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Introduction

Fractional calculus, with its two fundamental operations—differentiation and

integration of arbitrary real or complex order—is regarded as an extension and

generalization of concepts in classical calculus. Various types of fractional deriva-

tives have been developed depending on how the nth-order derivative is gener-

alized to the case where n is non-integer. Notable examples include the Rie-

mann–Liouville derivative, the Caputo derivative, the Hadamard derivative, the

Grünwald–Letnikov derivative, and the Marchaud derivative, ...

When the modeling process involves both differential and algebraic equations,

the resulting system is a singular differential equation system. Stability is one of

the most important qualitative properties, always emphasized when studying and

analyzing dynamical systems. In the stability analysis of singular systems, two

primary research directions are often considered: Lyapunov stability and finite-

time stability. Lyapunov stability concerns the behavior of the state trajectory over

an infinite time horizon, with the main objective of establishing conditions under

which the system asymptotically returns to an equilibrium state. In contrast, finite-

time stability emphasizes the ability of the system to maintain its stability within

a specified finite time interval. The study of qualitative properties of singular

differential equations presents greater challenges compared to regular differential

equations. The existence of solutions for singular systems is not always guaranteed,

even in the linear case.

In control theory, positive systems, where both state and output remain nonneg-

ative given nonnegative initial conditions, are frequently encountered. As is well

known, delays commonly arise in various scientific and engineering applications,

often degrading performance or even destabilizing the system. To the best of our

knowledge, the problem of exponential stability for discrete-time impulsive singular

positive systems with time delays has not yet been thoroughly investigated.

In practical applications, monitoring and regulating the behavior of the state

vector described by differential equations over a finite time interval is crucial. In

1961, P. Dorato published some initial results on finite-time stability, and since

then, the topic has received widespread attention in the control theory community.
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A differential system subjected to disturbances is said to be finite-time bounded

if, given initial conditions that do not exceed a certain threshold and disturbances

within a specified range, the system’s state vector remains within a bounded region

for a finite time interval.

The performance of a dynamical system is often evaluated through the rela-

tionship between input and output parameters, providing insight into the system’s

ability to optimize operational requirements. Several other important qualitative

problems for singular integer-order and fractional-order differential systems have

been proposed for further study, such as the dissipation problem, the guaranteed

cost control problem, and mixed H∞ and passive control problems, ...

First introduced in 1972 by J.C. Willems, dissipation theory provides an effective

framework for stability analysis and control system design. One key property of

dissipative systems is that the total energy contained in the system always decreases

over time. With the Lyapunov theory as a fundamental tool, supported by linear

matrix inequality (LMI) techniques, numerous significant results on the dissipation

problem have been published for different classes of dynamical systems.

In control theory, one of the primary goals in system design is to optimize

certain performance criteria, often referred to as ”costs.” The study of control

functions that ensure not only system stability but also meet specific performance

requirements is an essential aspect of control theory. The concept of guaranteed

cost control (GCC) was introduced by S.S.L. Chang in 1969. In 1972, S.S.L. Chang

and T.K.C. Peng formulated the optimal control problem along with a cost function

for control systems. With the support of Lyapunov theory and LMI techniques,

several significant results have been published on control cost optimization for

various classes of dynamical systems.

Although extensive research has been conducted on singular differential sys-

tems with both integer-order and fractional-order derivatives, many essential qual-

itative problems for singular differential equations remain insufficiently explored.

The problem of exponential stability analysis for discrete-time impulsive singular

systems with time delays is complex and presents numerous unresolved technical

challenges. Research on dissipation problems and the finite-time guaranteed cost

control (FTGCC) problem has primarily focused on systems with integer-order

derivatives, with some results for fractional differential systems, but very few stud-

ies have been published on singular fractional-order systems.

Based on the above analysis, we have chosen to investigate the qualitative prop-

erties of certain singular systems, focusing on key qualitative problems, includ-

ing exponential stability and stabilization of discrete-time impulsive singular sys-
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tems with constant delays, the finite-time dissipative control (FTDC) problem

for fractional-order singular systems satisfying one-sided Lipschitz conditions with

uncertainties, and the FTGCC problem for nonlinear fractional-order singular sys-

tems with disturbances.

In this thesis, we first propose and study the following discrete-time impulsive

singular differential system with time delays
Ex(t+ 1) = Ax(t) + Adx(t− h), t ̸= tm − 1,

x1(tm) = Hx1(tm − 1), t ∈ N,
x(s) = η(s), s ∈ {−h,−h+ 1, · · · , 0},

where x(·) := (x1(·), x2(·)), x1(t) ∈ Rr and x2(t) ∈ Rn−r is the state vector.

The matrix E ∈ Rn×n is singular and rank(E) = r < n. A, Ad, H are known

constant matrices with appropriate dimensions. The delay constant h ∈ N∗ and

η : [−h, 0] → Rn
+ represent the initial condition. The impulse sequence {tm}∞m=1

satisfies 0 = t0 < t1 < t2 < · · · < tm < · · · , tm → ∞ with m → ∞. The

results presented in this dissertation provide sufficient conditions for addressing

the stability and exponential stabilization problems for the class of discrete-time

impulsive singular positive systems with time delays.

The next class of systems under investigation is the singular Caputo fractional-

order system satisfying a one-sided Lipschitz condition with uncertain parameters

in the state vector.
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t)F (t, x(t)) +Bu(t), t ≥ 0,

z(t) = [C +∆C(t)]x(t) +Wω(t), t ≥ 0,

x(0) = x0,

where α ∈ (0, 1) is the fractional order of the system, x(t) ∈ Rn is the state vector,

u(t) ∈ Rm is the control input vector, ω(t) ∈ Rq is the disturbance, z(t) ∈ Rp is

the output vector, x0 is the initial condition. A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n,

D ∈ Rn×q,W ∈ Rp×q, and E ∈ Rn×n are known constant matrices. The matrix E

is singular with rank(E) = r ≤ n. Matrices ∆A(t),∆C(t),∆D(t) are time-varying

and ω(.) ∈ L2([0,+∞),Rq) satisfying the following condition

∃d > 0 : sup
t≥0

ωT (t)ω(t) ≤ d, ∀t ∈ [0, Tf ].

A key result of this dissertation is the design of a state feedback control func-

tion that ensures FTDC for the class of singular Caputo fractional-order systems

satisfying a one-sided Lipschitz condition with uncertain parameters.
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Next, we investigate the FTGCC problem for the class of singular Caputo

fractional-order systems{
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t) +Bu(t), t ≥ 0,

x(0) = x0,

where the assumptions on the matrices and disturbance functions are similar to

those in the second result. The final result of this dissertation is the design of a

robust control function for the FTGCC problem of the singular Caputo fractional-

order system with disturbances. In this dissertation, we aim to address the follow-

ing problems:

• Investigate the exponential stability and exponential stabilization of the class

of discrete-time impulsive singular positive systems with constant delays and

integer-order derivatives.

• Study finite-time boundedness for singular Caputo fractional-order systems

satisfying a one-sided Lipschitz condition with uncertain parameters and de-

sign a state feedback control function for the FTDC control problem of the

considered system.

• Develop a robust state feedback control function for the class of singular Ca-

puto fractional-order systems with uncertain parameters that are finite-time

bounded and satisfy control value constraints.

In addition to the introduction, conclusion and list of references, the thesis is

presented in four chapters.

Chapter 1: Mathematical foundation.

Chapter 2: Exponential stability and stabilization of discrete-time impulsive

positive singular system with constant delays.

Chapter 3: Finite-time dissipative control design for one-sided Lipschitz nonlin-

ear singular Caputo fractional order systems.

Chapter 4: The finite-time guaranteed cost control problem for a class of per-

turbed singular fractional differential systems.
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Chapter 1

Mathematical foundation

This chapter presents fundamental mathematical knowledge that serves as the

basis for studying the problems discussed in the subsequent chapters. The contents

of Chapter 1 include: fundamental concepts of fractional calculus theory, solutions

of singular differential systems, stability and exponential stabilization problems,

finite-time boundedness problems, and related control problems such as the dissi-

pativity problem, the GCC problem, and several supporting lemmas used to prove

the results in this thesis.

1.1 Some fundamental knowledge of fractional integrals and
derivatives.

1.2 The stability problem of discrete-time singular differen-
tial systems with delays

1.3 Singular fractional differential systems.

1.4 The finite-time stability problem

1.5 The dissipativity problem of dynamical systems.

1.6 The guaranteed cost control problem

1.7 Some supporting lemmas
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Chapter 2

Exponential stability and stabilization of
discrete-time impulsive positive singular system
with constant delays

This chapter focuses on the stability analysis of discrete-time impulsive singular

positive systems with constant delays. We provide sufficient conditions to address

the problem of exponential stability and design a control function for the expo-

nential stabilization of discrete-time impulsive singular positive systems with time

constant delays. The content of this chapter is based on the paper (CT1) in the

List of published works related to the thesis.

2.1 Exponential stability of discrete-time impulsive positive
singular system with constant delayss

Consider the following impulsive singular systems
Ex(t+ 1) = Ax(t) + Adx(t− h), t ̸= tm − 1,

x1(tm) = Hx1(tm − 1), m ∈ Z+,

x(s) = η(s), s ∈ {−h,−h+ 1, · · · , 0},

(2.1)

where x(·) := (x1(·), x2(·)), x1(t) ∈ Rr and x2(t) ∈ Rn−r is the state vector. The

matrix E ∈ Rn×n is singular and rank(E) = r < n. A, Ad are known constant

matrices with appropriate dimensions. In this paper, we suppose that the matrices

E,A,Ad have the following expression:

E :=

(
Ir 0

0 0

)
, A :=

(
A1 A2

A3 A4

)
, Ad :=

(
Ad1 Ad2

Ad3 Ad4

)
,

A1, Ad1 ∈ Rr×r, A2, Ad2 ∈ Rr×(n−r), A3, Ad3 ∈ R(n−r)×r, A4, Ad4 ∈ R(n−r)×(n−r),

H ∈ Rr×r. The delay h ∈ N∗. η : [−h, 0] → Rn
+ is a vector-valued initial function.

The impulse sequence {tm}∞m=1 satisfies 0 = t0 < t1 < · · · < tm < · · · , tm → ∞
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for m → ∞. Let us denote the state trajectory with the initial value (η1, η2) of the

system (2.1) by x1(t, η1, η2) and x2(t, η1, η2).

Definition 2.1.1. System (2.1) is said to be an impulsive positive system if for all

η(t) ⪰ 0, then x(t, η(t)) ⪰ 0 for all t ≥ 0.

Definition 2.1.2. The system (2.1) is said to be exponentially stable if ∃ ξ > 0,

α ∈ (0, 1), λ ∈ Rn
+ such that for any η(·) ⪰ 0,

∥x(t)∥ ≤ ξαt∥η∥†h, t ≥ 0,

where ∥η∥†h := sup−h≤s≤0 ∥η(s)∥λ∞.

Lemma 2.1.3. Assume that the matrix A4 in system (2.1) satisfies the condition

det(A4) ̸= 0. Then, the solution of system (2.1) exists and is unique on N∗.

Lemma 2.1.4. The system (2.1) is an impulsive positive system if A4 is a Metzler

and Hurwitz matrix and A1, A2, A3, H, Ad are nonnegative matrices.

We always assume that the matrices AE = A+ In − E, Ad, and H are nonneg-

ative. A sufficient condition for examining the exponential stability of the system

is given in the following theorem.

Theorem 2.1.5. Suppose there exist numbers α ∈ (0, 1), δ ∈ (0, 1) and λ ∈ Rn
+

satisfy the following constraints(
−αE + A+ α−hAd

)
λ ≺ 0, (2.2a)

Ri
λ =

1

α

r∑
j=1

hij
λj

λi
> 1, i ∈ J1,r, (2.2b)

T ≥ −1

δ
logαRλ, (2.2c)

where Rλ = max1≤i≤r

{
Ri

λ

}
. then, under the minimum dwell-time T (i.e., the

impulse time sequence fulfills infm {tm − tm−1} ≥ T,m ∈ Z+), system (2.1) is

exponentially stable. Moreover, we have

∥x(t)∥ ≤ ∥η∥†h∥λ∥α
(1−δ)t, t ≥ 0.
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2.2 Exponential stabilization of discrete-time impulsive sin-
gular positive systems with constant delays

Here, we are examining the following control system
Ex(t+ 1) = Ax(t) + Adx(t− h) +Bu(t), t ̸= tm − 1,

x1(tm) = Hx1(tm − 1), t ∈ N,
x(s) = η(s), s ∈ {−h,−h+ 1, · · · , 0},

(2.3)

where x(·) := (x1(·), x2(·)), x1(t) ∈ Rr and x2(t) ∈ Rn−r is the state vector,

u(t) ∈ Rp is the control input, B ∈ Rn×p. In the case of the discrete-time impulsive

positive singular system (2.3), when applying a state-feedback controller as given

by 
Ex(t+ 1) = (A+BK)x(t) + Adx(t− h), t ̸= tm − 1,

x1(tm) = Hx1(tm − 1), t ∈ N,
x(s) = η(s), s ∈ {−h,−h+ 1, · · · , 0}.

(2.4)

Theorem 2.2.1. Suppose there exist numbers α ∈ (0, 1), δ ∈ (0, 1), λ ∈ Rn
+,

kj ∈ Rp, j = 1, 2, . . . , n satisfy the following constraints

(A+ In − E)(i,j) λj + (B)Ti kj ≥ 0, i, j = 1, 2, . . . , n, (2.5a)(
−αE + A+ α−hAd

)
λ+B

n∑
i=1

ki ≺ 0, (2.5b)

Ri
λ =

1

α

r∑
j=1

hij
λj

λi
> 1, i ∈ J1,r, (2.5c)

T ≥ −1

δ
logαRλ, (2.5d)

where Rλ = max1≤i≤r

{
Ri

λ

}
. then, under the minimum dwell-time T (i.e., the

impulse time sequence fulfills infm {tm − tm−1} ≥ T,m ∈ Z+), closed-loop system

(2.4) is exponentially stable. Moreover, the feedback controller gain is obtained as

K =

[
k1
λ1

k2
λ2

· · · kn
λn

]
.

2.3 Numerical examples

In this section, we present three examples to illustrate the effectiveness of the

obtained results. Example 2.3.1 applies the result of Theorem 2.1.5 to examine the

exponential stability of singular positive systems. Example 2.3.2 applies the result
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of Corollary 2.1.9 to analyze the exponential stability of nonsingular positive sys-

tems, with a comparison to the results of G. Zhang et al. (2012). Finally, Example

2.3.3 applies the result of Theorem 2.2.1 to address the problem of exponential

stabilization. In this summary section, we briefly present Example 2.3.3.

Example 2.3.3 Consider the following control system (2.3), in which:

E =

 1 0 0

0 1 0

0 0 0

 , A =

 3/25 1/10 −1/10

1/10 −1/10 1/10

1/10 0 −4

 , Ad =

 1/5 1/10 0

1/10 1/10 0

3/20 1/10 0

 ,

B =

 11/100 1/5

1/5 1/10

0 −1/10

 , H =

[
1/5 1

1 1/10

]
.

For α = 0.9 and δ = 0.8, solving the conditions (2.5a)-(2.5c), we find the fol-

lowing values k1 = ( 1
100 ,

1
50), k2 = ( 1

10 , 0), k3 = ( 1
100 ,

1
100), λ = ( 3

20 ,
3
20 ,

3
200),

R1
λ = 1.2 > 1, R2

λ = 1.1 > 1, and Rλ = 1.2 > 1. Through some simple calcula-

tions, we obtain that A + BK + I3 − E =

131/5671 13/500 1/625

19/1000 1/200 9/2000

13/1000 0 939/1000

 , and

Ad =

 1/5 1/10 0

1/10 1/10 0

3/20 1/10 0

 are non-negative matrices and K =

[
1/15 2/3 2/3

2/15 0 2/3

]
.

Hence, if we have time intervals tm − tm−1 ≥ T ≥ −1
δ logαRλ ≈ 2.1631,m ∈ Z+,

then, based on Theorem 2.2.1, the closed system is positive and exponentially

stable.

The simulations start with an initial condition of ν(s) = (2 4 6)T , s ∈ {−2,−1, 0}.
Figures 2.6 and 2.7 of the dissertation depict simulations of state trajectories x1(t),

x2(t), and x3(t) of closed-loop system. These trajectories correspond to two cases:

one where the system in Example 2.3.3 operates with impulses tm− tm−1 = 1, and

another with impulses tm − tm−1 = 3, respectively.
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Chapter 3

Finite-time dissipative control design for
one-sided Lipschitz nonlinear singular Caputo
fractional order systems

In this chapter, we design a control function for the finite-time dissipativity

problem of a class of singular fractional-order systems satisfying the one-sided

Lipschitz condition. The content of this chapter is developed based on the results

presented in paper [CT2] in the List of published works related to the thesis.

3.1 Problem statement and some definitions

Consider the following one-sided Lipschitz singular systems described by
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t)

+F (t, x(t)) +Bu(t), t ≥ 0,

z(t) = [C +∆C(t)]x(t) +Wω(t), t ≥ 0,

x(0) = x0,

(3.1)

where α ∈ (0, 1) is the fractional order of the system, x(t) ∈ Rn is the state vector,

u(t) ∈ Rm is the control input vector, ω(t) ∈ Rq is the disturbance, z(t) ∈ Rp is

the output vector, x0 is the initial condition. A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n,

D ∈ Rn×q,W ∈ Rp×q, and E ∈ Rn×n are known constant matrices. The matrix

E ∈ Rn×n is singular with rank(E) = r ≤ n. Matrices ∆A(t),∆C(t),∆D(t) are

time-varying, which represent time-varying parameter uncertainties as follows:

∆A(t) = MaFa(t)Na, ∆C(t) = McFc(t)Nc, ∆D(t) = MdFd(t)Nd, (3.2)

whereMa, Na,Mc, Nc,Md, Nd are known constant real matrices and matrices Fa(t),

Fc(t), Fd(t) are unknown real matrices satisfying

FT
a (t)Fa(t) ⩽ I,FT

c (t)Fc(t) ⩽ I, FT
d (t)Fd(t) ⩽ I, ∀t ⩾ 0.
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Assumption 3.1.1. ω(.) ∈ L2([0,+∞),Rq) satisfying the following sondition

∃d > 0 : sup
t≥0

ωT (t)ω(t) ≤ d.

F (t, x(t)) = ∆f(t, x(t)) + f(t, x(t)), where ∆f(t, x(t)) is an unknown nonlinear

component. f(t, x(t)) satisfying f(t, 0) = 0 and the following assumption.

Assumption 3.1.2. The function f(t, x(t)) satisfies the one-sided Lipschitz con-

dition with respect to x(t) in the region D, i.e there exists constant ρ ∈ R such

that

⟨f(t, x1(t))− f(t, x2(t)), x1(t)− x2(t)⟩ ≤ ρ∥x1(t)− x2(t)∥2,

∀x1(t), x2(t) ∈ D. The scalar ρ is called the one-sided Lipschitz constant.

Assumption 3.1.3. The function f(t, x(t)) satisfies the quadratic inner-bounded

condition with respect to x(t), i.e there exist constants µ, ν ∈ R such that

∥f(t, x1(t))− f(t, x2(t))∥2 ≤µ⟨x1(t)− x2(t), f(t, x1(t))− f(t, x2(t))⟩
+ ν∥x1(t)− x2(t)∥2,

for all x1(t), x2(t) ∈ D.

Assumption 3.1.4. ∆f(t, x(t)) satisfying the following condition

∥∆f(t, x(t))∥ ≤ h∥x(t)∥, ∀x(t) ∈ D,

where h is a given positive scalar.

In the absence of control input vector, the system (3.1) becomes
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t) + F (t, x(t)), t ≥ 0,

z(t) = [C +∆C(t)]x(t) +Wω(t), t ≥ 0,

x(0) = x0.

(3.3)

In the absence of output vector, the system (3.3) becomes{
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t) + F (t, x(t)), t ≥ 0,

x(0) = x0.
(3.4)

Definition 3.1.5. The systems (3.4) is

i) regular if exits s ∈ C such that the polynomial det(sE − A) is not identically

zero. Then the matrix pair (E,A) is called regular.

ii) impulse-free if deg(det(sE − A)) = rank(E), for some s ∈ C.



12

Definition 3.1.6. For given positive scalars c1, c2, Tf with c1 < c2 and a symmetric

positive definite matrix R. System (3.4) is said to be finite-time boundedness with

respect to (w.r.t.) (c1, c2, Tf , R, d) if it is regular, impulse-free and the following

relation holds

xT0E
TREx0 ≤ c1 ⇒ xT (t)ETREx(t) < c2, ∀t ∈ [0, Tf ]. (3.5)

Definition 3.1.8 For given positive scalars c1, c2, Tf with c1 < c2 and a sym-

metric positive definite matrix R. System (3.3) said to be roburst finite-time

(Z,U, S)-dissipative w.r.t. (c1, c2, Tf , R, d) if two the following conditions are met:

(i) The system (3.4) is finite-time boundedness w.r.t. (c1, c2, Tf , R, d).

(ii) Consider the system (3.3). Under the zero-initial condition, ∃γ > 0 such that

the following inequality holds:∫ tf

0

(2zT (t)Uω(t) + zT (t)Zz(t) + ωT (t)Sω(t))dt ≥ γ

∫ tf

0

ωT (t)ω(t)dt,

for ∀tf ∈ [0, Tf ] and any non zero disturbance vector ω(t) satisfying Assumption

3.1.1, where Z, S are given real symmetry matrices with Z ⩽ 0, and U is a given

real matrix.

The closed-loop system with u(t) = Kx(t) is
E C

0 D
α
t x(t) = [A+BK +∆A(t)]x(t) + [D +∆D(t)]ω(t)

+F (t, x(t)), t ≥ 0,

z(t) = [C +∆C(t)]x(t) +Wω(t), t ≥ 0,

x(0) = x0.

(3.6)

In the absence of output vector, the closed-loop system (3.6) reduces
E C

0 D
α
t x(t) = [A+BK +∆A(t)]x(t) + [D +∆D(t)]ω(t)

+F (t, x(t)), t ≥ 0,

x(0) = x0.

(3.7)

3.2 Finite-time boundedness for one-sided Lipschitz nonlin-
ear singular Caputo fractional order systems

Theorem 3.2.1. Suppose that the assumptions 3.1.1-3.1.4 are satisfied. For given

positive scalars c1, c2, Tf with c1 < c2 and a symmetric positive definite matrix R.

The systems (3.7) is finite-time boundedness w.r.t. (c1, c2, Tf , R, d), if there exist

scalars ϵ1 > 0, ϵ2 > 0, ϵ > 0, δ > 0, θ > 0, σ > 0, β > 0, a symmetric positive
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definite matrix Σ ∈ Rn×n, a non-singular matrix Q ∈ Rn×n, a non-singular matrix

F ∈ Rm×m, and a matrix L ∈ Rm×n such that the following conditions hold

ETQ = QTE ≥ 0, (3.8a)

ETQ = ETR
1
2ΣR

1
2E, (3.8b)

Ξ11 Ξ12 QTD Ξ14 QTMa QTMd QT

∗ −2ϵ2I 0 0 0 0 0

∗ ∗ σNT
d Nd − βI 0 0 0 0

∗ ∗ ∗ Ξ44 0 0 0

∗ ∗ ∗ ∗ −θI 0 0

∗ ∗ ∗ ∗ ∗ −σI 0

∗ ∗ ∗ ∗ ∗ 0 −δI


< 0, (3.8c)

λ1c1 +
βd

Γ(α + 1)
Tα
f < λ2c2, (3.8d)

where

Ξ11 = ATQ+QTA+ LTBT +BL+ δh2I + θNT
a Na + 2(ρϵ1 + ϵ2ν)I,

Ξ12 = QT + (ϵ2µ− ϵ1)I,

Ξ14 = ϵ(QTB −BF ) + LT ,

Ξ44 = −ϵF − ϵF T ,

λ1 = λmax(Σ), λ2 = λmin(Σ).

Moreover, the state feedback controller is given by u(t) = F−1Lx(t).

3.3 Finite-time dissipative control design for one-sided Lips-
chitz nonlinear singular Caputo fractional order systems

Theorem 3.3.1. Suppose that the assumptions 3.1.1-3.1.4 are satisfied. For given

positive scalars c1, c2, Tf with c1 < c2 and a symmetric positive definite matrix

R.The closed-loop system (3.6) is roburst finite time (Z,U, S)-dissipative w.r.t.

(c1, c2, Tf , R, d) if there exist positive scalars ϵ1, ϵ2, ϵ, β, δ, θ, σ, κ, γ, a symmetric

positive definite matrix Σ ∈ Rn×n, a non-singular matrix Q ∈ Rn×n, a non-singular

matrix F ∈ Rm×m, and a matrix L ∈ Rm×n such that (3.8a), (3.8b) and the
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following conditions hold

Ξ11 Ξ12 Ξ13 Ξ14 QTMa QTMd QT CTGT 0

∗ −2ϵ2I 0 0 0 0 0 0 0

∗ ∗ Ξ33 0 0 0 0 0 Ξ39

∗ ∗ ∗ Ξ44 0 0 0 0 0

∗ ∗ ∗ ∗ −θI 0 0 0 0

∗ ∗ ∗ ∗ ∗ −σI 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −δI 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −I GMc

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −κI


< 0, (3.9a)

S − (γ + β)I > 0, (3.9b)

λ1c1 +
βd

Γ(α + 1)
Tα
f < λ2c2, (3.9c)

where

λ1 = λmax(Σ), λ2 = λmin(Σ), Z = −GTG,

Ξ11 = ATQ+QTA+ LTBT +BL+ δh2I + θNT
a Na + κNT

c Nc + 2(ρϵ1 + ϵ2ν)I,

Ξ12 = QT + (ϵ2µ− ϵ1)I,

Ξ14 = ϵ(QTB −BF ) + LT ,

Ξ13 = QTD − CTZW − CTU,

Ξ33 = σNT
d Nd −W TZW −W TU − UTW − βI,

Ξ39 = −(W TZT + UT )Mc,

Ξ44 = −ϵF − ϵF T .

Moreover, the state feedback controller is given by u(t) = F−1Lx(t).

Theorem 3.3.2. Suppose that the assumptions 3.1.1-3.1.4 are satisfied. For given

positive scalars c1, c2, Tf with c1 < c2 and a symmetric positive definite matrix

R. The closed-loop system (3.6) is roburst finite time (Z,U, S)-dissipative w.r.t.

(c1, c2, Tf , R, d) if there exist scalars ϵ1 > 0, ϵ2 > 0, ϵ > 0, β > 0, δ > 0, θ > 0,

σ > 0, γ > 0, κ > 0, ζ > 0, a symmetric positive definite matrix R ∈ Rn×n, a

matrix S ∈ R(n−r)×n, a non-singular matrix F ∈ Rm×m, and a matrix L ∈ Rm×n

such that the following conditions

R < R < ζR, (3.10a)

ζc1 +
βd

Γ(α + 1)
Tα
f < c2, (3.10b)
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Γ11 Γ12 Γ13 Γ14 Γ15 Γ16 Γ17 CTGT 0

∗ −2ϵ2I 0 0 0 0 0 0 0

∗ ∗ Γ33 0 0 0 0 0 Γ39

∗ ∗ ∗ Γ44 0 0 0 0 0

∗ ∗ ∗ ∗ −θI 0 0 0 0

∗ ∗ ∗ ∗ ∗ −σI 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −δI 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −I GMc

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −κI


< 0, (3.10c)

where

Γ11 = AT (RE + ET
⊥S) + (ETR+ STE⊥)A+ LTBT +BL+ δh2I

+ θNT
a Na + κNT

c Nc + 2(ρϵ1 + ϵ2ν)I,

Γ12 = (ETR+ STE⊥) + (ϵ2µ− ϵ1)I,

Γ13 = (ETR+ STE⊥)D − CTZW − CTU,

Γ14 = ϵ(ETR+ STE⊥)B − ϵBF + LT ,

Γ15 = (ETR+ STE⊥)Ma,

Γ16 = (ETR+ STE⊥)Md,

Γ17 = (ETR+ STE⊥),

Γ33 = σNT
d Nd −W TZW −W TU − UTW − βI,

Γ39 = −(W TZT + UT )Mc,

Γ44 = −ϵF − ϵF T ,

Z = −GTG, and E⊥ ∈ R(n−r)×n is the orthogonal complement of E such that

E⊥E = 0, and rank(E⊥) = n− r. Moreover, the state feedback controller is given

by u(t) = F−1Lx(t).

3.4 Numerical examples

In this section, we present two examples to illustrate the effectiveness of the

obtained results. The Example 3.3.1 applies the result of theorem 3.3.2 to ana-

lyze the dissipativity problem for a singular fractional-order system with uncertain

components. example 3.3.2 applies the result of corollary 3.3.5 to solve the FTDC

problem in a special case of the singular fractional-order system. in this summary,

we briefly present Example 3.3.1.
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Example 3.4.1. Consider the following control system
E C

0 D
0.8
t x(t) = [A+MaFa(t)Na]x(t) + [D +MdFd(t)Nd]ω(t)

+f(t, x(t)) + ∆f(t, x(t)) +Bu(t), t ≥ 0,

z(t) = [C +McFc(t)Nc]x(t) +Wω(t), t ≥ 0,

x(0) = x0,

(3.11)

where x(t) = (x1(t), x2(t))
T ∈ R2, u(t) ∈ R2, ω(t) ∈ R,

E =

[
1 0

0 0

]
, A =

[
0.5 0

0 0.2

]
, Ma =

[
0.1

0.1

]
, Na =

[
0.1 0.5

]
, Fa(t) = sin t,

D =

[
0.1

0.4

]
, Md =

[
0.1

0.5

]
, Nd =

[
1
]
, Fd(t) = cos t,

C =
[
0 1

]
, Mc =

[
−0.3 0.2

]
, Nc =

[
0.1
]
W =

[
0.5
]
, Fc(t) = sin t,

f(t, x(t)) =

[
0.1x21(t)

0

]
, ∆f(t, x(t)) =

[
x21(t)

x1(t)x2(t)

]
.

The closed-loop system with a state feedback controller u(t) = Kx(t) of system

(3.11) is described by
E C

0 D
0.8
t x(t) = [A+MaFa(t)Na +BK]x(t) + [D +MdFd(t)Nd]ω(t)

+f(t, x(t)) + ∆f(t, x(t)), t ≥ 0,

z(t) = [C +McFc(t)Nc]x(t) +Wω(t), t ≥ 0,

x(0) = x0.

(3.12)

It is not hard to check that f(t, x(t)) satisfies Assumptions 3.1.2 and 3.1.3 with

the following constants ρ = 1, µ = 0, ν = 1 in the region D = {x ∈ R2 : ∥x∥ ≤ 5},
and the nonlinear uncertainty ∆f(t, x(t)) satisfies Assumption 3.1.4 with constant

h = 1.

Given c1 = 1, c2 = 1.7, R =

[
1 0

0 1

]
, d = 1, Tf = 10, U =

[
1
]
, Z =

[
−1
]
,

S =
[
1
]
. By using LMI Control Toolbox in MATLAB, the conditions in Theorem

3.3.2 are feasible with ϵ1 = 0.7454, ϵ2 = 0.0882, ϵ = 1, β = 0.5023, δ = 4.0496,

θ = 4.0449, σ = 0.8417, γ = 0.2488, κ = 4.0865, ζ = 5.9192,

R =

[
2.0942 −0.0865

−0.0865 2.8886

]
, S =

[
0.0912 1.7755

]
,
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L =

[
−3.6720 9.6760

−3.5282 2.9514

]
, F =

[
3.4008 1.0265

−1.1638 1.4339

]
.

According to Theorem 3.3.2, the closed-loop system (3.12) is roburst finite-time

(Z,U, S)-dissipative w.r.t. (1, 1.7, 10, R, 1) under the state feedback controller

u(t) =

[
−0.2707 1.7863

−2.6803 3.5081

]
x(t),∀t ∈ [0, 10].

For simulation results, we choose the initial condition x0 = (−1, 1)T ∈ R2, and

the disturbance ω(t) = sin t. Figure 3.1 in the thesis presents the time history of

xT (t)ETREx(t) of the open-loop systems. It is obvious that the open-loop system

is not SFTB since they also do not meet the condition of Definition 3.1.6. Figure

3.2. in the thesis shows the time history of xT (t)ETREx(t) of the closed-loop

system. It could be seen that the value of xT (t)ETREx(t) is limited to less than

c2 = 1.7 in the given finite-time interval t ∈ [0, 10]. That is to say, the system

(3.12) is FTB in terms of 3.1.6. To check the (Z,U, S)-dissipative performance in

[0, 10], we define a dissipativity performance function as

γ(t) =

∫ tf
0 (2zT (t)Uω(t) + zT (t)Zz(t) + ωT (t)Sω(t))dt∫ tf

0 ωT (t)ω(t)dt
,∀tf ∈ [0, 10]

Figure 3.3 in the thesis indicates the dissipativity performance function γ(t) is

always greater than γ = 0.2488. It is easy to see that the closed-loop system (3.12)

is robustly finite-time (Z,U, S)-dissipative w.r.t. (1, 1.7, 10, R, 1) with the scalar

γ = 0.2488.
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Chapter 4

The finite-time guaranteed cost control problem
for a class of perturbed singular fractional
differential systems

In this chapter, we design a robust control function for the FTGCC problem

of perturbed Caputo fractional singular differential systems. The content of this

chapter is developed based on the results presented in the paper [CT3] in the List

of published works related to the thesis.

4.1 The finite-time guaranteed cost control problem

Consider the following singular Caputo fractional-order systems{
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t) +Bu(t), t ≥ 0,

x(0) = x0,
(4.1)

where α ∈ (0, 1) is the fractional order of the system, x(t) ∈ Rn is the state vector,

u(t) ∈ Rm is the control input vector, ω(t) ∈ Rq is the disturbance, x0 is the

initial condition. A ∈ Rn×n, B ∈ Rn×m, D ∈ Rn×q, and E ∈ Rn×n are known

constant matrices. The matrix E ∈ Rn×n is singular with rank(E) = r < n.

Matrices ∆A(t),∆D(t) are time-varying, which represent time-varying parameter

uncertainties as follows:

∆A(t) = MaFa(t)Na, ∆D(t) = MdFd(t)Nd, (4.2)

where Ma, Na,Md, Nd are known constant real matrices and matrices Fa(t),Fd(t)

are unknown real matrices satisfying

FT
a (t)Fa(t) ⩽ I,FT

d (t)Fd(t) ⩽ I, ∀t ⩾ 0.

Given a positive number Tf > 0. Associated with the singular system (4.1) is the

following cost function

J =

∫ Tf

0

[xT (t)S1x(t) + uT (t)S2u(t)]dt, (4.3)
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where S1 > 0 and S2 > 0 are given known constant matrices with approriate

dimensions.

Assumption 4.1.1. The disturbance ω(.) ∈ L2([0,+∞),Rq) satisfying the follow-

ing condition

∃d > 0 : sup
t≥0

ωT (t)ω(t) ≤ d.

In the absence of control input vector, the system (4.1) becomes{
E C

0 D
α
t x(t) = [A+∆A(t)]x(t) + [D +∆D(t)]ω(t), t ≥ 0,

x(0) = x0.
(4.4)

Definition 4.1.2. The systems (4.4) is

i) regular if exits s ∈ C such that the polynomial det(sE − A) is not identically

zero. Then the matrix pair (E,A) is called regular.

ii) impulse-free if deg(det(sE − A)) = rank(E), for some s ∈ C.

Definition 4.1.3. For given positive scalars c1, c2, Tf with c1 < c2 and a symmetric

positive definite matrix R. System (4.4) is said to be finite-time boundedness with

respect to (w.r.t.) (c1, c2, Tf , R, d) if it is regular, impulse-free and the following

relation holds

xT0E
TREx0 ≤ c1 ⇒ xT (t)ETREx(t) < c2, ∀t ∈ [0, Tf ]. (4.5)

Consider the non-fragile state feedback controller in the following form

u(t) = (K +∆K(t))x(t), (4.6)

in which K ∈ Rm×n is the state-feedback gain matrix to be designed, and ∆K(t)

is an a priori norm-bounded gain variation of the form ∆K(t) = MkFk(t)Nk,

where Mk and Nk are known constant real matrices with appropriate dimensions

and Fk(t) is unknown real matrix satisfyingFT
k (t)Fk(t) ⩽ I, ∀t ⩾ 0. Thus, the

closed-loop system is obtained as follows
E C

0 D
α
t x(t) = [A+∆A(t) +BK +B∆K(t)]x(t)

+[D +∆D(t)]ω(t), t ≥ 0,

x(0) = x0.

(4.7)

Definition 4.1.4. For given positive scalars c1, c2, Tf with c1 < c2 and a symmetric

positive definite matrix R. Consider the system (4.1) and the cost function (4.3).

If there exists a non-fragile state feedback control û(t) and a positive constant J∗

such that the closed-loop system (4.7) is robustly SFTB w.r.t. (c1, c2, Tf , R, h),
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and the closed-loop value of the cost function satisfies J ≤ J∗, then the value J∗

is called guaranteed-cost, û(t) is called the guaranteed cost control function.

Theorem 4.1.5. Consider system (4.1) with the cost function (4.3). For given

positive scalars c1, c2, Tf with c1 < c2 and a symmetric positive definite matrix R.

Suppose that assumption 4.1.1 is satisfied and exist scalars δ > 0, θ > 0, β > 0,

γ > 0, µ1 > 0, µ2 > 0, a non-singular matrix P ∈ Rn×n, and a matrix Y ∈ Rn×m

such that the following conditions hold

PET = EP T ≥ 0, (4.8a)

µ1PET < PETREP T < µ2PET , (4.8b)

Ω11 PNT
a PNT

k D Md PS1 Y S2 Y S2Mk PNT
k

∗ −δI 0 0 0 0 0 0 0

∗ ∗ −θI 0 0 0 0 0 0

∗ ∗ ∗ −βI 0 0 0 0 0

∗ ∗ ∗ ∗ −γI 0 0 0 0

∗ ∗ ∗ ∗ ∗ −S1 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −S2 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −σI


< 0, (4.8c)

c1
µ1

+
(β + γλmax(N

T
d Nd))d

Γ(α + 1)
Tα
f <

c2
µ2

, (4.8d)

where

Ω11 = PAT + Y BT + AP T +BY T + δMaM
T
a + θBMkM

T
k B

T ,

σ =
1

1 + λmax(S2)λmax(MT
k Mk)

.

then (4.6) is a non-fragile state feedback finite-time guaranteed cost controller for

(4.1). Moreover, the state feedback matrix K is determined by K = Y TP−T , and

The guaranteed cost value J∗ can be expressed as

J∗ = (β + γλmax(N
T
d Nd))dTf +

T 1−α
f

Γ(2− α)
λmax(E

TP−T )∥x0∥2.

Theorem 4.1.6. Consider system (4.1) with the cost function (4.3). For given

positive scalars c1, c2, Tf with c1 < c2 and a symmetric positive definite matrix

R. Suppose that assumption 4.1.1 is satisfied and there exist positive scalars

δ, θ, β, γ, µ1, µ2 , a symmetric positive definite matrix X̂ ∈ Rr×r, a matrix
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Ẑ ∈ Rn×(n−r) and a matrix Y ∈ Rn×m such that the following conditions hold

µ1Ξ < X̂ < µ2Ξ, (4.9a)

Π11 Π12 Π13 D Md Π16 Y S2 Y S2Mk Π19

∗ −δI 0 0 0 0 0 0 0

∗ ∗ −θI 0 0 0 0 0 0

∗ ∗ ∗ −βI 0 0 0 0 0

∗ ∗ ∗ ∗ −γI 0 0 0 0

∗ ∗ ∗ ∗ ∗ −S1 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −S2 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −σI


< 0, (4.9b)

c1
µ1

+
(β + γλmax(N

T
d Nd))d

Γ(α + 1)
Tα
f <

c2
µ2

, (4.9c)

where

Π11 = (EV1X̂V T
1 + ẐV T

2 )AT + A(V1X̂V T
1 ET + V2ẐT ) + Y BT +BY T

+ δMaM
T
a + θBMkM

T
k B

T ,

Π12 = (EV1X̂V T
1 + ẐV T

2 )NT
a ,

Π13 = (EV1X̂V T
1 + ẐV T

2 )NT
k ,

Π16 = (EV1X̂V T
1 + ẐV T

2 )S1,

Π19 = (EV1X̂V T
1 + ẐV T

2 )NT
k ,

Ξ = (ΣrU
T
1 RU1Σr)

−1,

σ =
1

1 + λmax(S2)λmax(MT
k Mk)

.

then (4.6) is a non-fragile state feedback finite-time guaranteed cost controller for

(4.1). The state feedback matrix K is determined by K = Y T (EV1X̂V T
1 +ẐV T

2 )−T .

The guaranteed cost value J∗ is determined by

J∗ = (β + γλmax(N
T
d Nd))dTf +

T 1−α
f

Γ(2− α)
λmax(E

T (EV1X̂V T
1 + ẐV T

2 )−T )∥x0∥2.

4.2 Numerical examples

In this section, we present two examples to illustrate the effectiveness of the

obtained results. Example 4.2.1 applies the result of Theorem 4.1.6 to analyze the

FTGCC problem for a singular fractional-order system with uncertain components.
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Example 4.2.2 applies the result of Corollary 4.1.9 to solve the FTDC problem in

a special case of a singular fractional-order system. In this summary, we briefly

present Example 4.2.1.

Example 4.2.1. Consider the following singular fractional-order systems
E C

0 D
0.8
t x(t) = [A+MaFa(t)Na]x(t) + [D +MdFd(t)Nd]ω(t)

+Bu(t), t ≥ 0,

x(0) = x0,

(4.10)

where x(t) = (x1(t), x2(t), x3(t))
T ∈ R3 is the state vector, u(t) ∈ R2 is the control,

ω(t) ∈ R is the disturbance, and

E =

1 0 0

0 1 0

0 0 0

 , A =

−1 0 −1

0 0 0

0 −1 −1

 , B =

1 0

0 1

0 0

 , D =

0.50.5

0.5

 ,

Ma =

0.10.2

0.5

 , Md =

0.20.5

0.7

 ,

Na =
[
0.1 0.9 −0.5

]
, Fa(t) = sin t, Nd =

[
1
]
, Fd(t) = cos t.

The closed-loop system described by the non-fragile state feedback controller

with u(t) = [K + MkFk(t)Nk]x(t), Mk =

[
−0.2

0.3

]
, Nk =

[
0.2 −0.1 0.3

]
, and

Fk(t) = cos t, can be represent as follows
E C

0 D
0.8
t x(t) = [A+BK +MaFa(t)Na +BMkFk(t)Nk]x(t)

+[D +MdFd(t)Nd]ω(t), t ≥ 0,

x(0) = x0.

(4.11)

The cost function associated with the system (4.10) is given in (4.3) with

S1 =

0.5 0 0

0 0.5 0

0 0 0.5

 , S2 =

[
0.1 0

0 0.1

]
.

Given c1 = 1, c2 = 9, Tf = 30, and R =

1 0 0

0 1 0

0 0 1

, we consider the problem of

finite-time guaranteed cost control of the system (4.10). Using the svd command
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in MATLAB, we compute the matrices U1, U2, V1, V2, and Σr in Theorem 4.1.6 as

follows

U1 =

1 0

0 1

0 0

 , U2 =

00
1

 , V1 =

1 0

0 1

0 0

 , V2 =

00
1

 .

With the help of the LMI Control Toolbox in MATLAB, we verified that the

conditions (4.9a), (4.9b) and (4.9c) are satisfied with δ = 1.0159, θ = 1.0339,

β = 1.1988, γ = 1.2260, µ1 = 0.2220, µ2 = 1.5746,

X̂ =

[
0.7841 −0.0202

−0.0202 0.6787

]
, Ẑ =

−0.0735

0.4615

0.7210

 , Y =

−0.0001 0.1079

0.0927 −0.8564

0.2857 0.5997

 .

According to Theorem 4.1.6, the closed-loop system (4.11) is finite-time stable

w.r.t. (1, 9, 30, I, 0.01), and the guaranteed cost value is J∗ = 0.7274+3.1858∥x0∥2.
Moreover, a stabilizing state-feedback gain matrix is given by

K =

[
0.0336 −0.1319 0.3963

0.1686 −1.8224 0.8318

]
.

In the context of simulation outcomes, we have chosen the initial condition

x0 = (0.7, 0.7, 0.7)T ∈ R3 and ω(t) = 0.1 sin t. Figure 4.1 in the thesis illustrates

the response of xT (t)ETREx(t) from the system (4.10) when there is no control

input. It is conspicuous that the open-loop system does not meet the conditions for

being FTB of Definition 4.1.3. Figure 4.2 in the thesis depicts the time evolution

of xT (t)ETREx(t) from the closed-loop system (4.11). From Figure 4.2 in the

thesis, it is evident that the closed-loop system (4.11) is SFTB with respect to

(1, 9, 30, I, 0.01)
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Conclusions

The thesis investigates the qualitative properties of some singular differential

systems with both integer-order and fractional-order derivatives. Specifically, it

examines the exponential stability and stabilization of positive singular systems

with delays, the finite-time boundedness of singular Caputo fractional differential

systems with disturbances and uncertainties, as well as several related qualitative

problems in control theory. The novel contributions of the thesis include:

• Establishing sufficient conditions to ensure the exponential stability and sta-

bilization of discrete-time impulsive positive singular system with constant

delays.

• Establishing sufficient conditions for finite-time boundedness and designing a

control function for the FTDC problem of Caputo fractional singular systems

satisfying a one-sided Lipschitz condition.

• Establishing sufficient conditions for finite-time boundedness and designing a

robust control function for the FTGCC problem of perturbed Caputo frac-

tional singular systems.

Some future research directions

The following are the directions that we will continue to research after finishing

the thesis.

• Study the stability and stabilization problems for the class of discrete-time

positive singular fractional systems with delays.

• Investigate the stability problem in the sense of Lyapunov and several related

control problems for classes of delayed singular fractional systems.

• Analyze the stability and finite-time boundedness problems, along with some

related control problems, for classes of complex singular fractional systems.
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