R) if ) Rxo < c1 = x' (t)Ra(t) < 2, Vt € [0, 7).

Definition 2.2.4. Given matrices V1, Wy, U3, and Yy satisfying As-
sumption 77, system (2.28) is said to be robustly finite-time extended
dissipative w.r.t. (c1,co,T,W, R) if two conditions hold:

1. System (2.30) is robustly finite-time bounded w.r.t. (ci,c2,T,w, R).
2. Under the zero initial state, the following condition is met

oI0J() —y () Tuy(t) >0, Vtelo,T], (2.31)
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where J(t) = y' (H)W1y(t) + 2y " (1) Vaw(t) + w' () Vaw(t), with ¥y, s,
and V4 are symmetric real matrices of appropriate dimensions satisfying
U, <0, W3 >0, and Wy > 0, respectively, and Vs is a real matriz of
appropriate dimensions.

Theorem 2.2.6. Given positive scalars ci, co, W, T, and a matriz R €
S,t. Under Assumptions 2.2.1-2.1.2, system (2.28) is robustly finite-time
extended dissipative w.r.t. (c1,co, T, R,@) if there exist three positive
scalars €1, €2, €3, two matrices Q, X € ST, and a diagonal positive
matriz A € R™"™ such that the following conditions hold

Q1 Q2 Q3 QEY QEy QF;s]
ES QQQ —C;—\Ifg O 0 0
* % 933 O 0 0
. . el 0 0 <0, (2.32a)
* * * x —el 0
|k % * * *  —esl
)\max(\pi’))w
A — 2T < )\ 2.32b
2C1 + T(a+1) 1C2, ( )
C’lT\I&LCl C’lT‘IJ4C’2 X 0
[ . C’QT\II4C2 < 0 Il (2.32¢)
X+ K*<Q, (2.32d)

where

K =diag {k{", ki, ... k'), Ky = diag {ki ki ky k.. ki ki),

kT +kF ks 4+ kS k- +kt
KQZdiag{1+ 1, 2+ 27”.7_n+ n}?
2 2 2
@ = R_%QR_%, )\1 — /\min(@)7 >\2 = )‘maX(Q)v

Qi = —QA — ATQ + e1h{ hy — O] U101 — KA,

Qg9 = €2hy hy — Cy W1Cy — A,

Qs3 = esHy Hy — U3, Q12 = QW — C) 010y + Ko\, Q3= QD — C} Vs,
By setting W, =0, Wy = I, U3 = ~I, and ¥, = 0, where v > 0, the

passivity criteria for system (2.28) follow directly from Theorem 2.2.6:

Corollary 2.2.9. Given positive scalars ci,co,w,T and a matrix R €
S, Under Assumptions 2.2.1-2.1.2, system (2.28) is robustly finite-time
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passive w.r.t. (c1,c2, T, R, W) if there exist positive scalars €y, €, €3,7,

matrices Q, X € S, and a diagonal positive matriz A € R™*" such that

the following conditions hold

My Mz Mis QE1 QE> QEj;]
* M22 —CQT 0 0 0
* * ./\/l33 0 0 0
. . «  —al 0 0 < 0, (2.52a)
* * * x —el 0
| x * * * *  —e3l
YW
A — T <\ 2.52b
2C1 + Tla+1) < Ajco, (2.52b)
X 0
[O ]] > 0, (2.52¢)
X+ K?<Q, (2.52d)

where
K:diag{kf,k;,...,k::}, K1:diag{kl_kf,k;k;,...,k:gk:,
- + .- + - +
KFdiag{kﬁkl by +k u}

2 2 2
@ - R_l/QQR_1/27 AL = )‘min(@)7 Ag = )‘maX(G)y
My =—-QA—-A"Q+ e H H — KA,
Moy = eH) Hy — N, Mgz = e3Hj Hz — I,
Mg = QW + KA, Mz =QD—Cy.

We now consider a special case of system (2.28), when AA(t) = 0,
AW (t) = 0, and AD(t) = 0, the system reduces to the following
fractional-order neural networks

CDYx(t) = —Ax(t) + Wo(x(t)) + Dw(t), t > 0,
y(t) = Cra(t) + Cog(a(t)), t = 0, (2.53)
z(0) = z9 € R".

According to Theorem 2.2.6, the following corollary is obtained.

Corollary 2.2.10. Gwen positive scalars ci,co,w, T with c; < co and
a matric R € ST. Under Assumptions 2.1.2 and 2.2.2, system (2.53)
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is robustly finite-time extended dissipative w.r.t. (c1,co, T, R, W) if there
exist two matrices Q, X € ST and a diagonal positive matriz A € R"*"
such that the following conditions hold

P1q 3P QD — C| ¥,
x —CoWiCo—A  —CJUy | <O, (2.54a)
* *k —\Ijg
Amax(qj?)) w
A ———— T <\ 2.54b
2C1 + Tlat1) < A1€2, (2.54b)
CIT‘IJ401 ClT\IJ4Cg X 0
X+K?<Q, (2.54d)

where

b= -QA-A'Q - C/ V0, — K1\, &= QW — C] U,Cs + KyA.

2.3 Conclusion of Chapter 2

This chapter investigated finite-time dissipativity for several classes
of fractional-order neural networks, including tempered Caputo systems
with disturbances and delays, as well as uncertain Caputo systems. The
main results are summarized as follows

e For tempered Caputo fractional-order neural networks with exter-
nal disturbances and constant delays, sufficient conditions ensuring
finite-time dissipativity were established in terms of linear matrix
inequalities by employing the Lyapunov functional method.

e For uncertain Caputo fractional-order neural networks, sufficient
conditions guaranteeing finite-time extended dissipativity were de-
rived in terms of linear matrix inequalities based on the Lyapunov
functional approach.

e Numerical examples and simulations were provided to illustrate the
feasibility of the proposed sufficient conditions. The simulation re-
sults demonstrated that the obtained theoretical criteria are effec-
tive and can be verified numerically.



16

Chapter 3

Finite-time guaranteed cost control problems for
fractional-order control systems

This chapter presents research results related to the problem of finite-
time guaranteed cost control for classes of uncertain Caputo fractional-
order systems with delays. Specifically, the chapter focuses on the design
of guaranteed cost controllers and on deriving sufficient conditions for
the existence of finite-time guaranteed cost state-feedback controllers for
uncertain polytopic Caputo fractional-order systems with time-varying
delays, formulated in terms of linear matrix inequalities (LMIs), as well
as for uncertain tempered Caputo fractional-order differential systems
with time delays. The content of this chapter is developed based on two
published papers [CT2, CT3] in the author’s list of scientific publica-
tions.

3.1 Finite-time guaranteed cost control of uncertain poly-
topic fractional-order control systems with time-varying
delays

Consider the uncertain polytopic system as follows
{ 6 Dx(t) = A(§)x(t) + D(€)x(t — h(t)) + B(&)ult), t > 0, (3.1)
z(n) = @), Vn € [—hs,0], '

where 0 < a < 1, z(t) € R" is the state vector, u(t) € R™ is the control,
the system matrices {A(§), D(§), B(£)} are uncertain but belong to a
polytope €2 given by

Q:—{[A,B,D](ﬁ)—2§i[Ai,Bi,Di] Zﬁz:l, & >0, i€ {17~-->S}}7
-1 im1
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where A;, D; € R™" B, € R™™ 4 € 1,s, s > 1, are given constant
matrices; the time delay function h(t) satisfies 0 < hy < h(t) < hoy, Vt >
0; the initial function ¢(t) € C(|—he, 0], R") with the norm
p(t) € C([=h2, 0, R") with [l = sup [le(s)].
SE[—hQ,O]

For a given positive scalar T' > 0, associated with system (3.1) is the

following quadratic cost function:

1 T
L / (T — )21 [T (s)Ma(s) + u" (s)Ru(s)] ds,  (3.2)
I'(a) Jo
where M and R are symmetric positive definite matrices.
In the absence of the control u(t), the system (3.1) becomes

6 Dp(t) = A(§)x(t) + D(€)x(t — h(1)),

(3.3)
z(n) = ¢(n), Vn € [~hs,0].

Definition 3.1.1. Givency > ¢1 > 0 andT > 0, system (3.3) is robustly

finite-time stable w.r.t. (c1,cq,T) if the following condition holds:

lell* < ev = lla@* < e2, Yt €0, 7).

Definition 3.1.2. Given ¢ > ¢; > 0 and T > 0, system (3.1) is
robustly finite-time stabilizable w.r.t. (c1,co,T) if there exists a state-
feedback controller of the form u(t) = Kx(t) such that the closed-loop
system

{ § Dix(t) = [A(S) + B(§K]x(t) + D(&)x(t — h(?)), (3.4)
x(n) = o(n), Vn € [—hy,0], '

is robustly finite-time stable w.r.t. (c1,c9,T).

Definition 3.1.3. For system (3.1) and the cost function (3.2), if there
exist a state-feedback controller u*(t) and a positive constant J* such that
the closed-loop system (3.4) is finite-time robustly stable with respect to
the parameter set (c1,co,T) and the value of the cost function satisfies
J < J*, then J* is called the guaranteed cost.

Our objective is to design a state-feedback controller u*(t) = Kux(t)
for system (3.1) and the cost function (3.2) such that the closed-loop
system (3.4) is finite-time robustly stable and the value of the cost
function (3.2) satisfies J < J*, where J* is a given constant.
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First, to formulate the LMI conditions in the controller design proce-
dure, we consider the indices 7,7 = 1,2,...,s with ¢ # 7 and define the

matrix:
S 0
=[5 o).

where S is an unknown symmetric positive definite matrix. The follow-
ing expressions are used in the construction of the LMI conditions:

Wi = AP+ B)Y + (AP + B;Y)" —hyP + S,
Wjj = AP+ B)Y + A;P+ B;Y + (A;P+ B)Y + A;P+ B;Y)'

_opp 29
5 _
[T/hy]+1 '
¢ =Eo(heT*) Y (Ea(hoT®) — 1),
j=0
thqTa
— +1
s dun(P),_TlatD) *
B )\min(P)’ 0 )\min(P)

Theorem 3.1.4. Let ¢ > ¢ > 0 and T > 0. Consider system (3.1)
with the cost function (3.2). If there exist symmetric positive definite

matrices P and S, and a free weighting matrix Y such that the following
conditions hold

‘W, D,P PM Y'R
x —hoP 0 0
* * —M 0
* * * —R

<0, Viels, (3.5a)

‘W,; D;P+D;P PM YR

*  —2heP 0 0 A R—
. * iy | <0 #3, 1,5 €15, (3.5b)
| * * *  —3R
[T/h1J+1
] /\max(P) C2
Eao(haT" Eo(haT*) —1)- <=2 3.5
(hoT*) ;0 (Ea(hoT*) —1) n(P) = o (3.5¢)

then u(t) = Y P ta(t) is the guaranteed control law and the guaranteed
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cost value 1s
2hoqT*
I'a+1)
. o]l

)\mm(P)

When s =2, A; = A, D;=D, B, = B, Vi € {1,2}, the system (3.1)
is reduced to the following linear Caputo fractional-order system with
an interval time-varying delay

J< J =

{ Dx(t) = Aw(t) + Da(t — h(1)) + Bu(t), 0,7],  (3.27)

2(t) = (1), Vit e [=hy,0],

where 0 < o < 1, z(t) € R" is the state vector, u(t) € R™ is the
control, A, D € R™" B € R" " are given constant matrices; the delay
h(t) satisfies 0 < hy < h(t) < he, Vt > 0; the initial function p(t) €
C([—he, 0], R™) with the norm ||p|| = sup |[¢(8)]-

96[*]12,0]
From Theorem 3.1.4, the following corollary is obtained:

Corollary 3.1.5. Given positive numbers c1,ca, T (co > ¢1). Consider
system (3.27) with the cost function (3.2). If there exists symmetric
positive definite matrices P,S € R™", and a free weighting matriz 'Y
such that the following conditions hold

'W DP PM Y'R
* —hQP 0 0
* * —M 0
* * * —R

(W, 2DP 2PM 2Y'R

<0, (3.28a)

. . G VO <0, (3.28b)
| * * * —%R
|—T/h1—|+1
] )\max(P) Co
B, (hoT E,(hyT®) — 1) - <2 3.28
(1) 3, (BT =1 S <2, (@250

then u(t) = Y P~ ta(t) is the guaranteed control law and the guaranteed
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cost value 1s
thqTa

I'(a+1)

J* — 2
el

where

W =[AP + BY| + [AP + BY]' — hyP + S,

Wi = 2[AP + BY ]+ 2[AP + BY]" — 2hyP — 28,
[T/hy]+1 ‘
q=Eo(haT*) > (Ea(hoT*) - 1),

7=0
2hoqT™
§— Amax (P) G — (r(aq-u) + 1)
B )\min(P>’ ' Amin(P) .

3.2 Finite-time guaranteed cost control for nonlinear tem-
pered fractional-order systems with delays

Consider an uncertain tempered Caputo fractional-order system with
time delays and nonlinear perturbations

TCDSAz(t) = (A+ AA(t))z(t) + (D + AD(t))x(t — )
+f(t,z(t) + g(t,x(t — 7)) + (B+ AB())u(t), t >0, (3.30)
z(0) = ¢(0), 0¢€[-70],

where A > 0, a € (0, 1] denotes the fractional order of the system;
x(t) € R" is the state vector; u(t) € R™ is the control input; The initial
condition is given by a function ¢(-) € C([—, 0], R") with norm ||¢|| =
supgei_r l9(@)|l. The matrices A, B, and D are given constant real
matrices with appropriate dimensions; AA(t), AB(t), and AD(t) are
time-varying uncertain matrices; f(-) and g(-) are nonlinear activation
functions.

Assumption 3.2.1. The time-varying uncertain matrices are modeled
as: AA(t), AB(t), AW(t) and AB(t) are assumed to take the following

forms:

AA(t) = B, Fi(H)H,, AD(t) = EgFy(t)Hy, AB(t) = EyFy(t)Hi,
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where B,, Eq, B4, H,, Hy, and H; are known constant real matrices with
appropriate dimensions, and F;(t) (i = 1,2, 3) are time-varying matrices
satisfying

FI(OF() <1, vt>0, i=1,2.3
Assumption 3.2.2. Consider the functions f,g :[0,+00) x R" — R",
which satisfy the following quadratic boundedness conditions:

flt o) f(te) <2’ Qu,
g'(t,x)g(t.x) < a'Gu,

forall (t,z) € [0,400)xXR", where Q and G are given symmetric positive
definite matrices.

(3.31)

For a given positive scalar T" > 0, the cost function associated with
system (3.30) is defined as:

J(t) = =~

o S eIt = s) T (s)Ma(s) +u' (s)Ru(s)] ds, (3.32)

o o

for all ¢ € [0,T], where M and R are given symmetric positive definite
matrices.
When the control input u(t) is absent, system (3.30) reduces to

TCDSAz(t) = (A + AA®))x(t) + (D + AD(t))x(t — 7)
+f(t,x(t) + gt z(t —7)), =0, (3.33)
z(0) = p(0), 0€[-7.0]
Definition 3.2.3. Consider positive constants c1,co, and T'. The un-
forced system (3.33) (i.e., when u(t) = 0) is defined as robustly finite-
time stable with respect to (c1,ca,T) if the following condition holds:
1?2 < co, Vte[0,T].

Definition 3.2.4. Consider positive constants ci,co with co > ¢, and
a finite time horizon T > 0. The system (3.30) is said to be robustly
finite-time stabilizable with respect to the triple (c1,co, T) if there exists
a state feedback control law of the form u(t) = Kx(t) such that the
resulting closed-loop system
TCDS x(t) = (A+ AA(t) + BK + AB(t))x(t)
+(D+AD(t))x(t—7)+ f(t, z(t)+g(t, x(t—7)), t >0, (3.34)
z(0) = ¢(0), 0 €[-,0],

lell* < et = Jla(t)
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is robustly finite-time stable with respect to (c1,c2,T).

The guaranteed cost controller u(t) = Kux(t) is designed for sys-
tem (3.30) such that the closed-loop system (3.34) is robustly finite-time
stable with respect to (c1, o, T'). Additionally, the cost function (3.32)
satisfies

Jt) < J*, Wt € [0, T,

where J* is a predetermined constant called the guaranteed cost value
of the system.

Theorem 3.2.5. Consider positive constants cq,cy with co > c¢1, and a
finite time horizon T' > 0. Suppose there exist positive scalars €1, €9, €3,
a symmetric positive-definite matrix P € R"™ " and a free-weighting
matriz Y € R™*" such that the following conditions hold

(©ny DP I I PQ PM Y'R PH! Y'H 0 0 ]
x —7P 0 0 0 0 0 0 0 PH; PG
* x —I 0 0 0 0 0 0 0 0
* * x —1 0 0 0 0 0 0 0
* * x % —Q 0 0 0 0 0 0
« %« ok % x —M 0 0 0 0 0 | <0, (3.35a)
* * I * —R 0 0 0 0
* * * % * x  —el 0 0 0
* * * ok * * * * —eol 0 0
* * x % % * * * * —e3l 0
* * * * * * * * * * -G
[T/7]+1
B (rT?) I (777 — 1y 2w D) 2 (3.35b)
=0 Amln(P) C1

then, under the state-feedback control lawu(t) =Y P~ x(t), system (3.30)
is robustly finite-time stable with respect to (c1,c9,T). Moreover, the
gquaranteed cost 1s given by:

1 2T T

J* — 2 2 -

where

Oy = AP+ PA" + BY + Y 'B' +e1E,E] +e3E.E; + e2EE,) — 7P,
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3.3 Conclusion of Chapter 3

This chapter investigated finite-time guaranteed cost control problems
for two classes of fractional-order systems, including Caputo fractional-
order convex combination systems with time-varying delays and uncer-
tain nonlinear tempered Caputo fractional-order systems with constant
delays.

e For Caputo fractional-order convex combination systems with time-
varying delays, sufficient conditions for finite-time guaranteed cost
control were established in terms of linear matrix inequalities based
on the Lyapunov functional approach.

e For uncertain nonlinear tempered Caputo fractional-order systems
with constant delays, a new lemma related to the tempered Caputo
derivative was proposed. Based on this result, sufficient conditions
ensuring finite-time guaranteed cost control were derived in terms
of linear matrix inequalities by employing the Lyapunov functional
method.

e Numerical examples and simulations were provided to demonstrate
the feasibility of the proposed conditions. The simulation results
verified the effectiveness and validity of the obtained theoretical
criteria.
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CONCLUSION

This dissertation investigated finite-time stability for several classes
of fractional-order differential systems and related control problems.

Main Contributions of the Dissertation

e Some sufficient conditions were established for finite-time dissipativ-
ity of uncertain nonlinear tempered Caputo fractional-order neural
networks with constant delays (Theorem 2.1.5), as well as for finite-
time extended dissipativity of uncertain nonlinear Caputo fractional-
order neural networks with disturbances (Theorem 2.2.6).

e Some sufficient conditions were derived for finite-time guaranteed
cost, control of Caputo fractional-order convex combination systems
with time-varying delays (Theorem 3.1.4), as well as uncertain non-
linear tempered Caputo fractional-order systems with constant de-
lays (Theorem 3.2.5).

Future Research Directions

Based on the results obtained in this dissertation, further studies may
be developed on finite-time stability, dissipativity, passivity, guaranteed
cost control, and H, control for other classes of fractional-order dynam-
ical systems, such as two-dimensional systems, large-scale systems, and
switched systems. These problems can be investigated by combining
the Lyapunov functional approach with tools from fractional calculus
and matrix inequality techniques.
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