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Lo1 cam doan

To6i xin cam doan nhitng két qua trinh bay trong luan an nay, dudi sy huéng
dan ciua PGS.TS. Truong Minh Tuyén va PGS.TS. Nguyén Thi Thu Thuy, 1a
trung thuc va chua ting dude cong bd trong bat ky cong trinh ciia ai khac. Céc
két qua viét chung véi tap thé huéng dan va cac cong su da duge su dong ¥ khi
dua vao luan an.

Thai Nguyén, thang 4 nam 2024
Nghién ciu sinh

Mai Thi Ngoc Ha
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LO1 cam on

Luan an nay dudce thuc hién va hoan thanh duédi sy huéng dan khoa hoc cua
PGS.TS. Truong Minh Tuyén va PGS.TS. Nguyén Thi Thu Thuy.

Trude hét, toi xin bay t6 long biét on chan thanh va sau sac nhat t6i Thay
huéng dan, PGS.TS. Truong Minh Tuyén. To6i vo cting biét on sy gitp dé tan
tinh va quy bau ma Thay da danh cho toi trong sudt qua trinh nghién citu va
hoan thanh luan 4n. Nho nhitng ¥ tudng, nhing gép ¥, huéng dan ctia Thay,
nhitng tai lieu bo ich ma Thay da cung cap clung vé6i su chu dao, trach nhiem va
tan tam vdéi hoc tro da khich le, dong vién rat 16n déi véi toi, 1a dong luc giup
toi vugt qua kho khan, vitng tin thuc hién qua trinh nghién cttu va hoan thanh
luan an.

Toi xin chan thanh cdm on PGS.TS Nguyén Thi Thu Thiy da tao moi diéu
kién thuan lgi, nhiét tinh gitp dé toi trong qua trinh hoc tap, nghién citu va
hoan thanh luan an. Co khong chi la ngusi huéng dan ma con nhu ngudi chi
dong vien, chi bao cho toi ci cac van dé trong cudc song, gitp toi lay lai tinh
than khi gip kho khan dé toi c6 thé hoan thanh luan an nay.

To6i xin chan thanh cAm on cac thay ¢6 Khoa Toan — Tin, Truong Dai hoc
Khoa hoc, Dai hoc Thai Nguyén va cac thanh vién trong nhém Xé mi na bo
mon Toan tng dung va Tin hoc da quan tam, trao ddi va gép ¥ cho toi trong
su6t qua trinh hoc tap, nghién cttu va hoan thanh luan an.

Toi xin gii 10i cAm on sau sic t6i cac thay, cac anh chi va cdc ban trong
nhom Xé mi na lién co quan Truong Dai hoc Khoa hoc Ty nhién — Dai hoc
Qubc gia Ha Noi, Dai hoc Bach khoa Ha Noi, Vién nghién citu cao cap ve Toan.
Nhom da tao diéu kién cho toi duge hoc hoéi va bd sung kién thitc trong qua
trinh nghién cttu.

To6i ciing rat biét on Khoa Toan — Tin cling nhu Trudng Dai hoc Khoa hoc,
Dai hoc Thai Nguyén. Cong tac quan 1y dao tao va moi truosng nghién cttu cia
Khoa va Truong da gop phan khong nhé dé luan an nay duge hoan thanh.

To6i xin chan thanh cdm on cac Thay c¢o va cac anh chi em trong bo mon
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Khoa hoc Ty nhién néi riéng, Khoa Khoa hoc Co ban va Truong Dai hoc Nong
lam, Dai hoc Thai Nguyén néi chung. Don vi da tao moi diéu kién thuan lgi cho
toi yén tam hoc tap, nghién ctu va cong tac. Su quan tam va nhing 161 dong
vién khich 1é ctia cac thay co, cac anh chi em va cac ban da gitp toi rat nhiéu
trong viéc hoan thanh luan an ctia minh.

Cubi cling t6i mudn giii 10i cAm on sau sic t6i ban be va gia dinh toi. Anh chi
em, ban be luon gitp dé dong vién toi ca trong cudc song va cong viéc nghién
citu khoa hoc. Gia dinh chinh la diém tua gitp toi vugt qua khé khan dé hoan
thanh luan an. Qua day, t6i mudn gt 10i cAm on t6i bd me hai bén, chong va
con t6i da luon & bén dong vién, giup d6 va chia sé cong viéc gia dinh cing nhu
kinh té dé toi yén tam hoc tap, nghién ctu va hoan thanh luan an.

Nghién citu sinh

Mai Thi Ngoc Ha
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1. Lich s van dé va ly do chon dé tai

M6 hinh bai todn chap nhan tach (SFP) lan dau tien duge gidi thigu va
nghién cttu béi Censor va Elfving vio nam 1994. Bai toan (SFP) dugce phét biéu

nhu sau:
Tim phan tit 21 € C sao cho T(z') € Q (SFP)

trong d6 C' va @ lan lugt 14 cac tap con 16i, déng va khac réng trong cic khong
gian Hilbert thuyc Hy va Ho, T : Hy — H, la mot toan tit tuyén tinh bi chin
(con duge goi la toan ti chuyen).

Mac du mo hinh toédn hoc ctia Bai toan (SFP)) rat don gidn, nhung né rat
tong quat vi bao ham nhiéu bai toan quan trong khac nhu 1a mot trusng hop
rieng. Dé thay rang, bai toan tim mot diém trong giao ciia cac tap 16i, con goi
1a bai toan chap nhan 101, 1a mot truong hop rieng ctia Bai toan (SFP)). Ve mat
ting dung tryc tiép, trong céac tai lieu [7,9,[11,]13] cac tac gid da dua ra mot s6
ing dung ctia Bai toan (SFP)) cho mot s6 mo hinh thic té, nhu bai toan tai tao
hinh &nh trong y té, mo hinh IMRT (Intensity-Modulated Radiation Therapy)
trong bitc xa tri lieu, bai toan truyeén dit licu. . . bing cach xay dung cac tap C,
Q@ va toan tit T phu hop.

Dé giai Bai toan (SFP]), nam 1994, Censor va Elfving [11] da dé xuat phuong
phap lap song song va phuong phap lip xoay vong duya trén phuong phap chiéu
Bregman. Tuy nhién, cac thuat toan nay va cac thuat toin dé xuat sau do
(xem [7]) ¢6 han ché 1a mdi bude lap déu lien quan dén viée tinh cdc ma tran
nghich ddo. Viéc tinh ma tran nghich dao tai mdi buéc lip dan dén chi phi tinh
toan cao ddi v6i nhitng bai toan cd 16n trong thuec té. Dé khac phuc han ché nay,
nam 2002, Byrne [8] da dé xuat thuat toan CQ trong khong gian hitu han chiéu
khi cac tap C va @ dude chon sao cho c6 thé dé dang tinh duge hinh chiéu len
cac tap nay. Trong truong hgp cac tap C va ) khong duge cho dudi dang dac

biét thi viéc tinh toan phép chiéu lén ching, néi chung, 14 khé khan.



2
Bing cach tiép can tdi wu, nam 2010, Xu [59] da cai tién thuat toan CQ dé
gidi Bai toan (SFP) trong khong gian Hilbert thuc vo han chiéu. Cu thé hon,
v6i xap xi ban dau xg € H; tuy ¥, day lap {x,} dugc xac dinh bdi

Tnt+1 = PC(xn - ’YT*(I - PQ)Txn)7 n >0, (0'1)

6 day T™ 1a toan tit lién hgp ctia T

Tic gid da chi ra rang day lap chi cho sy hoi tu yéu véi ¢ buée duge
chon phu thudc vao chuan ctia todn ti chuyen, v € (0,2/[|T||*). Mat khac,
trong [59, Example 3.7], tac gid ciing da chi ra mot vi du vé su ton tai clia cac
tap C, Q va toan ti T trong khong gian Hilbert thitc vo han chieu ma day lap
(0.1]) chi hoi tu yéu ma khong hoi tu manh. Dong thoi, téc gid [59, Proposition
3.2] da chiing minh tap nghiém ctia Bai toan tring véi tap diem bat dong
cua anh xa khong gian S : Hy — H; ¢6 dang:

S = PC [I — ’}/T*<I — PQ)T}

v6iy € (0,2/]|T||?). Do d6, ta c6 thé ap dung céc phuong phap tim diém bat dong
clia 4nh xa khong gian, chang han phuong phap lip Mann [27], phuong phéap
lip Halpern [21], phuong phap xap xf gan két [28] ...dé gidi Bai toan (SFP).

Mot dang suy rong ctia Bai toan la bai toan chap nhan tach da tap
hgp (MSSFP). Bai toan nay duge Censor va cac cong sy [12] dé xuat nghién ciiu
vao nam 2005 va duge phat biéu nhu sau:

N M

Tim z' € ﬂ C; sao cho T'(z') € m Qj, (MSSFP)
i=1 j=1

trong d6 C1,Cs,...,Cx 1a N tap con 16i, déng va khac rong ctia khong gian

Hilbert thuc Hi. Q1,Q2,...,Qun 1a M tap con 106i, déng, va khac rdng cia

khong gian Hilbert thuc Ho.

Nam 2006, Xu [58] d4 md rong thuat toan CQ dé giai Bai toan (MSSFP)
dya trén tiép can phuong phap diém bat dong. Trong [58], tac gid da chi ra tap
nghiém ctia Bai toan tring véi tap diem bat dong chung ctia ho 4nh
xa khong gian T; : H; — H; dugc xac dinh bai

T, = Pe,(I —vVyg), i =1,2,...,N,
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G day g = %Z;VZI BillTx — PoTx||?, B; > 0 véi moi j = 1,2,...,N. Tac gia
dé xuat va ching minh sy hoi tu yéu ctia day lap dude xac dinh béi thuat
toan lap Picard, thuat toan lap xoay vong va thuat toan lap song song giai Bai
toan . Dé thu dudc su hoi tu manh, nhidu nha toan hoc da nghien
citu két hop thuat toan CQ v6i phuong phap xap xi gin két, phuong phap
chiéu lai ghép, phuong phap chiéu thu hep, phuong phap lap Halpern ... (xem
[6,14)/19,|22,40, 41,58 va céc tai lieu duge trich dan trong d6). Tuy nhién, cac
phuong phap nay déu st dung ¢ buéc c¢d dinh phu thuoc vio thong tin vé
chuan clia toan ti chuyen 7' 6 mdi buée lap. Trong thuc té viéc tinh todn chuan
clia mot toan ti tuyén tinh bi chan thuong khong don gidn. Do vay viéec dua
ra cac tieu chuan dé lya chon c¢d bude lap khi khong biét thong tin vé chuan
clia toan tit chuyen la mot chii dé c6 ¥ nghia trong thuc hanh tinh toan. Trong
nhitng ndm gan day, nhiéu tac gia da nghién ctu cai tién phuong phap CQ
dé giai Bai toan hay sao cho ¢d budc khong phu thuoc vao
thong tin vé chuan ctia toan tit chuyén, chang han phuong phép tu thich nghi
(xem [41[15],[18]23,[25,47,[61-65)).

Bén canh huéng nghién ctiu vé viéc xay dung cac thuat toan gidi hieu qua

cac Bai toan (SFP) va (MSSFP)), mot s6 hudng nghién citu mé rong, ap dung

cac két qua ctia Bai toan (SFP)) hay (MSSEP] sang 16p céc bai toan lien quan
khac nhu bai toan khong diém chung tach, bai toan diém bat dong téch, bai

toan diém bat dong chung tach ...va ngudc lai; nghieén ctu mé rong cac két
qué tit khong gian Hilbert sang khong gian Bannach; nghién ctu tinh on dinh;
nghién cttu toc do hoi tu ciia cac phuong phap; dac biet 14 nghién ciu cac 16p
bai toan tong quéat hon Bai toan duge nhiéu nha toan hoc quan tam
(xem [35,36,42,43.54]).

Ta biét rang néu C' 1a mot tap con 16i va déng ciia khong gian Hilbert thuc

H, thi tap diém cuc tiéu ctia ham chi

(@) 0 néuzed,
lo\xr) =
oo néuz ¢ C,

la argn;{in ic(z) = C. Do do6, ta nhan duge C' = (9ic)~1(0), v6i dic 1a dudi vi
1

phan ctia i¢. Rockafellar [33] da chi ra ring dic 1a mot toan tit don diéu cuyc
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dai. Ngoai ra, C ciing la tap khong diém ciia toan tit don dieu A xac dinh béi
A =1 — Po. Do d6, ta c6 thé xem Bai toan la trusng hop riéng ctia
bai todn khong diém chung tach (SCNPP). Bai toan nay dugc phat biéu nhu
sau: Cho A : H; — 2 vi B 1 Hy — 2M2 13 cac toan tit don dieu cuc dai,
T : Hy — Hy 1a mot toan tt tuyén tinh bi chin.

Tim phan t& 2’ € A~1(0) N T~ (B~1(0)). (SCNPP)

Mot s6 két qua noi bat vé cac thuat toan giai Bai toan c6 thé tham
khéo trong cac tai lieu [2,10}17,24,/44,/45./52] va nhicéu tai lieu khéc.

Dang suy rong ctia Bai toan la bai toan khong diém chung tach da
tap hop (MSSCNPP) dugc mo ta nhu sau: Cho A; : Hy — 2 i =12 ... N
va Bj: Hy — 2M2 j =1,2,... M la cac toan tit don diéu cuc dai trong H; va
H,, tuong ting.

Tim phan tt 2" € N, A7 (0) N T~ (L, B71(0)). (MSSCNPP)

Néu A 1a mot toan tit don diéu cuyc dai trong H; thi toan tu gidi cia A,
JA = (I +rA)~! la mot anh xa khong gian, xac dinh trén toan khong gian H;
va A7H0) = Fix(JA) v6i moi r > 0, trong dé Fix(JA) la tap diém bat dong
cia JA (xem [5, Proposition 23.38]). Nhu vay, Bai toan hay Bai toan
(MSSCNPP) c6 thé dua vé cac bai toan diém bat dong chung tach tuong ting.
Dang tong quat ctia bai toan diém bat dong chung tach (SCFPP) dugc phat biéu
nhu sau: Cho S; : Hy — Hy, 1 =1,2,..., NvaZ;j: Hy— Hoy, j=1,2,..., M la
cac anh xa khong gian trén Hy va H,, tuong tng. Cho T : Hy — H, la toan tit

tuyén tinh bi chan.
Tim phan ti =’ € N, Fix(S,) N T~ (N}L, Fix(Z;)). (SCFPP)

Mot s6 két qua nghién citu vé Bai todn (SCFPP)) c¢6 thé xem tai [3,29,137-39,/46,
48,149,155, 60] va cac tai ligu lien quan trong do.

Ta nhan thay ring cic Bai toan (SFP)), (SCFPP), (SCNPP) cung véi céc
bai toan lien quan khéc, c6 thé viét & dang bai toan téng quéat sau: Cho X
va Y la hai khong gian Hilbert hoac Banach va cho T": X — Y la mot anh
xa tt X vao Y. Giad st (P;) va () la hai bai todn cho trude trén X va Y,
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tuong ing. Xét bai toan tim mot phan tit 27 trong X sao cho z' 14 mot nghiem
ctia bai toan (P;) va T(z") 13 mot nghiem ciia bai toan (P). Ta ky kiéu bai
toan nay la (P). Dang tong quat ctia Bai toan (P) duge phat biéu nhu sau:
Cho X1, X, ..., Xy la cac khong gian Hilbert hoac Banach va cho cac anh xa
A Xy = Xiq,i=1,2,...,N — 1, 1a cac anh xa tut X; vao X, 1. Gid st (F),
i=1,2,...,N, 1a N bai toan cho truéc trén X;, tuong tng. Khi d6 dang tong
quat ctia Bai todn (P) la bai toan tim mot phan tit 2 trong X sao cho zf 1a
mot nghiém ctia bai toan (P;), Aj(2") 1a mot nghiem ciia bai toan (B),...va
An_1(An_a(... Ay(A1(27)))) 12 mot nghiem ciia bai todn (Py). Ta ky hicu bai
toan nay la (GP). C6 nhiéu bai toan thuc té c6 thé dugc mo hinh & dang Bai
toan (GP). Chang han, bai todn can bang trong day chuyén san xuat, s6 lugng
ban thanh pham & qua trinh san xuét trudc phai bang s6 luong yéu cau & qua
trinh sén xuat tiép theo. Nam 2019, Reich va Tuyen [31] lan dau tién dé xuat
va nghién ctu mo6 hinh bai todn dang trén, goi la bai toan chap nhan tach tong
quat (GSFP) nhu sau: Cho H;, i = 1,2,..., N la cac khong gian Hilbert thuc
va cho C;, i = 1,2,..., N la cac tap con 10i, déng va khéic rong cia H;, tuong
ting. Cho A; : H; — H;11,i=1,2,..., N — 1 la cac toan ti tuyén tinh bi chan

sao cho

Q:=C1NATN(Cy) N .nATH AT (A (C))) # 0.

Tim phan ti 2 € Q, (GSFP)

tic la, 2T € Cy, AjzT € Oy, ..., AN _1ANn_o... A1zT € Cy. Cac tac gid da dé xuat
mot thuat todn mdi duya trén ci tién clia thuat toan CQ, két hop véi phuong
phap xap xi mém dé gidi Bai toan (GSFP)) va chiing minh sy hdi tu manh ctia
day lap xdc dinh béi mot thuat toan dén nghiém ciia Bai toan (GSFP)).

Tt nhitng phan tich trén, ching toi dit ra va nghién cttu mot s6 16p bai toan
tong quat hon Bai toan (GSFP)).

e Thit nhat 1& bai toan chap nhan tach véi nhicu tap dau ra, viét tat 1a
(SFPMOS). Bai toan dugc phat biéu nhu sau: Cho H, H;, i =1,2,..., N la cac
khong gian Hilbert thuc, T; : H — H;, i =1,2,..., N la cac toan ti tuyén tinh
bichan, C C H va Q; C H;, i =1,2,..., N 1a cac tap con 16i, déng, khac rong.

Tim phan tit zf € Q3PMOS .— ¢ (P, 771(Q))) # 0, (SFPMOS)



6
tic 1, zf € C va Tiz! € Q; véi moi i =1,2,..., N.

(a) Néu N =1 thi Bai toan (SFPMOS)) tr6é thanh Bai toan (SFP)).

(b)) NeuH =Hy, C=C1, Qi = Co1, 1 <i < N—1,T1 = Ay, Ty = AsAy,. ..
va Ty_1 = Any_1ANn_o...A; thi Bai toan tré thanh Bai
toan (GSFP)).

Mot vi du thuc té ctia 16p Bai toan 14 bai toan phan loai 4nh thong
qua may hoc vécto ho trg véi bo di lieu MNIST (xem [50,51]).

e Thit hai 13 bai toan diém bat dong chung tach véi nhiéu tap dau ra, viét
tat 1a (SCFPPMOS). Bai toan dugc phat biéu nhu sau: Cho H va H; 1a cac
khong gian Hilbert thyc va T; : H — H;, i = 1,2,..., N la cac toan ti tuyén
tinh bi chan. Cho S; : H — H, j =1,2,..., M, E}ﬁ : H,— H;,i1=1,2,..., N,
k=1,2,..., M; la cac anh xa khong gian.

Tim phan tit 2% € QSCFPPMOS, (SCFPPMOS)
trong d6 Q3FFEMOS .— (1AM Fix(S;)) N < nY, TNk, Fix(E;;))).

(a) Néeu M = M; = 1va S; = Pp, Ef = P, v6i moi i = 1,2,..., N thi Bai
toan (SCFPPMOY)) tré thanh Bai toan (SFPMOS)) .

(b) Néu N = 1 thi Bai toan (SCFPPMOS) la bai toan diém bat dong chung
tach cho cac anh xa khong gian trong khong gian Hilbert.

(¢) Néu H;=HvaZ, =1v6imoii=12,....,N, k=1,2..., M thi Bai
toan (SCFPPMOS)) trd thanh bai todn tim mot diém bat dong chung ciia

mot ho httu han cac anh xa khong gian S;, 7 =1,2,..., M.

Ta thay Bai toan ([SFPMOS) va Bai toan (SCFPPMOS)) chita dyng nhiéu bai

toan quan trong nhu bai toan chap nhan téch, bai toan diém bat dong, bai toan

chap nhan tach téng quat nhu 1a cac trusng hop rieng [31,50,51]. Day ciing 1a
16p bai toan dang duge quan tdm nghién citu, dac biét 1a cac phuong phap giai
(xem [16}32,/51},/53,56]) do tinh bao quat va pham vi ing dung rong rai ctia bai

toan chap nhan tach va bai toan diém bat dong.



2. Muc tiéu nghién ctu

Muc tiéu ctia luan an 1a nghién cttu dé xuat cac thuat toan giai 16p bai toan
chap nhan tach, bai toan diém bat dong chung tach véi nhiéu tap dau ra trong

cac khong gian Hilbert thiye. Cu thé nhu sau:

e Nghién ctu thuat toan kicu CQ két hop véi phuong phép lip Halpern,
phuong phap xap xi mém cho bai toan chap nhan tach véi nhiéu tap dau ra

va bai toan diém bat dong chung tach v6i nhiéu tap dau ra.

e St dung k¥ thuat chiéu lai ghép, k¥ thuat chiéu thu hep, dé xuat thuat

toan giai bai toan diém bat dong chung tach véi nhiéu tap dau ra.
e Ap dung céc thuat toan dé xudt cho mot s6 bai toan lien quan.

e Xay dung va tinh toan vi du s6 minh hoa cho cac thuat toan dé xuat.

3. D6i tuong va pham vi nghién ciu

D6i tuong nghién citu cia luan an 1a mot s6 16p bai toan chap nhan tach
trong khong gian Hilbert thiyc: Bai toan chap nhan tach v6i nhiéu tap dau ra;
Bai toan diém bat dong chung tach véi nhicu tap dau ra.

Pham vi nghién cttu: Luan an tap trung nghién cttu dé xuat mot so6 thuat
toan méi dyra trén cai tién, mé rong phuong phap kieu CQ két hgp v6i phuong
phap xap xi mém, phuong phap chiéu lai ghép va phuong phap chiéu thu hep

dé giai cac 16p bai toan trén.
4. Cach tiép can, phuong phap nghién ciu

Dé nghién citu cac noi dung néu trén, ching t6i sit dung cac kién thic va ki
thuat clia giai tich ham, gidi tich 16i, t6i wu hoa, Iy thuyét diém bat dong. Ching
toi tiép can bai toan bing cach st dung cac k¥ thuat c6 dién nhu phuong phap
chiéu, phuong phap lap vé6i cac k§ thuat khac nhau nhu tim kiém do dai budc
thich nghi, k§ thuat lai ghép, k¥ thuat thu hep.



5. Két qua cua luan an
Mot s6 két qua méi da dat dude cia luan an nhu sau.

e Dé xuat nam thuat toan kieu CQ két hop v6i phuong phap lap Halpern,
phuong phap xap xi mém va chitng minh sy hoi ctia chiing. Thuat toan thi
nhat, thit hai va thit ba st dung céch tiép can t6i wu thit nhat giai Bai toan
trong cac khong gian Hilbert thiyc v6i ¢d bude 1lap phu thuoc
vao thong tin vé chuan clia toan ti chuyén. Thuat toan thid tu va thit nam
stt dung cach tiép can t6i wu thit hai v6i ¢d buée dude xay dung tuy thich

nghi giai bai toan nay.

e Dé xuat thuat toan kiéu CQ, thuat toan chiéu lai ghép, thuat toan chiéu
thu hep va ching minh syt hoi tu ctia cac day lap sinh bdi cac thuat toan
nay vé nghiém ciia Bai toan (SCEFPPMOS)) trong khong gian Hilbert thuec.

e Ap dung cic thuat toan dé xudt gidi mot s6 bai toan lien quan va thuc
hién cac tinh toan sd minh hoa trong cac khong gian hitu han chiéu ciing

nhu vé han chiéu.

Noi dung ctia luan an duge viét duya trén két qua cua 4 bai bao duge cong
b6 tren cac tap chi SCIE Q1/Q2. Cac két qua chinh ctia luan 4n da duge bao
cao tai:

e Hoi thdo “Nhitng huéng méi trong t6i wu tinh toan va tng dung”, ngay

26-27/12/2021 tai Vien Nghién cttu cao cap vé Toan.

e Hoi thio “T6i wu va Tinh toan khoa hoc lan tht 207, ngay 21-23/4/2022
tali Ba Vi.

e Hoi thao “Mot s6 van dé trong Toan hoc duong dai”, ngay 10/11/2020 tai
Khoa Toan — Tin, Truong Dai hoc Khoa hoc — Dai hoc Thai Nguyén.

e Hoi nghi “Toan hoc Mién Trung — Tay Nguyén lan thit 47, ngay 25-27/8/2022
tai Truong Dai hoc Su pham — Dai hoc Hué.

e Xé mi na Bo mon Toan tng dung va Tin hoc, Khoa Toan — Tin, Truong
Dai hoc Khoa hoc — Dai hoc Thai Nguyén cac nam 2020 — 2024.



6. BO cuc cta luan an

Ngoai phan md dau, két luan va danh muc tai lieu tham khéo, luan an duge

trinh bay trong ba chuong.
Chuong 1. Mot s6 kién thic chuan bi
Chuong 2. Bai toan chap nhan tach véi nhiéu tap dau ra

Chuong 3. Bai toan diém bat dong chung tach véi nhidu tap dau ra
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Chuong 1

Mot sb kién thic chuan bi

Chuong nay trinh bay mot sé kién thitc co ban vé khong gian Hilbert thuc
va mot s6 két qua bo trg duge sit dung trong cac chuong tiép theo. Noi dung
ctia chuong dude chia thanh 5 muc: Muc so luge lai cac kién thitc vé khong
gian Hilbert thie. Muc nhéc lai vé tap 16i va ham 16i, mot s kién thic co
ban vé dudi vi phan ctia ham 161 va bai toan cuc tiéu phiém ham 16i. Muc|1.3|dé
cap dén cac kién thic lien quan dén anh xa khong gidn nhu tinh 16i, déng clia
tap diem bat dong v nguyén 1y nita dong. Cudi cing Muc [L.4] trinh bay mot sd
b6 dé bd trg phuc vu cho viéc chiing minh céc dinh 1y chinh & céc chuong sau

cua luan an.

1.1 So ludgc vé khéng gian Hilbert

Ta luon gia thiét H 1a khong gian Hilbert thuc véi tich vo huéng va chuan
duge ky hiéu tuong tng la (.,.) va [|.|.
Trude hét, ta nhic lai bat dang thitc Cauchy-Schwarz trong ménh dé sau day.

Ménh dé 1.1.1. [5, Fact 2.11 (Cauchy-Schwarz)] Cho H la mot khong gian
Hilbert thuc. Khi do,

[z, o) < [zl NIyl vz, y € H.

Hon nita, |(z,y)| = ||z|| ||y|l khi va chi khi ton tai mot sé thuc duong o sao cho

r = ay hodc y = ax.

Nhan xét 1.1.2. Dang so cap ciia bat déang thic Cauchy-Schwarz dude phat

bieu nhu sau: Cho ay,as, ..., ay va by, by, ..., by 12 hai bo s6 thuc. Khi dé ta c6
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bat dang thitc sau:

(a1by + agby + - -+ anby)? < (af + a3 + - +ax)(b] + b5 + - - - + b%).
Dic bigt, khi by = by = --- = by = 1, ta nhan dugc
(a1 +ag+-+an)* < N(aj+a3+ - +a¥y).

Mot s6 ding thic dic trung trong khong gian Hilbert duge phat bieu trong
ménh dé dudi day.

Ménh dé 1.1.3. [5, Lemma 2.12, Corollary 2.15] Cho H la mot khong gian
Hilbert thuc. Vdi moi x,y € H vat € [0,1] cdc khang dinh sau la ding:

i) Nz +yll? + llz =yl = 2(llz ) + [lylI*).
i) lz+yl? = llzl* + llylI* + 2(z, ).
iii) [lo =yl = [[z]* + [lylI* — 2(z, ).
iv) [tz + (1= tyl? = tllzl]® + (1 = )yl — (1 — t)[]= — y||>.
Dinh nghia 1.1.4. Cho H la mdt khong gian Hilbert thuec.

i) Day {x,} trong H dugc goi la hoi tu yéu dén phan ti x € H, ky hieu 1a
x, — x, néu

lim (z,,y) = (z,y), Yy € H.

n—oo

ii) Day {z,} trong H dugc goi 1a hoi tu manh dén phan ti x € H, ky hi¢u
la 2, — x, néu

lim ||z, —z| = 0.
n—o0

T tinh lién tuc clia tich vo huéng, ta c6 thé suy ra néu =, — = thi z, — .
Tuy nhién, diéu ngudc lai thi khong ding. Chang han, xét khong gian cac day
s6 thuc binh phuong kha tong

o0

2 2

[ :{x:(xl,xg,...,xn,...)|x1,x2,...,xn,...€R, g :cn<oo}
n=1
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va day {e,} C I? dugc cho bdi

en = (0,0,0,...,1,0,...),

trong d6 toa do thit n bang 1 va cic toa do con lai thi bang 0. Khi d6, e, — 0 khi
n — oo. Tuy nhién day {e,} khong hoi tu manh vé 0 khi n — oo, vi |le,|| =1
v6éi moi n > 1.

Tinh compact tuong déi yéu clia mot tap bi chin trong khong gian Hilbert
thuc duge khang dinh trong ménh dé sau.

Ménh dé 1.1.5. [5, Lemma 2.45] Néu {z,} la day bi chdn trong khong gian
Hilbert thue H thi day {x,} c6 mot day con hoi tu yéu.

Meénh dé khéng dinh ham chuan trong khong gian Hilbert thuc 1a nita

lien tuc duéi yéu.

Ménh dé 1.1.6. |5, Lemma 2.42] Cho H la khong gian Hilbert thue. Néu day
{zn} hoi tu yéu dén x € H thi day {x,} bi chan va ||z| < liminf ||z,
n—o0

Meénh dé tiép theo khang dinh moi khong gian Hilbert thuc H déu c6 tinh
chat KadecKlee.

Meénh dé 1.1.7. [5, Corollary 2.52] Trong khong gian Hilbert thuc H, ddy {z,}
hoi tu yéu dén x € H va day {||x,||} hoi tu dén ||z|| khi va chi khi day {x,} hoi
tu manh x € H.

Meénh dé sau dua ra mot bat dang thic quan trong dudc st dung trong chiing

minh mot s6 dinh 1y hoi tu yéu & cac chuong sau ciia luan an.

Ménh dé 1.1.8. [20, Theorem 10.1] Cho H la mot khong gian Hilbert va day
{z,} hoi tu yéu dén x € H. Khi dé,

liminf ||z, — | < liminf ||z, — y||
n—oo n—oo
vot moty € H, y # x.

Toan t1t tuyén tinh bi chan, chuan ctia toan tit tuyén tinh bi chan va toan ti

lién hgp duge xac dinh nhu cac dinh nghia duéi day.
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Dinh nghia 1.1.9. Cho H; va H, la cac khong gian Hilbert thuc. Mot toan tit
T : Hy — H, dude goi 1 todn ti tuyén tinh néu

i) T(x+y)=T(x) + T(y) v6i moi z,y € Hy;
ii) T(ax) = aT' () v6i moi x € Hy va moi a € R.
Dicu kién i) va ii) trong Dinh nghia m tuong duong véi
T(ax + By) = oT(x) + BT (y) v6i moi z,y € H; va moi «, 5 € R.

Dinh nghia 1.1.10. Toan tit tuyén tinh 7 : H; — H, dudce goi 1a bi chan

néu ton tai mot hang s6 M > 0 sao cho véi moi € H; thi
| Tz|| < M||z]].

Pinh nghia 1.1.11. Cho toan ti tuyén tinh bi chin T : H; — H,. Chudn cia
|T||, duge dinh nghia béi

Tx
170 = sup 20— g 17w = sup 7).
lzlzo lzll o= s

toan t T, ky hiéu la

Dinh nghia 1.1.12. Cho T : H; — H, la toan tif tuyén tinh bi chin. Khi d6
todn ti lien hop T* : Hy — Hy clia toan tit T ludn ton tai duy nhat va duge xac
dinh bdéi

(Tz,y) = (x,T"y), Yo € Hy, Yy € Ho.

Nhan xét 1.1.13. [5, Fact 2.25] Toan tt lien hgp 7% ciing 1a toan t1t tuyén

tinh bi chan va | T*]| = || T

1.2 Duéi vi phan ctia ham 156i va bai toan cuc tiéu phiém
ham 16i

1.2.1. Tap 16i va tap déng

Dinh nghia 1.2.1. Cho C la mot tap con khac rong cua khong gian Hilbert
thue H. Tap C ducgce goi 1a
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i) tdp 107 néu v6i moi z,y € C, moi X € [0,1] ta déu co6

A+ (1= XNy eC.

ii) tdp dong néu moi day {x,} C C hoi tu manh dén phan tttx € H thiz € C.

iii) tgp déng yéu néu moi day {z,} C C hoi tu yéu dén phan tit x € H
thi x € C.

Vi du 1.2.2. Hinh cau don vi déng B = {z € H | ||z|| < 1} 1a mot tap 10,
dong.

Vi du 1.2.3. Cho C la mot tap con trong R™ va duge xac dinh béi
C={zxeR"| Az < b},
trong d6 A 1a ma tran ¢ m X n va b 1a ma tran ¢d m x 1. Khi do, C 1a tap 1oi,
dong trong R™.
Nhan xét 1.2.4. T dinh nghia ciia tap 18, ta c6 thé dé dang chiing minh mot
s6 tinh chat co ban duéi day.
i) Giao ctia mot ho hitu han céc tap 161 1a tap 1oi.
ii) Anh (nghich anh) ctia mot tap 16i qua mot anh xa tuyén tinh la tap 16i.
i) Néu Gy, (i = 1,2, ...,m) la céc tap 1i thi
C=MC1+ X0+ ...+ 1,,Ch
la tap 161 v6i moi \; € R, (i = 1,2,...,m).
iv) Bao déng va phan trong clia mot tap 16i 1a tap 10i.

Dinh nghia 1.2.5. Cho z1, 29, ..., x,, 1a cic phan tt trong khong gian Hilbert
thyc H. Mot phan tit # € H dudce goi 1a mot to hgp 16i clia 1, 29, . . ., Tyn, DEU
m m

ton tai \; >0 (i=1,2,...,m) vd > \; = 1 sao cho x = > \jz;.
i=1 i=1

Dinh nghia 1.2.6. Cho C' la mot tap 16i, khic réng trong khong gian Hilbert
thuc H va g € C. Non phdp tuyén cia C tai xo, ky hieu 1a Ng(xg), duge xac
dinh bdi

Ne(xzg) :={u e H | (u,x — ) <0, Vz € C}.
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Meénh dé 1.2.7. [5, Proposition 6.45] Cho C' la mot tap con loi, déng va khdc
rong cta khong gian Hilbert thuc H va xo € C. Khi do, ta c6 cic khiang dinh

sau:
i) Nc(zo) la mot nén 1oi, dong, chia diém 0.

ii) Néu zo € int(C) tht No(zg) = {0}, trong dé int(C) la phan trong cia
tap C.

M&i lien hé gitta tap 16i, dong va tap déng yéu dugc thé hién trong ménh

de sau.

Meénh dé 1.2.8. [5, Theorem 3.34] Néu C' la mot tap con loi va dong ciia khong
gian Hilbert thuc H thi C la tap déng yéu.

Dinh nghia 1.2.9. Gia sit C' la mot tap con khac rong ctia khong gian Hilbert
thue H. Giao clia tat ca cac tap 16i chita C' dugce goi 1a bao loi ciia tap C, va ky
hiéu 1a co(C).

Nhan xét 1.2.10. [5, Definition 3.3] co(C) la tap 16i nhé nhat chita C. Ngoai
ra, C' 1a tap 16i khi v chi khi C' = co(C).

Ménh dé 1.2.11. [5, Proposition 3.4] co(C) trung vdi tap tat ca cic to hop loi

ctia cdc phan ti trong C, tic la

co(C) = {Zaixi | I la tap hiu han, x; € C,a; > 0, Zai = 1} .
icl icl
1.2.2. Phép chiéu mé tric

Trong muc nay, ching toi dé cap dén phép chiéu meé tric, 4nh xa khong gidn

va mot s6 tinh chat co ban. Trude hét ta c6 ménh de duéi day.

Ménh dé 1.2.12. [1, Corollary 2.10.9] Cho H la mét khong gian Hilbert thuc,
C' la mot tap loi, déng va khdc rong cia H. Khi dé véi moéi x € H, ton tai duy
nhat phan ti xy € C sao cho

|l = ol| = min | -yl
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Tt ménh dé trén, ta c6 dinh nghia dué6i day vé phép chiéu mé tric.

Dinh nghia 1.2.13. Cho C' 14 mot tap con 16i, déng va khac réng trong khong
gian Hilbert thuc H. Anh xa Po: H — C dugce xac dinh béi

|z — Pez|| = min [z — y||
yeC

dudc goi 1a phép chiéu mé tric tit H len C.

Vi du 1.2.14. Trong khong gian Hilbert thuc H, ta xét phép chiéu meé tric Po
v6i mot s6 truong hgp ctia tap con C.

i) C la sieu phang C = {x € H | {(u,z) = a}, trong d6 u € H, u # 0 va
a € R. Khi doé,

(u,z) —a

Pox=x— u v6imoix € H.

]
ii) C' la ntta khong gian H,, = {r € H | (u,x) < a}, trong d6 u € H, u # 0
va a € R. Khi do,

u, Ty —a o
PHu’axx—maX{“—>,0}uV61 moi x € H.

iii) C' la hinh hop trong khong gian H = R"™, duge cho bdi
Box[a,b] = {z = (z1,22,...,2,) € R" | a <z < b}

voi a = (ay,as,...,a,), b= (b1,be,...,b,) € R™

Khi d(/)7 v6l mol & = (xl,l’z, ce 7$n) € Rn, PBox[a,b]x =p = (pl,pg, ce ,pn),
trong do

p; = min {bi,max{xi,ai}}, 1=1,2,...,n.

iv) C la hinh cdu Blp,q| = {z € H | ||z — p|| < ¢}, ¢ > 0. Khi do,

q
max{||z - pl|, ¢}

Pplpgr =p+ (z —p)
v6l moi x € H.

Dic trung clia phép chiéu meé tric, dudce cho bdi ménh dé dudi day.
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Ménh dé 1.2.15. [5, Theorem 3.16 (Projection theorem)] Cho C' la mot tap
con 1oi, dong va khdc rong cia khong gian Hilbert thuc H. Diéu kién can va di
dé anh xa Po: H — C la phép chiéu me tric ti H len C' la

<l’ - Pcl‘, Yy — PC:L‘> < O, (1.1)
voi moit x € H vay e C.
Tiép theo 1a mot s6 tinh chat khic ctia phép chiéu meé tric.

Meénh dé 1.2.16. Cho H la khong gian Hilbert thuc va C la tap con loi, dong
va khdc rong cia H. Khi dé vdi moi x,y € H, ta cé

i) (x —y, Pox — Pey) > ||Pox — Peyl?;
i) (z—y,(I - Pe)r—(I-Pe)y) > (I - Pe)r—(I-Pe)yl*
Chitng minh. i) T (1.1]) suy ra

(x — Pox, Poy — Pox) < 0,Vx,y € H.
(y — Pcy, Pox — Poy) < 0,Va,y € H.

Cong tuong tng hai vé ciia cac bat ding thic trén ta nhan duge dicu phai
chiing minh.
ii) V6i moi x,y € H, tir i) ta c6

I(I = Po)x — (I — Po)yll?
= ||z —y + Poy — Pozx|?

= ||z — y||> + || Pox — Pey|* + 2(x — y, Poy — Pox)

(
= ||z — y||> + || Pox — Pey|)* — 2{x — y, Pox — Pey)
< |z —y||* = (z — y, Pox — Pcy)

=(r—y,(I - Pc)r— (I - Fc)y).
Menh dé dugc chiing minh. O

Ménh dé duéi day duge suy ra tit Ménh dé [1.2.16/1) va bat dang thiic
Cauchy—Schwarz.
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Ménh dé 1.2.17. [1, Proposition 2.10.15] Cho C' la mét tap con loi, déng va
khdc rong cia khong gian Hilbert thuc H va Po la mot phép chiéu mé tric tu H
len C. Khi do vor moi x,y € H ta co

| Pox — Poyl| < ||z —yl|.

Menh deé dudi day cho ta mot tinh chat dep lien quan dén phép chiéu meé
tric. Tinh chat nay 13 quen thuoc khi ta xem xét né trén khong gian httu han
chiéu (trong tam gidc ti1, binh phuong do dai canh tuong ting véi goc tu luon
16n hon tong binh phuong hai canh con lai).

Meénh dé 1.2.18. Cho C la mot tap con loi, dong va khdc rong ciia khong gian
Hilbert thuc H va P la mot phép chiéu mé tric t& H len C. Khi dé, vdi moi
xe HwvayeC taco

lz — Pea|? + lly — Pex|? < [l — y*. (1.2)
Chitng minh. Véi moi x € H,y € C, tu (1.1 ta co
lz = yl|* = llo = Pox — (y — Pox)||?
= ||z — Pox||* — 2{x — Pox,y — Pex) + ||y — Pox|?
> ||z — Pex|* + |ly — Pex|*.

Menh deé dugc chiing minh. O

1.2.3. Ham 106i

Dinh nghia 1.2.19. Cho ham f: H — (—o0, oo} v6i H la khong gian Hilbert
thue. Khi do,

i) Tap hop dom(f) = {z € H | f(z) < oo} dugc goi 1a mien hiu hiéu cia
ham f.

ii) Tap hop epi(f) = {(z,a) € H xR | f(x) < a} dugc goi la trén do thi clia
ham f.

Néu dom(f) # 0 thi f dugc goi 1a ham chinh thuong.
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Dinh nghia 1.2.20. Cho f: H — (—00,00] 1a mot ham s6 thyc trén khong
gian Hilbert thyc H. Ta néi f 1a mot ham loi trén H néu trén do thi epi(f) 1a
mot tap 10i tréen H x R.

Ménh dé 1.2.21. [5, Proposition 8.4] Ham f: H — (—00,00] la ham 1o trén
khong gian Hilbert thuc H khi va chi khi vdi moi x € dom(f), y € dom(f) va
A€ (0,1), ta co

fOz+ (1= Xy) < Af(x) + (1= N f(y).
Vi du 1.2.22. Cho C 13 mot tap 10i ctia khong gian Hilbert thuyc H.
i) Ham chi cta C xéc dinh bdéi
. 0 néuzed,
ic(x) = )
o néuz¢C
14 mot ham 16i.
ii) Ham f(z) = ||=|| v6i moi € H 1a mot ham 16i.
iii) Ham f(x) = ||z|* v6i moi z € H 13 mot ham 16i.
iv) Ham khoang cach tit diém x € H t6i C vé6i C la tap 16i va khac rdng, dugc
xac dinh bdi

do(x) = inf ||z —
(o) = i [l = ul
14 mot ham 16i tréen H.
v) Ham d%(z) 1a ham 16i trén H.

T dinh nghia ctia ham 10i ta dé dang ching minh duge tinh 16i duge bao
toan qua mot sé phép toan co ban dude thé hién trong ménh dé sau day.
Meénh dé 1.2.23. Cho f, f; : H — (—o00,00] vdii=1,2,...,m, la cic ham loi
tréen H. Khi do

i) (Af)(z) = Mf(z) la mot ham 107 véi X > 0.
ii) Ham tong f: fi(x) = filz) + fo(z) + ... + fiu(x) la ham loi.
i=1

iii) Ham g(r) = (max f;)(z) = max{f;(z): i=1,2,...,m} la mot ham loi.

1<i<m
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1.2.4. Pao ham va duéi vi phan ctia ham 16i
Dinh nghia 1.2.24. Cho ham f: H — (—o0, 00| va zg € H. Khi d6,

i) Ham f dudc goi 1a khd vi Fréchet tai diém xy néu ton tai mot phan ti

v € H sao cho

lim f(zo+h) — f(x0) — (v, h)

—0.he Hh+0.
o 7] heH h7

Trong truong hop nay, phan tit v néu ton tai, 1a duy nhat va dude goi 1a
dao ham Fréchet cua f tai xo, duge ky hiéu béi fr(zo) hoac V f(zo).

ii) Ham f dudc goi 1a khd vi Gateaur tai diem zy néu ton tai mot phan ti
v € H sao cho v6i méi d € H ta co

td) — —t{v,d

lim f(zo +td) — f(xo) — t(v,d)

t—0 t

=0, teR,t#0.
Trong trudng hgp nay, phan ti v néu ton tai, 1a duy nhat va duge goi 1a
dao ham Gateaux clia f tai xo, dugc ky hieu béi ff(zo).

Chi y 1.2.25. Néu ham f kha vi Fréchet tai zg thi n6 kha vi Gateaux tai zg
va fe(zo) = V f(zo).

Vi du 1.2.26. Cho H; va Hy la hai khong gian Hilbert thwe va T : Hy — Hy
14 mot toan t tuyén tinh bi chin. Cho @ 1a mot tap con 106i va déng ciia Ho.

Xét ham f: H; — (—o0,00] xac dinh bdi
1
f(z) = 5H(I — Po)Tz||* véi moi x € H;.

Khi d6, f khé vi Fréchet tai moi x € H va Vf(z) =T*(1 — Pg)Tx.
That vay, lay bat ky zo € H va dat v = T*(I — Pg)Tzo. Khi d6, v6i moi
h € H, ta co

f(zo+h) — f(xo) — (v, h)
= 2~ Po)T o + W) — S| (T — Po)Toll? — (v, )

1
= (I (o + h) = PQT (w0 + W)II* = [ Two — PoTwol*) — (v, 1)
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1

< (I (o + h) = PeTol* = ITxo — PoTwo||*) = (v, h)
1

= 5 (II = Po)Ty + ThI[* — ||Txg = PoTwo|*) = (v, h)
1

= S (IT = Po)Tao||* + | TAI — (I = Po)Two*)

+{(I — Pg)To, Th) — (v, h)
_ %||Th||2 +(T*(I — Pg) T, b — (v, h)

1
= §||,'Z_7h||2 + <Uv h> - <U7 h>

1
= SITh|

Ta lai c6
(o)~ F(wo+ h) + (v, 1)
= S = Po)Twol = (T = PoYT (o + W) + o, )
= (T — PaToll” = (T — P)T(zo + B)IP) + (v, b

< 5(ITwo — PoT (w0 + ) |* = (I — Po)T (w0 + A)|*) + (v, h)

| RN =

5 (IT2o + Th = PoT (w0 + h) - ThI[*) = (I = Po)T(zo + h)|*) + (v, h)

= %(H(I — Po)T(wo + h)II* + I Th|* = (I = Po)T (o + h)|*)

—(({ = Po)T(xo+ h), Th) + (v,h)

= 1||Th||2 —((I = Po)T(xo+ h),Th) + (v, h)

2
1

= §||Th|!2 —((I — PQ)T(zo + h),Th) + ((I — PoTwo, Th)
1

= §||Th|]2 +{(PoT(xo + h) — PgTxg — Th, Th)
1

= 5||Thu2 + (PoT (zo + h) — PgTwo, Th) — (Th, Th)

1
< SIThIP + 1 PeT (x0 + h) — PoTxoll| ThIl — | Th|*
1

= —||Th|.
SITh]

Két hop cac danh gia trén, ta nhan dudc

| F(zo +h) — flao) — (v, ) |< SITHIZ < ST 0]
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Suy ra
| fwo+h) — f(wo) = (v, h) | 1
. < §||TH2-WLH — 0
[A]l
khi 7o — 0. , ,
Do d6 Jim L0 ) = (%) = (W h) _ ps sy 6 nghia 1 f khi vi Fréchet

h—0 Al
tai moi x € H va Vf(z) =T*(1 — Pg)T'x.

Dinh nghia 1.2.27. Cho ham f: H — (—o0, 00| 1a mot ham 16i. Dudi vi phan

ciia f la toan tit da tri Of : H — 2 va dudc xéc dinh béi

of(x) ={ve H| fly)— f(z) > (v,y —x), Yy € H}

voi moi x € H. Ham f dudc goi 1a khd dudi vi phan tai x € H néu df (x) # 0
va mdi phan tit ctia f () duge goi la dudi gradient ctia f tai z.

Vi du 1.2.28. Ham chi i¢ ctia tap 16i C c¢6 duéi vi phan tai méi diem zg € C
1a
dic(xo) ={p | (p,x —x0) <0, Vo € C} = Ne(xo).

Ménh dé 1.2.29. [5, Proposition 17.31] Néu f : H — (—o0, 00 la ham 1oi,
chinh thuong, khd vi Gateauz tai xo € H vdi dao ham Gateaux tai xo la f(zo).
Khi doé

0f (zo) = {fa(zo)}-
Meénh dé 1.2.30. [5, Proposition 16.6] Cho ham f : H — (—oo, +00] la mot
ham 164, chinh thuong va X\ € RT. Khi dé, vdi méix € H, ta c6 O\ f)(x) = NOf(x).

Duéi day la noi dung ctia Dinh 1y Moreau—Rockafellar.

Dinh 1y 1.2.31. [30, Theorem 3.30] Gid st fi1, fo, ..., fm la cdc ham o1, chinh
thuong trén khong gian Hilbert thuc H. Khi do, véi moi x € H, ta co

a(fl + f2 +.. +fm)(x) - af1<$) +8f2(zc) +--- _I_afm(x)

m

Ngoai ra, néu tai diém x' € () domf;, tat cd cac ham fi, fo, ..., fm lién tuc (co
i=1

thé tri ra mot ham,) thi

Ofi+ fat -+ fu)(x) = 0f1(x) + Ofa(x) + -+ + O fim(2).
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Ménh dé 1.2.32. Cho f;: H — (—o00,00], i =1,2,..., N la cic ham loi. Khi
N
dé, véi x' € () dom f;, ta co
=1

o(_max fi)(a") 2eo{ | 0fi(a")},

1=1,2,...,
iel(xt)

trong dé I(z') == {i € {1,2,...,N}| fi(z") = (_ max _f;)(a)}.

i=1,2,..,N

Chitng minh. Dat h(z) = (. _max fl)( ) v6i moi x € H. Gia st v 1a mot phan

.....

t1t bat ki sao cho v € CO{UZG[ ) 6?f1(ﬂ)}. Khi d6 ton tai \; > 0 va v; € df;(xf)

v6ii € I(xT) sao cho > X\ =1va
i€l(zh)

V= Z )\ivi; v; € afz(xT)

iel(xt)

Tt dinh nghia ciia dué6i vi phan, v6i moi x € H, ta thu duge

(,x —2') = Z Ai(vi, x

el(xt)
€l(zh)

= > Nfill@) = D Nfiah)
iel(xt) icl(xt)

< _ 1
> A _max | fi(z) - max fi(z')
iel(zh)

= T
x| fi(w) = max fi(a)

= h(z) — h(z")

Diéu nay dan dén bat ding thiic
(v,x — 2y < h(x) — h(zh).

Do d6 ta nhan dugc v € Oh(x') = d( _max fz)( n.

.....

Vay Oh(a) = 0(_max f;)(xT) 2 CO{UzGI 1 0fi(z")}.

TSy

Menh deé dugc chiing minh. O
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1.2.5. Bai toan cuc tiéu phiém ham 16i

Xét bai toan cuc tieu khong rang buodc sau

Lréig f(x), (1.3)

trong d6 H la khong gian Hilbert thuc va f : H — (—o0,00]| la ham chinh
thudng (goi 1a ham muc tiéu).

Dinh nghia 1.2.33. Mot phan tit 27 € H duge goi la:
i) Diém cuc tiéu toan cuc néu f(2") < f(x) véi moi z € H;

ii) Diém cyc tiéu dia phuong néu ton tai mot s6 6 > 0 sao cho f(z') < f(x)

v6i moi x € H théa man |z — 27| < 4.

Ménh dé 1.2.34. [5, Proposition 11.4] Néu f : H — (—o0,00] la ham 10i,

chinh thuong thi méi diém cuc tiéu dia phuong cia f la diém cuc tiéu toan cuc.

Ménh dé 1.2.35. [5, Theorem 16.3 (Fermat’s rule)] Cho f: H — (—00, o]
la ham 103, chinh thuong, kha dudi vi phan. Khi dé, ¥ la diém cuc tiéu toan cuc
clia Bai todan (1.3) khi va chi khi 0 € Of (z1).

Tiép theo, xét bai toan cuc tiéu c6 rang buoc

min f(x), (1.4)

zeC

trong d6 f: H — (—o0,00] va C la tap con khac rong ctia khong gian Hilbert
thue H (duge goi la tap rang buoc).
Ta c6 ménh dé dudi day vé diéu kien to6i wu cho bai toan cuc tiéu phiém ham

16i c6 rang buoc.

Ménh dé 1.2.36. [30, Proposition 3.61] Cho C C H la tap con 1oi, déng va
khdc rong cia khong gian Hilbert thuc H va f : H — (—o0,00] la mot ham 10i,
chinh thuong va nia lién tuc dudi tréen H. Gid st f lién tuc tai mot diém nao
do tren C hodc c¢6 mot diém trong cia C tai do gid tri cia f la hidu han. Khi
do 't la mot diém cuc tiéu cia bai todn toi wu cé rang budc khi va chi khi
0 € df(z') + No(xh).
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1.3 Anh xa khong gian

Dinh nghia 1.3.1. Cho C la mot tap con khac rong cia khong gian Hilbert
thuc H va anh xa S : C' — H. Khi d6, anh xa S dugce goi la:

1) L-lién tuc Lipschitz trén C' néu ton tai hang s6 L > 0 sao cho

15(z) = Syl < Lllz =y, vz,y € C.

ii) co néu no la 4nh xa L-lién tuc Lipschitz v6i he s6 L € [0,1).
iii) khong gian néu no6 la d&nh xa L-lien tuc Lipschitz v6i he s6 L = 1, ttic la

15(z) = Sl < llz —yll, Va,y € C.

Pinh nghia 1.3.2. Phan tt z € C dugc goi la mot diém bat dong clia 4nh xa
khong gian S : C — H néu S(x) = x. Tap tat ca cac diém bat dong ctia S dudc
ky hiéu la Fix(S).

Vi du 1.3.3. Néu C la mot tap con 16i, dong va khac réng ctia khong gian
Hilbert thuc H thi Po 1a mot anh xa khong gian va tap diém bat dong ctia phép
chiéu meé tric Po chinh 1a tap C, tic 1a Fix(Py) = C.

That vay, véi moi x € H,y € H ta co

I(z —y) — (Pox — Pey)||* = llz — ylI* + || Pex — Peyl® — 2(z — y, Pex — Poy).

Tt Menh 48 [1.2.16]1), ta c6
l(x —y) = (Pox — Pey)||* < llz — y||* — || Pex — Peyll*.

Do d6 ||Pox — Poy|* < ||z — y||* v6i moi x € H,y € H. Vay Pc 1a mot anh xa
khong gian.

Mait khac, theo ta suy ra (r— Pox, v — Pox) < 0,Vz € C diéu nay tuong
duong ||z — Poz||* < 0. Do d6 ||x — Pox|| = 0,Vx € C, tic la x = Pox, Vo € C.
Vay Fix Po = C.

Tinh 16i va dong ctia tap diém bat dong ciia anh xa khong gidan S dudc trinh

bay trong ménh dé duéi day.
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Ménh dé 1.3.4. [5, Corollary 4.24] Cho C' la tdp con loi, déng va khdc rong
cua khong gian Hilbert thuc H va S : C — H la mot anh xa khong gian. Khi do
Fix(S) la tap loi va dong.

Tinh ntta dong clia anh xa I — S khi S 1a 4nh xa khong gian dugc phét biéu

trong ménh deé sau.

Meénh dé 1.3.5. [5, Theorem 4.27] Cho C la tdp con loi, déng ciia khong gian
Hilbert thue H va S : C — C la anh xa khong gian. Khi do I — S la nia
déng, tic la vdi bat ky day {x,} trong C hoi tu yéu dén phan ti x € C va day
{(I — S)x,} hoi tu manh dén y thi ta ¢ (I — S)(z) =y.

1.4 Mot sé bd dé bo trg

Dé chiing minh céc két qua chinh cfia luan an, ching t6i can sit dung 3 bo

dé sau day.

Bo6 dé 1.4.1. [57, Lemma 2.5] Cho {s,} la mot day khong am, {a,} la mot

day trong (0,1) va {c,} la mét day sé thuc théa man hai dieu kién sau:
1) spt1 < (1 — ap)sp + ancy.
o0
i) > a, =00, limsupc, <O0.
n=0 n—00

Khi d6, lim,, o s, = 0.

Bo6 dé 1.4.2. [26, Lemma 3.1] Cho {s,} la mot day s6 thuc khong giam theo

nghia la ton tai mot day con {s,,} sao cho
Snp < Smpt1, VE 2> 0.
Cho mot day so nguyén {T(n)} vdi n > ng dugc zdac dinh bdi
7(n) ;== max{ng < k <n | s; < Sgt+1}.
Khi dé 7(n) — oo khi n — oo va vdi moin > ny, ta co

maX{ST(n)a Sn} < Sr(n)+1-
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Bo dé 1.4.3. [34, Lemma 2.6] Cho {s,} la mot day khong am, {a,} la mot
day trong khodng (0,1) sao cho > a, = 0o va cho {b,} la mot day so thuc théa

n=1
man
Snt1 < (1 — ap)8p + apby, Yn > 1.

Néu limsupb,, < 0 vdi moi day con {s,,} cia diy {s,} théa man dieu kién
k—o00

liminf(s,, +1 — Sp,,) > 0 thi lim s, = 0.
k—o0 n—00
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Chuong 2

Bai toan chap nhan tach véi nhiéu tap dau ra

Trong chuong nay, ching toi nghién citu va dé xuat mot sé6 phuong phéap lap
xap xi nghiém bai toan chap nhan tach véi nhiéu tap dau ra trong cac khong
gian Hilbert thuc dya trén tiép can toi wu 16i c6 rang budc tng véi cac ham muc
tieu khac nhau. B6 cuc ciia chuong duge chia lam hai muc. Muc trinh bay
viéc xay dung thuat toan va ching minh sy hoi tu cia cac day lap thu duge.
Muc trinh bay mot ap dung cho bai toan chap nhan tach tong quéat va dua
ra mot s6 vi du s6 minh hoa. Noi dung clia chuong dudgc viét trén co s6 cac bai
bao (CT1) va (CT2) trong Danh muc cac cong trinh da cong bo lien quan dén

luan an.
2.1 Tiép can tbi uwu giai bai toan chap nhan tach véi nhiéu
tap dau ra

Dé tieén cho viéc trinh bay, chiing toi phét biéu lai bai toan chap nhan tach véi
nhiéu tap dau ra da dé cap trong phan M6 dau: Cho H va H;, (1 =1,2,...,N)
la céc khong gian Hilbert thuce; T; : H — H;, (1 = 1,2,...,N) la cac toan tu
tuyén tinh bi chan; C C H va Q; C H; tuong tng 1a cac tap con 1oi, dong va
khéc rong cta cac khong gian Hilbert thuc H va H;, (i =1,2,...,N).

Tim phéan t& 2" € C sao cho Tjz' € Q;, Vi =1,2,..., N. (2.1)
Ky hieu Q5FFPMOS 13 tap nghiem ctia Bai toan (2.1)), titc 1
QSFPMOS — fot e O | Tt € Q;, Vi=1,2,...,N}.

Trong chuong nay, ching toi luon gia thiét QSFPMOS £ ()
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2.1.1 Tiép can t6i vu thit nhat

Xét ham g : H — R dugce cho bai

N
1
g(x) == 3 Zl (I — Po,)Tz||?, Yo € H.
Ta thiy g 1a mot ham 161 trén H. Ngoai ra, dé thay Bai toan (2.1]) tuong duong
v6i bai toan tdi wu c¢6 rang buoc:

min g(x).

Do d6, theo Ménh dé [1.2.36, z' 14 nghiém ctia Bai toan (2.1)) khi va chi khi
0 € vgle') + Ne(a').

Theo Vi du [1.2.26] diéu nay tuong duong véi
N
0€ ) T7(I— Py)Tia' + No(ah).
i=1
Tu dinh nghia clia nén phap tuyén va dic trung clia phép chiéu mé tric (Ménh
dé [1.2.15)), bao ham thiic nay tuong duong véi

N
ol = Polat — 4 TH(I - Po,)Tia'], (2.2)
i=1
trong d6 7 14 mot s6 thue duong. Dang thiic (2.2) chi ra ring phan tit o' 13
nghiém ctia Bai toan (2.1]) khi va chi khi n6 13 diém bat dong clia dnh xa
S : H — H dugc xac dinh bdi

N
S:=Po[I -~ ) T;(I - Po,)Ti].

=1

Tt phan tich nay, ching toi nghién ctu va dé xuat thuat toan sau day xap

xi nghiém Bai toan ([2.1)).
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Thuat toan 2.1.1.

Budc 0. — V6i xap xi ban dau xy € C tuy ¥;
~ 06 bude {7, } théa man diéu kien

2
0<a<y <b< , n>0. (71)
N max;_ 5 {[| T[]}
bat n := 0.
Buéc 1. Tinh
N
Tni1 = Polan —m YT (I — Po)Tis]. (2.3)

i=1

Buéc 2. Dat n :=n + 1 va quay lai Buéc .
Ta c6 két qué sau day.

Dinh 1y 2.1.1. Day {x,} dugc xdc dinh bdi Thudt todn hoi tu yéu dén
mot nghiém cia Bai toan (2.1)).

Chatng minh. Trude hét, ta ching minh day {z,} dugc sinh béi Thuat toan
la bi chan va nll_>r20 | Tix, — Po,Tizy||=0véimoii=1,2,...,N.

That vay, véi mbi p € Q5FPMOS ta c6 p e C va Tip € Q;, (i = 1,2,..., N).
Do d6 Py, T;p = Tip, i = 1,2,...,N. Tu tinh chat khong gidn ctia anh xa Po
(Ménh de va bat dang thitc Cauchy-Schwarz, ta nhan dugc

N

|2ns1 = Pl = | Polan — Y Ty (I = Po,)Tixn] — pl”
i=1

N
= || Polen = Y T (I = Po,)Tiwn] — Popl?
=1
N
<ln —p =30 Y T7 (I = Po,)Tiwn|
=1
N
= ||z — p||2 — 27 (0 — p, ZTZ*(I — Po,)Tizn)
=1

N
+ 7l D T (I = Po,)Tia] |

1=1
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N

< Hl’n _pH2 - 2'7n<$n — D, ZTZ*([ - PQi)ﬂxn>
=1

+%NZ 1T (I — Pg,)Tywn] |2

=1
N
< lzn = pl* = 290 lan — p. > _ T/ (I = Po,)Tixn)
=1

+ %NZ TN = Po)Ti] |

1=1
N
< ln = plI* = 2vn(zn — p, > TF(I = Po)Tizy)
=1
+%N max { 73] }ZH (I = Po,)Tyxa*. (2.4)

.....

=1

Mit khac, tit dinh nghia toan ti lien hgp, Menh dé [1.2.16] ii) va déng thic
Py, Tip="Tip,i=1,2,...,N, talai c6

N
-0,y T'(I - Po)Tiwn)
i=1

I
)

@
I
—_

- p7Ti*(] - PQz)Tlxn>

M-

s,
|
—

<T2xn - Tipa (I - PQJTZ:ETL - (] o PQz)T;Jp>

AMZ

I
—

| T3, — Po, Tl (2.5)

7

T (2.4) va (2.5)) suy ra

1=l <llzn —plI* +%(%N max {[|T;]*}-2) ZHT% Po,Tin|*. (2.6)
..... v

bieu kién dan dén

|Zns1 =l < lzn —pl| < - < lzo —p|-
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Do do6, {||z, — p||} 1& day gidm va bi chin dudi va vi thé ton tai gi6i han hitu
han nh_)n;() |z, — pl|. Mat khac, ti (2.6) ta thay

N
< - 12 n — Po. Tian||?
0 < (2= wN max {|T3*}) Y | Tiwn — Po. Ty

b A .
=1

< o — ol = fonss = pIP = 0.
Két hop véi diéu kien (1)), ta nhan dugce
nh_{&”ﬂa:n—PQlﬂan =0,i=1,2,...,N. (2.7)

Tiép theo, vi day {z,} bi chin nén ton tai mot day con {z,, } cta {z,} sao cho
Tpn, — q khi kK — oo. Ngoai ra, dé thay C' 1a tap dong yéu vi C' 1a mot tap con
161, dong ctia H. Vi {x,,} C C va x,, — ¢ nén theo tinh chat clia tap déng yéu
C, ta ¢6 ¢ € C. Hon nita, vi T; 1a toan tit tuyén tinh bi chan nén T;z,, — Tq,
i=1,2,...,N. St dung (2.7), nguyén ly nita déng (Menh deé ta thu duge
Tiq — Po,Tiq = 0, titc 1a Tyqg € Q; v6i moi i = 1,2,..., N. Vi vay, ¢ € Q SFPMOS,
nghia la ¢ 14 mot nghiem ctia Bai toan (2.1)).

Gia st {z,,, } 14 mot day con khéc cta day {z,} sao cho x,,, — q v6i g # q.
Bang cach lap luan hoan toan tuong tu nhu trén, ching ta ciing nhan dudc

g € QSFPMOS Gy dyng Menh dé(1.1.8|va sy ton tai gidi han hitu han lim ||z, —p|
n—oo

vl mbi p € Q SFPMOS "4 ¢4

T e~ all = tymin 7, o]
<liminf ||z, -] = lim [lz, - 7]
= liminf ||x,,, — q|| <liminf ||z,, —¢|| = lim ||z, — q]|.
m—00 m—»00 n—00

Diéu nay 1& vo ly. Do do, ta suy ra x, — ¢ khi n — oo.
Dinh 1y dugc chiing minh. ]

Nhan xét 2.1.2. i) Khi N = 1, H = R”, Thuat toan tré thanh thuat
toan CQ ctia Byrne [8] dé xuat nam 2002 giai Bai toan (SFP));

ii) Khi N = 1, Thuat toén [2.1.1 trd thanh thuat toan xac dinh béi day lap
ctia Xu dé xuat nam 2010 dé giai Bai toan (SFP)) trong khong gian Hilbert

thue vo han chieu.
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Dé thu dugc sy hoi tu manh, ching t6i két hop Thuat toan v6i phuong
phap lap Halpern. Ta c6 thuat toan sau day.

Thuat toan 2.1.2.

Buéc 0. — Cho trude xg,u € C.
— C3 budc {7,} thoa man diéu kien (1);

— Tham s6 {a,} thoa man diéu kién

{on} € (0,1), lim o, =0, > ay = 0. (a)
n—oo n—O
bat n := 0.
Buéc 1. Tinh
N
Tpr1 = apu+ (1 — ay) Po [a:n — Yn Z Tr (1 — PQi)Eacn]. (2.8)

1=1

Buéc 2. Dat n :=n + 1 va quay lai Buéc .

Su hoi tu manh cta Thuat toan dugc khing dinh trong dinh 1y duéi
day.

Dinh ly 2.1.3. Day {z,} dugc zdc dinh bdi Thudt todn hoi tu manh

ve Pasrevos .

Chiing minh. Truée hét, ta chi ra day {z,} dugc sinh bdi Thuat toan la
bi chan.

That vay, v6i mdi p € QSFPMOS ta c6pe CvaTipe Q;,Vi=1,2,...,N. Vi
thé ta ciing c6 Tjp = Py, Tip, i = 1,2,..., N. Tl tinh 16i ctia ham ||.||?, ta danh
gia dugce

N
|zas1 = pl? = llawu + (1 = an) Pelra =y ) T7 (I = Po,)Tixa] — pl|?
=1
N
= [lan(u —p) + (1 — o) (Pefzn — ’Ynsz'*(I — Po,)Tizn] —p)||2
=1
N
<anflu = plP+(1 = @) | Polen = ) T (I = Po.)Tixa] — pl* (2.9)
=1
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St dung 1ap luan tuong ty nhu trong chiing minh Dinh Iy , ta thu ducc

N

|Pelan—rm Y T (I = Po)Tixn] — pl* < |lzn — pll?
i=1
N

N T} — 2 Tix, — Po. Tixnl|*. 2.1
+ (N max {IT1°} —2) Y |1 Tiwn — Po.Tiaal®. (2:10)

2, p
Thay ([2.10) vao (2.9) ta nhan dugce bat dang thiic sau:

| Znt1 —p||2 < (1= ay)lo, —p||2 + anlu _pH2
N
1— N Ti||?} =2 Tixn,— Po. Tixy 2. 2.11
+ (=) (7N max {[|T3]]"} ) N Tiwn— Py, Tin| (2.11)

2, —
Tt dicu kien (1)) vio bat déng thic (2.11), ta co

lzn1 = pI* < (1= an)llzn — pl* + allu — p|*
< max{lzn —pl*, llu - plI*}

< max{||zo — p|I?, lu — p|I*}-

Vay day {x,} bi chin.
Tiép theo, ta chi ra day {z,} hoi tu manh vé Py sremosu. That vay, néu dit

zh = Pgservosu thi ta co

|Ixn+1 - $T||2 = <xn+1 - xTvxn—i-l - xT>
N
— (o) + (L= ) (Peliey 5 T — Po) L] — o). 1 —2)
=1
N
= (1 — an)(Pe[zn — ZT:(I — Po,)Tizn] — IT’ Tntl — $T>
1=1
=+ an<u - xT; Tp+1 — IT>
N

11—« .
< 5 ~([Pczn — 'YTLZTZ (I — Po,)Tixy] — ﬁ”Q + |lznt1 — $Tl|2)
i=1
+ ap (u — at xp — )
1—«
< “(llen — ¥+ lwni — 2'°) + anu — 27, 200 — 2).

2
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Tt u6c luong trén dan dén
201 —2M? < (1= ag)|len — 2T + (1 = ap) 2ps1 — 2T

+ 200, (u — 2T, 21 — 2T).
Do do, ta nhan dugc
(1 + an)llznsr = 2"[* < (1= an)an — 2"|* + 200 (u — o, 240 — ).
Hon nita, vi ||z,411 — 27[|? < (1 + ay)||Zng1 — 2f]|? nén
2ni1 — 2T < (1= o) ||lzn — 2'))? + 200 (u — 2T, 241 — 27). (2.12)

Néu dit s, := ||, — zf||> > 0 va ¢, := 2(u — 2T, 2,,, 1 — 2T) thi bat ding thiic
[2.12) c6 thé viét thanh

Snt1 < (1 — ap)$n + apep. (2.13)

Bay gio ta sé chi ra s, — 0 khi n — oo bang cach xét 2 trusng hgp c6 thé xay
ra nhu sau.

Trudng hgp 1. Day {s,} gidm theo nghia ton tai mot sé ty nhien Ny sao cho
{sn} la mot day gidm v6i moi n > Ny. Khi d6, tit tinh bi chin cua {s,} suy ra
day {s,} hoi tu. Trong (2.11)), thay p = 2T € Q5FPMOS ta nhan duge

[z — "] < (1= an)llzn — 27|* + anllu — 27|
N
+ (1= an) (N max {|73]*} - 2) Zl |Tian — Po, Tyl
1=
T bat ding thitc nay suy ra

N
_ _ (12 ] . ] 2
(1)@ = 3N e {ITIPH 31T — Po, Tl

b A .
i=1

< lzn = ¥ = lensr = 2")* + an(flu = 27* = 2 — 2?) — 0.
St dung céc dieu kien dit len cac day {a,} va {y,}, ta thu dugc

lim || Tz, — Py, Tixn|| =0, i =1,2,..

n—oo

. N. (2.14)
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Vi {z,} C C nén x, = Pox,. Ngoai ra, ta cht ¥ ring

N
||xa:+1_xn|| = ||anu + (1 - O‘n)PC[xn — Tn ZT:(I - PQi)Tixn] - an
=1
N
< apl|zn —ull + (1 — o) || Pol[zn — Tn ZTZ*(I - PQi)Tixn] — Pox,||
=1
N
< |z — ull + (1= an)yll > T = Po,)Tia]|
=1
N
< anllan — ull + (1= an)ym Y Tl Tiwn — Po,Tiwn-
=1

Két hgp bat déng thiic nay véi dieu kien lim a,, = 0 va (2.14)), ta nhan dugc
n—oo
rllgr()lo |Tnst1 — znl| = 0. (2.15)

Tiép theo ta sé& ching minh limsup ¢, < 0. Gia st {z,,, } 14 mot day con ctia day
n—0o0
{z,,} sao cho

limsup ¢, = 2limsup(u — 2, 2,11 — )

= 2limsup(u — z', z, — ') (theo (2.15))
n—oo

= lim (u — a', z,, — 7).
k—o0

Vi {@,,} bi chan nén ciing ton tai mot day con {x,, } cla {z,} sao cho

Ty, z*. Khong mat tinh tong quat, ta gid st ring z,, — x*. St dung

(2.14), {z,} C C va lap luan tuong tu nhu chitng minh Dinh 1y ta cling ¢
z* € QSFPMOS Nooai ra, vi 2f = Pysrevosu nén ap dung bat déng thic (1.1)) ta
nhan dudgce

limsup ¢, = limsup(u — 2!, 2, — 2) = (u — zf, 2* — 2T) <0.

Nhu vay, tat ca cac diéu kién cta Bo dé dugc théoa man nén s, — 0 khi
n — oo, tic la z, — 2l = Posrevosu.
Trudng hgp 2. Gia st {s,} 1a day khong gidm dén vo cuing theo nghia ton tai

day con {s,,} ciua day {s,} sao cho

Snp < Sppt1, VE > 0. (2.16)
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Ta dinh nghia day s6 nguyen {7(n)} v6i moi n > ng (ng du 16n) bdi

7(n) :=max{ng <k <n| sk < Sky1}-

Khi d6, day {7(n)} 1a mot day tang va 7(n) — oo khi n — oco. Tu (2.16]) dan
dén s,(,) < Sr(n)+1 VOl Moi n > ng hay s;(,)41 — Sy > 0 v6i moi n > ny.

Tu (2.13) ta ¢6

Sr(n)+1 < (1 - ar(n)>37(n) + Ar(n)Cr(n)-

Tt cac danh gia trén, ta nhan dugce
0< Sr(n)+1 — S7(n) < aT(n)(CT(n) - ST(n)) < Q7 (n) Sup{sr(n) + ‘CT(TL)‘}' (217)

Vi sup s;(n) + ‘CT(H)‘ < 00 VA () — 0 khi 7(n) — oo nén

JLI{)IO(ST(H)+1 - ST(n)) = 0. (2.18)
Chtng minh tuwong tu nhu Truong hgp 1, ta co

lim ||Tﬂ77-(n) - PQiTixr(n)H = 0, Vi = 1, 2, ceey N

n—o0

lim sup ¢;(,) < 0.

n—0o0
Tit (2.17) ta c6 ar)(Crin) — Sr(n)) = 0 MA ar) > 0 08N 57y < €y VA VI VAY

lim sup s,y < limsup ¢,y < 0.
n—oo n—o0

Nhu vay 0 < limsup s;,) < 0. Tu day suy ra limsup s;(,) = 0. Két hop véi

n—o0 n—oQ

(2.18), ta dugc limsup s,(p)41 = 0. Ap dung B8 dé [1.4.2 v6i moi n > ng ta c6

n—oo

danh gia sau.
0 <5, <max{s;p),sn} < Srm)y41 — 0.
Déanh gia gia nay ching t6 s, — 0, tic 1la day {z,} hoi tu manh téi
2" = Pyseruosu. Dinh 1§ duge ching minh. ]
Tiép theo, chiing to6i nghién cttu va dé xuat thuat toan tong quat hon, khi

thay u bdéi gia tri cia mot anh xa co.
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Thuat toan 2.1.3.

Buéc 0. — Cho truée yy € C;

— Cd bude {7,} thoa man dieu kien (yI));

— Tham s6 {a,,} théa man diéu kien (a));

~ Anh xaco f: H— C v6i hé s6 co ¢ € [0,1).
batn =0

Bu6c 1. Tinh

N

Yot = nf (yn) + (1= @) Pelyn = v Y T (1 = Po,)Tiyn)- (2.19)
i=1

Buéc 2. Dat n:=n + 1 va quay lai Buéc .

Su hoi tu manh ctia day lip duge sinh béi Thuat toan duoc thiét lap
trong dinh 1y sau.

Dinh 1y 2.1.4. Day {y,} dugc sinh boi Thuat todn hoi tu manh vé maot
phan ti zT € QSFPMOS 1 nghiem duy nhdt cia bat dang thic bién phan

(I — fat,y—at) >0, vy e QSFPMOS, (VIP(I — f,QSFPMOS))

Chiing minh. Vi f la anh xa co nén Pgsremos f cling la anh xa co. Theo nguyén
Iy anh xa co Banach, Pyservos f ¢6 duy nhat mot diém bat dong z' va 1a nghiem
duy nhat ctia bat ddng thitc bién phan [VIP(1 — f, QSFPMOS) |

St dung Dinh 1y va thay u béi f(z') trong (2.8), ta c6 day {z,} hoi tu
manh t6i Pysrewos f(z') = 27, Do dé ||z, — || — 0 khi n — oo.

Vi ta ¢o

lyn = 27 < llyn = @all + |20 — 2|

nén dé ching minh ||y, — 27|| — 0 khi n — oo, ta sé chi ra |y, — x,| — 0 khi
n — oo. That vay, v6i mdi s6 tu nhién n, dat

N
dy = Polan — vy Y T (I = Py,)Tixn),
=1
N
en = Polyn = Y _ T (I = Po,)Tiyn).
=1
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Tu Menh dé [1.2.16)1i) va diéu kien (1)), ta c6

N

len—dallP < lgn = 20— 70 3 T7 (I = Po,)Tiga — (I — Po) T
1=1

N
= [lyn — zall* = 270 {xn — ¥, ZT:((I — Po,)Tiyn — (I — Po,)Tizy))
1=1
N
+ 77%“ ZT;((I — Po.)Tiyn — (I — PQz‘)Ti«'En)HQ
1=1
N
< lyn — anz — 27 Z(szn — Tiyn, (I — Po,)Tiyn — (I — Pg,)Tiwy)
=1
N
+ 7721(2 ”Tz*((j - PQz)szn - (I - PQz)szn)H)z
1=1
N
< lyn = 2all® = 29 Y 1T = Po)Tyyn — (I = Po) T
=1

N
+ 7V max {||T[|} > I = Po)Tiyn — (I = Po,)Tiaa”

2,...N :
=1
< lyn — zal)?
N
(2= 5N max (ITIPD) SO ~ Po) T — (1 — Po) Ty
2,0, P
< ”yn - xn”z

Bat ding thic tren dan dén

len = dull < {lyn = @nl|

Mat khac, ta lai co

lyn1 =21l = llan(f(yn) = F(@) + (1 = an)(dn — )|l
< anl|(f(yn) = fD) + (1 = an)llen — dal|
< canllyn — 2| + (1 = an)[[yn —
< can(llyn — @l + lzn — 2T]) + (1 — o) [lyn — 2a
=[1— (1= )an]llyn — Tl + canl|lz, — =T

ellzn — 2Tl

= [1—=(1 = c)an]l|yn—2nl|+(1 = c)ay, 1—¢

(2.20)
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cllzn — 27|

Do d6, néu dat s, = ||yn — zn|| V& ¢, = - thi tur (2.20)) ta thu dugc
—c

Snt1 < [1— (1 = c)ay]sn + (1 — c)ancy.

Dé thay lim (1 —c)a, =0va Y. (1 —¢)a, = o0o. Vi ||, — 27| — 0 khi n — oo

n—oo

n=1
— ~ X LN 2 2 X ? ~
nén ¢, = c”“”fff” — 0. Nhu vay, cac dieu kién cua Bo de |1.4.1| dugc thoa man
nén lim s, =0 hay lim ||y, — z,| = 0. Vi thé, ta ciing ¢6
n—oo n—oo

0< lim [jy, — $T|| < lim |lyp — 2| + lim ||z, — xT” — 0.

Diéu nay suy ra lim |y, — z'|| = 0, tiic 1a day {y,} hoi tu manh dén z'.
n—oo

Dinh Iy dugc chiing minh. []

2.1.2 Tiép can téi vu thit hai

Trong cac Thuat toan [2.1.1] [2.1.2] va [2.1.3] ¢ mdi budc lap ¢d budc ~, déu

phu thudc vao thong tin clia chuan ciia céc toan ti chuyen Tj, i = 1,2,..., N.

Ta biét ring, trong trudng hop tong quét viéc tinh hay uwéc luong chuan cia
toan tit tuyén tinh bi chan thuong khong don gian. Do d6, ta can xay dung cac
thuat toan lap ma mdi bude lip déu khong phu thudc vao chuan clia cac toan
chuyén nay. V6i cach tiép can sau day, ching toi da xay dung dugc cac thuat
toan véi cd budc tu thich nghi dé xap xi nghiem Bai toan ([2.1).
Xét ham h : H — R duogc xéac dinh bdi
h(z) :=( max f;)(z), Ve € H

i=1,2,...,.N

1 .
filz) = ST = Po)Tix|? i=1,2,...,N.
Dé thay Bai toan (2.1]) tuong duong véi bai toan t6i uu c6 rang budc

min h(z). (2.21)

zeC

Theo Ménh dé [1.2.36 phan ti 27 1a nghiem ctia Bai toan ([2.21]) néu va chi néu

0 € Oh(x") 4+ Ng(ah).



41
Mzt khac, theo Meénh dé(1.2.32, ta co

J( max fl)( ) 2 cof U of;(x")},

1=1,2,...,
iel(xt)
voi I(zh) :={i e {1,2,...,N}| fi(a") = ( _max fi)(@")}. Do d6, néu phan tit
o' € H théa man
cof |J 0fi(="} + Ne(zh) 0 (2.22)

€l(zh)
thi 27 1a mot nghiem ctia Bai toan (2.21)) ciing c6 nghia 2! 1a nghiém ctia Bai
toan (2.1)).
Bao ham thic {D tuong duong véi
=Polat —y Y NI (I - Py, T, (2.23)
i€l(zh)

trong d6 A\; > 0 v6i moi i € I(zf), > A = 1 va v la mot s6 thue duong
iel(xt)
bat ky.
Dang thitc (2.23) goi ¥ cho chiing to6i xay dung hai thuat toan dudi day xap
xi nghiém Bai toan (2.1)) dua trén phuong phéap lap Halpern va phuong phap

xap xi mém.
Thuat toan 2.1.4.
Buéc 0. Cho trude xp € C va tham s6 {p,} C [a,b] C (0,2) va dit n := 0.

Buéc 1. Tinh

Tni1 = Polrn = > NaTi (I = Po,)Tixn}], (2.24)
i€l(zn)

trong d6 I(z,) = {i | ||Tiz, — Po,Tizs|| = maXN |\ Tizn — Po, Tizn||}, Ain >0

=1,2,...,

véi moi i € I(xy,), Y. Nn=1vanéuditd,= max | Tixn — Pg, Tz, thi

i (@) 1=1,2,...,
¢G buée {7, } duge xac dinh béi
d2
néu || > N, T7(I—Pg,)Tix,| >0,
N7 (I— P Tizn |2 o Aindd 1
= ||Z€I§(;Un) (I = Po,) Ty €1(n)
0 néu nguoc lai.

(72)
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Buéc 2. Dat n :=n + 1 va quay lai Buéc .

Su hoi tu cta Thuat toan dugc khing dinh trong dinh 1y sau day.

Dinh 1y 2.1.5. Day {x,} dugc xdc dinh bdi Thudt todn hoi tu yéu dén

mot phan i thuoe QSFPMOS,
Chitng minh. Dau tién, ta ching minh day {x,} bi chan va

lim ||Tiz, — Po,Tizn|| = 0, i =1,2,...,N.

n—oo
That vay, véi mbi p € QSFPMOS ta c6 pe CvaTip € Q;,Vi =1,2,...,N. Do
do, ta c6 Py, Tip=T;p, i = 1,2,..., N. Hon nita, ta quan sat thay ring

|21 = pI* = 1Polen — 7 Y XiaT7 (I — Po,)Tiza] — pl|?

= [|Pelzn — Z Nin Ty (I = Po,)Tixy]
—Pelp—m Y XiaT7(I = Po,)Tipl|?
<lwn—p = > NinTy (I = Po) Tl
= ||z — pH2 — 29(Tn — P, Z AinTi (I — Po,)Tizn)
i€l(xn)
+ 72l Z Aig T3 (1 = PQ)Tixnnz
1€l(xn)
= |lzn — pl|* = 27n Z Aig(Tn — p, T (I — Fo,)Tizn)
1€l(xn)
el Y NinTV (I = Po)Tian|?
1€l(xn)
= llen=pl* =29 > Ain{Tilon—p), (I = Po)(Tiza—Tip))
1€l(zn)
ol Y NinTV (I = Po)Tiwn|?
i€l (zn)
<|lzn = plI* = 27a Z Ail[ (1 — PQi)TianQ
1€l(zn)

9l D AT (I = Po)Tia?

i€l (zn)
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< llwn = plI* = 270dy,
ol D ATV = Po) Tl

i€l(zn)

Ta xét hai truong hop c6 thé x4y ra déi véi tham sb .
Truong hgp 1: v, = 0.

(2.25)

Trong trudng hop nay, ta thay z,+1 = Pox, va Y, N7 (I — Pg,)Tiz, = 0.

Stt dung Meénh dé [1.2.16| ta thu dudc

0= < S NaTi (I = Po)Tiwn, zy — p>

1€l(xn)

— Z )\z,n<ﬂxn - PQi,Ti:Ena T’zxn - Ep>

i€l(zn)

> Z /\i,nHTiIn - PQiTiIHHQ
1€l(zn)

=d2 > 0.
Tu danh gia trén suy ra d, = 0, tic la
| Tizy, — Po,Tixn|| =0, Vi€ I(xy,).
Tu dinh nghia cta I(z,) dan dén
\Tiz, — Po,Tixn|| =0, i =1,2,...,N.
Ngoai ra, vi x,+1 = Pox, nén
[+ = pll < [len —pll-

2
ie1(an) Nim Ty (I=Pg; ) Tiwn]*”

ﬁd@ng hdp 2: = anZ
T ((2.25)) suy ra

(2.26)

(2.27)

s = plP = llwn = pl® = 70 2dy +ll D N7 (I = Po,)Tia|?)

d4
2 a7 (I = Po,)Tiwn|?

d4

2 x 2
- , | ANin T (I — Pg,)Tixy||
| > ANinTi (I — Pg,)Tixn||* 2 ¢

i€l (xn) 1€l (zn)
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d4
2 n
= |zn — I = pu(2 - . . 2.28
Do vay, ching ta cling thu dugce
[ 2041 = pll < flzn —pll. (2.29)

Tu (2.27) va (2.29), ta thay trong ca hai truong hop ctia tham s6 -+, thi
[#n41 = pll < [lzn — pll, VR 2> 0.

Vay day {z,} bi chan va do d6 ton tai gidi han hitu han [ = lim ||z, — p||.
n—oo

T (2.28) ta lai c6

d4
I <z = plI* = 041 — plI* = 0.
> hndi( = Po)Tayp = 1o —#E = e =2

0< pn(Z - pn)

Hon nita, vi {p,} C [a,b] C (0,2) nén

d2
= —
22 XinT (I — Po,)Tiwn||

0. (2.30)

Véi méi i € I(x,), ta co
Nl T7 (I = Po)Tizy |l < Aindy [ T3]-
Diéu nay chi ra rang

dn > Nl Ty (I=Po ) Tian || <2 Y Ninl|Til| < i max {[|T3]|}.
icI(@n) i€l (zn) iel(an)
Két hop bat dang thiic trén va danh gia
1D T (I = Po)Toanll < > NinllTy (I = Po)Tial|,
i€l (zy) i€l(zn)
ta thu ducc

Ball 32 NaTi I = Po) Tyl < mae (T3]}

1€l(xn)
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Bat dang thiic nay tuong duong véi
d2
12 e 1m) N T (I = Po,)Tian|l

d, < max {||T||}

Két hop danh gia trén véi (2.30)), ta c6 thé két luan d,, — 0 va
lim || Tz, — Po,Tixs| = 0,Vi € I(xy,).
n—oo

Stt dung dinh nghia cia I(x,), ta cing c6

lim ||Tjz, — Po,Tiaa|| =0, Vi =1,2,...,N. (2.31)
n—o0
T (2.26) va (2.31) ta suy ra
lim ||Tix, — Po,Tizy|| =0, i =1,2,..., N, (2.32)
n—oo

trong ca hai Truong hgp 1 va Truong hop 2

Tiép theo, ta can chitng minh day {z,} hoi tu yéu dén ¢ € Q SFPMOS, That
vay, vi day {x,} bi chin nén ton tai day con {z,, } cia day {x,} sao cho x,, — ¢
khi & — oo. Ngoai ra, dé thay C' déng yéu va {z,} € C nén q € C.

Vi T; 1a toan t1t tuyén tinh bi chin nén Tix,, — Tiq, véimoii = 1,2,... N.
Hon nita, vi FPgp, 12 mot anh xa khong gian nén theo ta co
{|Tixn, — Po,Tizn)|} — 0 khi & — oo. Nhu vay, céc dieu kién clia nguyéen
Iy nita dong (xem Meénh de dugc thoa man nén Tiq — Pp,Tjq = 0 hay
Tig € Q; v6imoii=1,2,...,N. Vay g € Q5FPMOS,

Dé chitng minh day {x,} hoi tu yéu dén phan tit ¢ € Q5FPMOS ta can chitng
minh ¢ 1a diém tu yéu duy nhat ctia day {z,}. Gia st {z,,,} 12 mot diy con
khac ctia day {z,} sao cho x,,, — q v6i § # ¢. Chtiing minh tuong tu nhu trén

ta ciing c6 g € QSFPMOS,

Ap dung Menh dé [1.1.8 va theo dinh nghia vé sy ton tai giéi han hitu han

lim ||@, — p||, v6i moi p € QSFFPMOS ¢4 ¢
n—oo

Jim_ [z, — g = liminf ||z, —ql| <liminf [[z,, —ql[ = lim [z, — g,
k— k—oo n—o0

lim ||z, — ¢q|| = liminf ||z, — q|| < liminf ||z, —q| = lim ||z, — 4|

n—oo m—0o0 m—0o0 n—oo

Diéu nay dan dén mau thuan nén z, — ¢. Vay z,, — ¢ khi n — oo. O
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Hé qua sau day chi ra ring dinh 1y trén van dang v6i mot chi s6 i, € I(x,)

cu thé.

Hé qua 2.1.6. Vdi moixg € C, day {x,} dugc zac dinh bdi phuong phap lap sau:

Chon i, sao cho ||T;, x, — Py, i Tnll = maXN | Tiz, — Po,Tixn||,

=12,
Tpy1 = Polr, — w17 (I — Py, )Ti,xn], n >0,
trong do {~,} dugc dinh nghia bdi

||Tz T, — Pg,, T $n||2
p n Q’Ln n
n " )
— | T3 (I — Py, )Ti,wnl?

néu ||T;: (I = Po,,)Ti,xnll > 0,
Tn
0, néu ngudc lai,

va {pn} C [a,b] C (0,2). Khi dé day {x,} hoi tu yéu dén mot phan ti trong
QSFPMOS'

Chitng minh. Chon i,, € I(x,) va ap dung Dinh ly V6i Njpn = 1 VA Ny =0
v6i moi i # i,, ta c6 diéu can ching minh. O

Bang cach két hop Thuat toan v6i phuong phap xap xi mém, ching toi
xay dung thuat todn sau dé gidi Bai toan (2.1]) va thiét lap duge sy hoi tu manh.
Thuat toan 2.1.5.

Budc 0. — Vé6i xap xi ban dau zy € C tuy v;
— Tham s6 {p,} C [a,b] C (0,2);
— Tham s6 {a,} thoa man diéu kien (o));
~Anhxaco f: H— C véihée s6 co c € [0,1).

bDat n := 0.

Buéce 1. Tinh

Tn+1 :Oénf(xn>+<1 - an)PC[-Tn — Tn Z )\Z,nj—;*(l - PQz)Exn}L (233)

trong dé I(x,) = {i| |[Tixn, — Po,Tizy|| = Z_:maXN \Tizy, — Po,Tixn||}, Aip >0
voi moi i € I(z,), . Ain =1, cd budc {7,} théa man dieu kien (2).

1€l (zn)
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Buéc 2. Dat n :=n + 1 va quay lai Buéc .

Ta c6 dinh 1y sau vé sit hoi tu manh ctia Thuat toan .

Dinh 1y 2.1.7. Day {x,} xdc dinh Thudt toan hoi tu manh téi t, la
nghiém duy nhdt ciia bat dang thiic bién phan |VIP(I — f,QSTPMOS) |

Chiing minh. Dau tien, ta ching minh day {x,} va {f(z,)} bi chin. That
vay, lay p € QSFPMOS Khi d6, ta dé thiay p € C, Tip € Q; va Tip = Py, Tip,
1 = 1,2,...,N. Mat khac, ta c6

[Zn41—pll =llanf(zn)+(1—an) Polzn—7n Z AinTi (1= Pg, ) Tizn ] —pl|

1€l(xn)

< anllf () =pll+ (A=) Pelen = Y NianTi (1= Po)Tiaa}] =

i€l(xn)

< an([[f(zn) = F + [1f (p) = pll)
+ (1= @) Pelen =7 Y AinTi (I = Po,)Tixa}] = pll

1€l (zn)
< an(cllzn —pll + 1/ (p) — pll) (2.34)
+ (1= ap)|Peln =1 Y NinTy (I = Po,)Tiwn}] = pll.
1€l (zn)

Lap luan tuong tu nhu ching minh Dinh 1y [2.1.5 ta nhan duge bat ding thic

IPelen = D AiaTi (I = Po.)Tia}] = pll < [z = p.

Thay bat dang thic trén vao ([2.34)) ta thu duge

[2ni1 = pll < anclen —pll + (1 = an)|zn = pll + anll f(p) = pll
=[1 = an(l = lflzn = pll + anll f(p) — 1l
||f( ) — 7

= 1= au(l = )ln = pll + an(1 = )=

ol 1/ (p) CPH}

< maX{H:L’n— 1

S'maX{HCL’o ol Hf( ) CpH}
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Tit bat dang thiic nay, ta suy ra day {z,} bi chan v& vi f 1a anh xa co nén day
{f(zn)} cting bi chan.
Tiép theo, ta ching minh day {z,} hoi tu manh dén zf, 14 nghiem duy
nhit ctia bat ding thitc bién phan [VIP(I — f QSFPMOS) | That vay, vi f 1a

anh xa co nén Pgsremos [ ciing 1a 4nh xa co. Theo dinh 1y diém bat dong cla

Banach ton tai duy nhat mot diém bat dong z' cia anh xa Posreuos f, tiic 1a

Pqsvevos f(zt) = 2. Diéu nay tuong duong véi
(f(asT) — a2ty -2t <o, vy e o SFPMOS,
hay ta c6 thé viét

(o — f(ah),y —af) > 0, vy € QSPMOS,

Vay 2! 1a nghiem cia bat ddng thitc bién phan [VIP(I — f, QFPMOSY | Sit dung
tinh 16i ctia ham s6 || - ||? va cong thiic xac dinh day lap {z,} béi (2.33), ta c6

21—
=lanf(zn) + L—an)Pelzn — Z AinTi (I — Po,)Tixn}] — $1L||2
1€l(xn)
San”f(xn)_xT“?"'(l_O‘n)HPC[%n_'Yn Z Nil (1= Po )iy} — ﬂ”z- (2.35)
1€l(xn)

Lap luan tuong tu nhu ching minh Dinh 1y [2.1.5] ta nhan dugc

| P zn—m Z Ai,nﬂ*<1_PQi)ﬂxn}]_$T||2

i€l(xn)
(
[z — 2%, néu 7, =0,
12 d4
lzn =21 = pn (2~ pn) n
=) I Zig[(mn) NinTH (I —Pg,) Tz, (2.36)

d,
1> i 12y Ain T3 (I = Fou) Ty |*

néu vy, =

T (2.35) va (2.30) ta co

(lzn = &M = llens1 = 27%) + anll f(2a) — 27|
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,

0, néu vy, = 0,
d4
n 2 — n * =
S P S T P T P (237
1€l (zn)
, 2

néu vy, = - :
\ 12 e ATy (I = Po,) Tizy||?

Khi v, = 0 thi
| Ty, — Po,Tiwn|| =0, i =1,2,...,N. (2.38)

bat t, .= Pole, — v Y. NinIi (I — Pg,)Tiz,), ta thu duge

Hxn—l—l - xTH2 - <O‘nf(xn) + (1 - an)tn - xT) Tpy1 — xT>

= (1 —apn)(t, — zt Tyl — I‘T> + an(f(zn) — xT,ajnH — xT>

—_
L
S

< Ulne =2+ 1tn = 2T7) + an(f(20) = F(21), 2011 — o)
+an(f (") — 2t wngr — 2)

<1_04n 2 o2y P20 42 2

< —5 Uz = 27 + [ltn = 2M1%) + (e llzn = 217 + [lzns1 = 27]7)
+an(f(2") — 2t 2y — af)
-«

<~ ey = T2 + 1t = 11%) + S(ellan — a2+ flans = 2T]?)
+on(f (") — 2t wngr — o)

lrn = 2TI? < (1= an)lltn = 2"|* + ancllzn — 2T + 200 (f (27) = ¥, 21 — ).

T (2.36)), ta lai c6
[z — 2> < 1= (1 = ag]|zn — 2P + 20, (f (2T) — ¥, 211 — 2)
2(f(a") — a2y — af)
1—c '

, 2 f(z) - 2t 2npy — 2t L
Néu dit s, == ||z, — 2'||? va ¢, = (/) {E 4t =2 thi bat dang thic
—c

=[1—(1-=c)ay]||en — SCT||2 +(1-0c)ay, (2.39)

[2.39) co6 thé duge viét dudi dang sau:

Snt1 < [1 = (1 = c)ay]sn + (1 — ¢)ancy. (2.40)
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Chiing ta sé chitng minh s, — 0 bang cach xét hai trudng hgp c6 thé xay ra.
Trudng hgp 1. Day {s,} gidm theo nghia ton tai Ny > 0 sao cho day {s,}
luon gidm véi n > Ny. Vi day {s,} gidm va bi chidn du6i béi 0 nén n6 hoi tu.
St dung cac diéu kién cua p, C [a,b] C (0,2), a;, — 0, tinh bi chin clia ham
{f(zn)} va 37233 (chi ¥ réing néu 7, = 0, thi || Tz, — Po,Tiza|l = 0),

ta co

lim ||Tiz, — Po, Tian|| =0, i=1,2,...,N. (2.41)

n—00
Vi{z,} C C nén
|2 1= zall =l f (z0) + (1= an) Poltn—7n Y AinT; (1= Po,)Tia] — ]|
1€l (zn)
S Oén”xn - f(xTL)H

(1= a)|Peftn = 3. NenTy (I = Po)Tia] — Pow

i€l(xn)
< apllzn = f@a)]l + (1 = an)mll Z AinT; (I = Po,) Tizy]|
i€l (zn)
< apllzn — ull + (1 — an) W Tl Z Nip|| Tiwn — Po, Tian||-
i€l(zn)

Két hop (2.41)) vé6i dieu kien lim a,, = 0, chung ta thu dugc
n—oo
1}1—%0 |€nst1 — zpl| = 0. (2.42)

Tiép theo, ta chiing minh limsup ¢, < 0. Gia st day {z,,} 12 mot day con cia

n—oo

day {z,} sao cho

limsup(f(z') — 27, z, — 2") = lim (f(2") — 2T, z,, — 2T).

n—00 k—o0

*

Vi day {xp,} bi chin nén ton tai day con {zy, } clia {z,,} sao cho z,, — z*.
Khong mat tinh tong quat, ta c6 thé gid st ring z,, — x*. Ta sé chiing minh
z* € QSYPMOS Vi day {z,} € Cnén 2* € C. Viz,, — r* va T} la toan tit tuyén
tinh bi chan nén Tix,, — T;z* véimoi¢ =1,2,..., N. Ap dung Meénh dé [1.3.5
va st dung , taco Tiz* € Q; véimoii = 1,2,...,N. Vivay z* € QSFPMOS,
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Vi zf 1a nghiem duy nhét ctia bat déng thitc bién phan [VIP(I — f, QSFPMOS)|

| nén

limsup(f(z") — 21, 2, — 27) = (f(z") — 2T, 2" — 2T) <0.

n—oo
Két hop véi (2.42) va <= > 0,Vc € [0,1) ta thu dugc
2
limsup ¢, = ——(f(z") — 27, 2* —2T) <0.
n—00 1—-c

Nhu vay tat cd cac diéu kien ctia Bo dé duge théa man nén ta suy ra
Sp — 0 hay z,, — zh = Poseraios f(IT)
Trudng hgp 2. Gia sit day {s,} khong giam. Dé ap dung BS dé [1.4.1) ta dinh

nghia mot day sé nguyen {7(n)} v6i moi n > ng (véi ng du 16n) béi
7(n) = max{k <n: sp < Sk+1}

Chu y rang 7(n) la mot day tang sao cho 7(n) — oo khin — 00 va 5,4, < Sr(n)41
v6i moi n > ng. Tu (2.40), ta thu duge

0 < Srmy+1 — Sr(n) < 2@T(n)<f(l’T) —af, Lr(n)+1 — 5’3T>-

Vi a;(,) — 0 va {,} bi chan nén suy ra

lim (ST(n)+1 — ST(TL)) =0. (243)

n—oo

Lap luan tuong tu Truong hgp 1, ta co

lim ||Tz=777-(n) - PQiTixf(n)” = O, 1= 1, 2, ceey N

n—o0

va lim sup ¢;(,) < 0.
n—oo

Mat khac, ta lai co

Srmy+1 < (1= (1 = ¢)arm))srm) + (1 = €)ar(n)Cr(n),

véi limsup ¢;(,) < 0. Stt dung két qua Sr(n)4+1 > Sr(n) V& Qr(y) > 0 ta thu dugce

n—oo

(1=0)8r(n) < Cr(n)-
Vi limsup ¢,y < 0 nén lim s.(,) = 0. Két hgp dieu nay véi (2.43)) ta suy ra

n—00 n—00
lim s-(;)41 = 0. Tu cac phan tich trén, ta nhan thay
n—oo

0 <5, <max{s;p),sn} < Srm)y41 — 0.

Tit day suy ra s, — 0, ttc 1a day {z,} hoi tu manh dén 2! = Poseevos f(2).
Dinh 1y dugc chiing minh. ]
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Dinh Iy trén vin dung véi i, € I(z,,) cu thé.

Hé qua 2.1.8. Vdi moi xy € C, cho day {x,} la mot day dugc xdc dinh bdi
phuong phap lap:
Chon iy, sao cho ||T;,x, — Pg, Ti,xn|| = max | Tiz, — Po,Tixn||,
i=1,2,...,
Tnt+1 = Oénf(xn) + (1 - an)PC[xn - ’VnT;;(I - PQZ'”)Tinxn]a n >0,

trong do {v,} dudc xdc dinh bdi

)T = P e " Wl = Fou )Tl >0,

0, néu nguoc lai,

In

day {pn} C [a,b] C (0,2) va f: H— C la dnh Ta co vdi hé s6 co c € [0,1). Néu
diy {o} théa man (o] thy day {x,} hoi tu manh tdi x', la nghiém duy nhat
ciia bat ddng thiic bién phan |VIP(I — f, QS'PMOSy |

2.2 Ap dung va vi du minh hoa

2.2.1 Ap dung cho bai toan chip nhan tach téng quat

Ching t6i ap dung cac thuat toan dé xuat cho bai toan chap nhan téch tong
quéat (GSFP)). Ta biét rang, khi H = Hy, C = C, Q; = Ci1q,1 <i < N — 1,
Ty = Ay, Ty = AyAy, ... v Ty = Ax_1An_o... Ay thi Bai todn trd
thanh Bai toan . Do d6 ching ta c6 thé sit dung céc thuat toan va dinh
Iy trong Muc [2.1] dé giai bai todn nay.

Tu Dinh 1y va Dinh ly ta thu dugce hai két qué sau.

Dinh 1y 2.2.1. Cho Ty = Ay, Ty = AsAy,..., Ty_1 = Ay 1An_o... Ay, Néu
day {vn} théa man dieu kién thy day {x,} dugc zdc dinh bdi xy € Cy va

N-1

Tp4+1 = PC’1 [xn —Tn Z Tz*(] - pCi+1)Tixn]
=1

hoi tu yéu tdi mot phan ti xf € QESFY,
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Dlnh l}’f 2.2.2. Cho T1 = Al, T2 = A2A1, ceey TN_1 = AN_lAN_Q . Al Ddy
{z,} dugc xdc dinh bdi x¢ € Cy va

N-1
Tn+1 = O‘nf(xn) + (1 - an)Pcl [xn — Tn Z Tz*<j - PCiJrl)ﬂxn]?
i=1
trong dé f : H — C la mot danh za co tu H vao C vdi hé s6 co ¢ € [0,1). Néu
day {vn} va {a,} théa man cac diéu kién va (o] tuong dng, the day {x,}
hoi tu manh tdi mot phan ti xt € QSFY 14 nghiém duy nhdt cia bt ding thic
bién phan |VIP(I — f, QSFPMOSY 1ygi QSFPMOS qurge thay bai QGSFP.

T Dinh 1y va Dinh 1y 2.1.7 ta thu duge két qua sau cho Bai toén
(GSFP)), 6 do, c5 bude dude xay dung khong phu thudc vao thong tin vé chuan

cua cac toan ti chuyen.

Dlnh 15/' 2.2.3. ChO T1 = Al, TQ = AQAl,. R TN_1 = AN_lAN_Q. . .Al. Vi
moi xg € C, day {x,} dugc xac dinh bdi

Ty = Polrn = > NaTi (I = Po,)Tiwn},

i€l(zn)

trong dé I(xy,) = {i : | Tix,— Po,Tixn| = _ max | Tixn— Po,Tixnll}, Xin >0

vdi moi i € I(xy) va >, Njp = 1. Néu day {v,} dudc zdc dinh bdi thi

1€l(xn)
day {x,} hoi tu yéu tdi phan ti 1 € QG5
Dlnh ly 2.2.4. Cho T1 = Al, T2 = AgAl,. TN—l = AN_]_AN_Q...Al. Vo

moi xg € C, day {x,} dugc xay dung nhu sau

Tni1 = Ofnf(xn) + (1 - an)PC[xn — Tn Z /\ZTZ*(I - PQ’L),_Z—’ZI”}]7

trong dé f : H — C la mot anh xa co t& H vao C vdi hé s6 co ¢ € [0,1),

I(zy) ={i: |[Tixy, — Po,Tixn| =  max. 1||7}xn—PQﬂ}:cn||}, Ain > 0 vdi moi
=1,2,....N—
i€l(zy) va Y, Njp=1. Néu{a,} théa man dieu kien (o)) va {y,} duoc zdc
1€l(zn)

dinh boi thy day {x,} hoi tu manh tdi phan ti ' € QST la nghiem duy
nhat ciia bat ding thie bién phan |[VIP(I — f, Q3FPMOS) | 45; QSFPMOS. duge thay
bgi QESFP.
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2.2.2 Vi du s6 minh hoa

Muc nay dua ra va tinh toan mot s6 vi du minh hoa. Chuong trinh thuc
nghiém dugc viét biang ngon ngit MATLAB phién ban 7.0 va dugc chay trén
LAPTOP Dell, intel(R) Core(TM) i5 — 5280U, CPU @1.60 GHZ upto 1.80GHZ
va 4GB RAM.

Vi du 2.2.5. Cho cac tap con loi, déng va khéc rong

C={zeR’|[(ag,x) <b}, Q1={yeR"|(ar,y) <},

QQ - {Z S Rg | <CL2,Z> S b2}7 Q3 - {U € R2 | <CL3,’U> S b3}
v6iag=[1,1,-2,-1,1]"; ay =[2,—,1—-3,1]"; aps = [1,-2,1]T; a3 =[1,-1]T;
b():l;blzo; bQZO; b3:0.

Cho céac anh xa tuyén tinh 77 : R> = R* Th: R* = R3 T3 : R® — R? ¢6

cac ma tran biéu dién tuong tng la:

1 -1 2 3 4
2 1 -1 4
2 1 -1 1 1 2 1 2
le 7T2: -1 2 2 1 7T3: .
1 2 -1 -2 3 -1 2 1
2 1 -1 3
3 1 2 -1 1

Ta xét bai toan chap nhan tach tong quéat: Tim phan tit 2* € R® sao cho
t € QY — (pr e C'| Tiz* € Q1, ThTiz* € Qo, TsToTiz* € Q3}.

D& thay QCSFP £ () vi 0 € QOSFP,
Trude hét, ta minh hoa sy hoi tu ctia day {z,} xdc dinh béi Dinh ly
VOl vy, =

va Dinh 1y [2.2.3| v6i p, = 1.95. Ching t6i st dung tiéu

1
3. max; _y{l|T:[*}
chuan diung TOL,, < ¢, trong do6 ¢ la mot ngudng sai so cho trude va ham TOL,,

dugce xac dinh bdi

1
TOLn = Z (HSL’n — Pc.SL’nHQ + HTlxn — PQlTlanZ + HTQTliCn — PQZTQTla’JnHz

+ ||T3T2T1£Un — PQSTgTQleUn||2).

Véi xap xi ban dau z¢ = (2,3,4,5,6), cac két qua tinh toan s6 dudc thé hien

trong Bang [2.1]
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Thuat toan [2.1.1 Thuat toan 2.1.4
€ TOL, n TG (giay) TOL, n TG (giay)
10™* 9.3837 x 10™* 57 0.0019 1.1286 x 107* 4 0.0069
107 8.3493 x 10> 65 0.0086 9.5238 x 107" 5 0.0122
107° 7.4290 x 107 73 0.0087 9.5238 x 107" 5 0.0120

Bang 2.1: Két qua tinh toan s6 ciia Thuat toan [2.1.1|va [2.1.4

Béang [2.1| cho thay dé dat ciing mot ngudng sai s6, s6 bude lip ¢ Thuat toan
it hon nhiéu so v6i Thuat toan , tuy nhién thoi gian chay ctia Thuat
toén lai lau hon.

Dang diéu ctia ham TOL,, dugc biéu dién nhu trong Hinh .

e Thut toan 2.1.1 | ]

s Thugit todn 2.1.4 | 5

0 10 20 30 40 50 60 70 80

Hinh 2.1: Dang diéu ctia ham TOL,, v6i diéu kien dimg TOL,, < 1073

Tiép theo, ta minh hoa sy hoi tu ctia day {z,} xac dinh béi Dinh ly
va Dinh Iy 2.2.4 v6i xap xi ban dau zg = (2,3,4,5,6), 7, = B.maxi:%{HTiHQ},
a, =n"%% p, =1.95 v6i moi n > 1 va anh xa co f : R> — C xac dinh bdi
f(z) = Po(0.25z) v6i moi x € R®. D& thay ring 27 = (0,0,0,0,0) 1a nghiem
duy nhat ctia bat déng thiic bién phan ((I — f)af,y —2f) >0, vy € QCSFF Ta

stt dung dieu kién diéu kien ding TOL,, := ||z,|| < € v6i € 14 ngudng sai s6 cho

trude. Cac két qua sé duge trinh bay trong Bang[2.2]
Bang cho thay dé dat ciing mot ngudng sai s6, sd budc lip ctia Thuat
toan va Thuat toan la nhu nhau. Thoi gian chay ctia Thuat toan m
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Thuat toan [2.1.3) Thuat toan [2.1.5|
e  TOL, n TG (giay)  TOL, n TG (giay)
107% 6.1425 x 107 13 0.0054 9.5105 x 10~* 12 0.0097
107 8.8734 x 107° 17 0.0055 8.5941 x 10° 17 0.0098
107° 9.7727 x 107% 22 0.0056 9.5968 x 107° 22 0.0188

Bang 2.2: Két qua tinh toan s6 ctia Thuat toan va

nhanh hon thoi gian chay ctia Thuat toan [2.1.5, Dang diéu ctia ham TOL,, dudc
biéu dién trong Hinh

s Thut toan 2.1.3 |

e Thugt ton 2.1.5 |

Hinh 2.2: Dang diéu ctia ham TOL,, véi diéu kien dimg TOL,, < 1075

Vi du 2.2.6. Cho cac hinh cau S, S;, S, Sz, S4, S5 tuong tng dude xac dinh bdi

S={zeR”||z—a|*<R%}, S ={zeR?||r-al|*<Rl}
Sp={z €R” | |z — az|” < R3}, S5 = {x € RY | [|lz — as]|* < R},

Si={r € R | [lz —as® < R}}, S5 = {z € R" | ||z — as||* < R5},

véi cac toa do clia tam a,ay, ag, ag duge lay bat ki trong khoang dong [—1,1],
cac ban kinh R, Ry, Rs, R, R4, Rs dugdc lay bat ki tren khoang dong [10, 20],
120,40, 30, 60], [40,80], [50, 100], [60,120] tuong tng. Céc toan tit tuyén tnh
bichin Ty : R0 - R2 Ty : RI0 5 R3O0 7, : R _ R4, T, . RIO _y R
va Ty : R — R% ¢6 cac phan ti ctia ma tran biéu dién dugce lay ngau nhién

trong doan [—5, 5].
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Ta xét bai toan chap nhan tach véi nhiéu tap dau ra: Tim phan ti 2f € R0
sao cho
gl e QSFPMOS . — fat € § | Ti(2h) € Si,i = 1,2,..., 5.

Trong bai toan nay, vi 0 € QSFPMOS pap (OSFPMOS £ )

Tru6c hét, ta minh hoa sy hoi tu ctiia day {z,} dugc xac dinh béi Thuat toan
1
50,2, I1T312)° A
dinh béi f(x) = 0.975z, véi moi € R théa man cac diéu kién trong cdc Dinh
1y [2.1.1} Dinh 1y [2.1.4] Trong vi du nay, ta xét diéu kieén dimg ctia Thuat toan

la TOL, < ¢, trong d6 ham TOL, dudc xéac dinh béi

2.1.3| v6i cac tham s6 a,, = n =1y, = anh xa co f : R — § xéc

1 10 20 30
TOL, :=¢ (Hxn — P§ mo|? + |Thwy — Ps Than|? + | Town — P§, Tox, |
R40 2 RSO 2 RGO 2
+ HTg:L‘n — PS3 T3ZC‘n|| + ||T4In - PS4 T4£UnH -+ HT5$n — PS5 TSIn”

v6i moi n > 1 va € 1a mot ngudng sai s6 cho truée. Cha ¥ rang 6 bude lap thi
n, néu TOL,, = 0 thi z,, € Q5FPMOS tic 1a 2, 1a mot nghiém ctia bai toan dang
Xét.

Tiép theo, ta minh hoa sy hoi tu cia day {z,} xac dinh bdi Thuat toan
v6i o, = n~ !, tham s6 7, thda man Dinh Iy va p, = 1.95, anh xa co
[ R — S xac dinh béi f(z) = 55 v6i moi & € RY. Ching toi sit dung diéu
kien dimg TOL,, := ||z,|| < & v6i moi n > 1, ¢ 1a mot ngudng sai s6 cho trudc.

Gia sit cac toa do ciia diém ban dau zy dude lay ngau nhién trong khoang
[—2,2]. Chung ta thu dugc bang két qui sd (Bang cho méi thuat toan
tuong uing.

Thuat toan [2.1.3 Thuat toan [2.1.5
€ TOL, n TG (giay) TOL, n TG (giay)
1074 8.9233 x 10~° 199 0.0349 9.9663 x 1075 240 0.0163
1075 5.5145 x 107% 206 0.0419 9.9978 x 107% 2393  0.0447
1079 1.8667 x 10" 208 0.0658 9.9997 x 10~ 23931 0.3899

Bang 2.3: Két qua tinh toan s6 ctia Thuat toan va

Bang cho thay v6i cting mot ngudng sai s6, s6 vong lip 6 Thuat toan
nhiéu hon so véi Thuat toan 2.1.3] Khi e nhé di 10 lan thi sé vong lap cla
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Thuat toan tang khong dang ké trong khi dé sé vong lip ctia Thuat toan
tang len gAp gan 10 lan. Mic di s6 bude lip kha 16n 6 Thuat toan [2.1.5]
nhung thoi gian thiyc thi ¢ ci hai thuat toan déu rat nhanh.
Dang diéu ciia ham TOL,, trong mdi thuat toan duge mo ta trong Hinh .

10°

== Thudttoan2.1.3

N @ Thust todn 2.1.5 |

B 100
S 10

0 50 100 150 200 250
Number of iterations

Hinh 2.3: Dang diéu ctia ham TOL,, vé6i diéu kien dimg TOL,, < 1074

Dudi day 1a mot vi du trong khong gian Hilbert vo han chiéu.

Vi du 2.2.7. Xét H := L*0, 1] v6i tich vo huéng

(f.9) = /O f(®)g(t)dt voi moi f = f(t),g = g(t) € L*0,1]

1
2

va chudn || f|| = (fol FAt)dt | véimoi f = f(t) € L2[0,1].

Cho ag(t) = sint va a;(t)

tap con 1oi, déng va khéc rong sau day.

| S~N~——

t' véi moi t € [0,1] va i = 1,100, ta xac dinh céc

C ={z e L’[0,1] | {ag,z) < 1};
Qi = {x € L*[0,1] | (a;,z) <0}, i =1,2,...,100.

Céc anh xa chuyén T; : L?[0,1] — L2?[0, 1] dugc xac dinh béi T;z = iz v6i moi

i=1,2,...,100. Xét bai toan chap nhan tach vé6i nhiéu tap dau ra nhu sau.

2

Tim z* € Q5FPMOS .— ¢ n (mgoq T‘l(Qi)>, Vi = 1, 100. (2.44)
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D& théy QSFPMOS £ () i ( € SFPMOS,

Ta minh hoa su hdi tu ctia day {x,} duge xéc dinh bdi Thuat toan v6i
tham s6 7, = 1075 va sy hoi tu ctia day {z,} dudc xac dinh bdéi Thuat toan
v6i tham s6 7, thoa man Dinh Iy trong d6 p, = 0.15. Ta st dung
diéu kien ding TOL,, := ||z,41 — || < €, trong d6 € 13 mot ngudng sai s6 cho
trudce.

Dé kiém chiing sy hoi tu clia cac day lip xac dinh béi cac thuat toan nay t6i

mot phan ti thudc tap nghiém ciia bai toan dang xét, ching ta xac dinh thém

tham sb

m := max{(ag, r,) — 1, max {{a;, T;z,)}.

i=1,100

Cha ¥ rang, néu m < 0 thi z,, 14 mot nghiém ctia Bai toan ([2.44]).

V6i phan t1t ban dau zo(t) = €', ta thu duge két qua s6 ctia Thuat toan

va dudc trinh bay trong Bang .

£ Thuat toan [2.1.1| Thuat toan [2.1.4]
107t  TOL, 9.8880x 107 9.6610x107°
n 138 58
m 1.2567 0.0032
TG (giay)  0.1136 0.0362
107> TOL, 9.984 %1076 9.9286 x 10~¢
n 494 65
m 1.0543 0.0010
TG (giay)  0.2629 0.0398
10-¢ TOL, 9.9946 x 1077 7.3721x107"7
n 1717 73
m 0.8486 2.7883x 1074
TG (giay)  0.6776 0.0410
10~ TOL, 1.0000x 10~ 9.1730x 1071
n 3808549 129
m 0.0057 3.1103x 1078
TG (giay)  1.2760x 10° 0.0621

Bang 2.4: Két qua tinh toan s6 ctia Thuat toan [2.1.1{ va Thuat toan [2.1.4

Tit két qua s6 duge trinh bay trong Bang [2.4] ta thiy Thuat toan hoi
tu nhanh hon so v6i Thuat toan [2.1.1]



60
Dang diéu ctia ham TOL,, trong Bang duge mo ta trong Hinh .

[ El
m=@e= Thugt toan 2.1.1 | J
e Thugt toan 2.1.4 | 5

108 | | | | | | | |

0 200 400 600 800 1000 1200 1400 1600 1800

Hinh 2.4: Dang diéu ctia ham TOL,, vé6i diéu kien dimg TOL,, < 1076

Tiép theo, ta minh hoa sy hoi tu cta day {z,} xdc dinh bdéi Thuat toan
v6i a, = n7"% , = 5.107° va dnh xa co f : L*[0,1] — C xac dinh béi
f(x) = Pc(0.25z), véi moi x € L2[0,1]. Dong thoi ta ciing minh hoa sy hoi
tu ctia Thuat toan v6i cac tham s6 a, = n~ %, tham sbé ~, thoéa man
Dinh 1y trong d6 p, = 1.75 vd anh xa co f : L?[0,1] — C xac dinh béi
f(x) = Pc(0.25z) véi moi @ € L?0,1]. D& thay ring x*(t) = 0 la nghiem duy
nhat ctia bat ding thiic bién phan (I — f)a',y — 2T) > 0, Vy € QFFPMOS Do
do6, ta st dung diéu kien ditng TOL,, := ||z, || < € v6i € 1a mot ngudng sai sd cho
trudce.

Ta thu dude két qua s6 ctia Thuat toan va Thuat toan m dugce trinh
bay trong Bang ﬁ

Thuat toan |2.1.3 Thuat toan [2.1.5
€ TOL, n TG (giay) TOL, n TG (giay)
107*  6.2940x107° 11 0.0137 8.0584x 107" 10 0.0106
107°  6.6040x10°% 16 0.0174 7.7238x107° 15 0.0127
107%  9.8876x 10~ 21 0.0309 7.6813x 1077 21 0.0218

Bang 2.5: Két qua tinh toan s6 ctia Thuat toan [2.1.3[va [2.1.5

Bang cho thay téc do hoi tu ctia Thuat toan va Thuat toan

gan nhu nhau trong vi du nay.
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Dang diéu ctia ham TOL,, trong Bang ﬁ duge mo ta trong Hinh .

Hinh 2.5: Dang diéu ctia ham TOL,, véi diéu kien dimg TOL,, < 1076

KET LUAN CHUONG 2

Két qua chinh ctia Chuong [2| bao gom:

(a)

Dya trén tiép can t6i wu thit nhat, ching toi xay dung ba thuat toan (Thuat
toan [2.1.1], [2.1.2) v& [2.1.3) giai Bai toan (SFPMOS) v& chitng minh sy hoi
tu clia ddy lip vé nghiem cia bai todn thong qua céc Dinh ly [2.1.1]
va . Céc thuat toan nay cé uwu diém la vong lap don gidn, thuan tien
trong thirc hanh tinh toan. Tuy nhién, c¢d budc lap duge thiét ké phu thuoc

N 2 3 2 2
vao chuan ctia toan tit chuyen.

Dura trén cach tiép can t6i uu thit hai va phuong phap lip Halpern, phuong
phép xap xi gan két, ching t6i dé xuat hai thuat toan (Thuat toan m
va giai Bai toan (SFPMOS) va chiing minh sy hoi tu cta day lap
thong qua cac Dinh 1y [2.1.5| va

2.1.7. Uu diém clia cac thuat toan nay la

don gian, ¢d bude dude xay dung tu thich nghi, khong phu thuoc vao chuan

clia toan tt chuyén.

Chiing t6i ap dung cac Thuat toan [2.1.1] [2.1.3] [2.1.4] va [2.1.5 cho Bai toan

(GSFP)). Két qua hoi tu duge cho trong cac Dinh Iy 2.2.4,

Cubi cung, ching toi 14y cac vi du s6 minh hoa cho hiéu qué ctia cac thuat

toan dé xuat, cu thé nhu sau:
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- Tht nhat, vi du s6 ctia Bai toan (GSFP)) trong khong gian hitu han chiéu
va st dung cac Thuat toan 2.1.1] [2.1.3] [2.1.4

va[2.1.5| dé giai bai toan nay.

- Tht hai, minh hoa cho hiéu qui ctia cdc Thuat toan [2.1.3 va [2.1.5 thong

qua gidi vi du s6 ctia Bai toan (SFPMOS)) trong khong gian hitu han chiéu.

- Thit ba, st dung cac Thuat toan [2.1.1| va [2.1.4| dé giai vi du s6 vé Bai toan

(SEFPMOS) trong khong gian vo han chiéu.
Cac két qua dude ghi nhan trong cac Bang [2.1 va cac Hinh 2.5,
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Chuong 3

Bai toan diém bat dong chung tach véi nhieu
tap dau ra

Trong chuong nay, chung toi nghién citu va dé xuat mot sé6 phuong phap lip
xap xi nghiém bai toan diém bat dong chung tach v6i nhiéu tap dau ra trong cac
khong gian Hilbert thuc dya trén thuat toan kieu CQ va cac thuat toan chiéu.
B6 cuc clia chuong dude chia thanh ba muc. Muc trinh bay viéc xay dung
cac thuat toan va ching minh sy hoi tu cta cac day lap thu duge. Muc chi
ra mot s6 ap dung cho cac bai toan lien quan nhu bai todn chap nhan tich véi
nhiéu tap dau ra, bai toan diém bat dong chung tach cho anh xa khong gian,
bai toan diém bat dong cho anh xa khong gian. Muc xay dung mot s6 vi du
sO6 minh hoa cho tinh hiéu qua cia thuat toan dé xuat. Cac két qua ctia chuong
nay duge viét trén co s6 cac bai bao (CT3) va (CT4) trong Danh muc cac cong

trinh da cong bo lien quan dén luan an.

3.1 Thuat toan va su hoi tu

Trude hét, ching toi phat biéu lai bai toan diém bat dong chung tach véi nhiéu
tap dau ra da dugc dé cap trong phan Mé dau: Cho H va H;, i =1,2,...,N la
cac khong gian Hilbert thue, T; : H — H;, i = 1,2,..., N la cac toan tit tuyén
tinh bi chan, S; : H - H, j=1,2,.... M va =S, : H; — H;; i =1,2,...,N,
k=1,2,..., M; la cac anh xa khong gian.

Tim " € Fix(5;), Vj=1,2,..., M
sao cho Tjz* € Fix(Z}), Vi=1,2,...,N, Vk=1,2,..., M, (3.1)
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Ky higu QSCFPPMOS 15 tap nghiem ctia Bai toan (3.1)), titc 1

QSCFPNOS . (5 & (L Fix(s)) | Tia* € 0l Fix(S}), i = 1,2,...,V}

Trong chuong nay, chiing t6i luon gia thiét QSCFPPMOS £ ¢

3.1.1 Mot thuat toan kieu CQ

Dé gidi Bai toan (3.1]), trude hét chiing toi xay dung mot thuat todn kiéu CQ.
Uu diém ctia thuat toan la ching t6i thiét ké mot ¢d bude tuy thich nghi trong

mbi vong lap ma khong phu thuoc vao thong tin vé chuan ciia toan ti chuyen.
Thuat toan 3.1.1.

Buéc 0. — V6i xap xi ban dau xy € H tuy ¥;
— Tham s6 {p,} C [¢,d] C (0,1);
— Tham s6 {,} thoa man diéu kien (a));
—{a,} 1a mot day bi chan;
~ Anh xaco f: H— H véi he sb co c € [0,1).
bat n .= 1.

Buéc 1. Tinh y;,, = Sz, v6imoi j =1,2,..., M va dat

do= max (g — o}

={je{L2,.... M} [ |lyjm — 2nll = dn}.
Buéc 2. Tinh z}m == (Tyx,) véimoi i =1,2,..., N va k=1,2,..., M;, dat

din = . {n2axM{szn Tixn|}, 1=1,2,...,N,
n={ke{1,2,.... M} | |2, — Tl = din},i=1,2,...,N.
Buéc 3. bat I, —max{dn,_ _max {din}}.

14y 7

Néu d,, = I',, thi chon 7, € L, va dit ¢, = Yjm, © = 1.
Ngudc lai, néu di, n = I'y, thichon k,, € L;, ,,, vadat ¢, = z};n, 0="1T,.
Buéc 4. Tinh u, = z, — 6,0%*(Ox, —t,), trong do6

1Oy — tn|?
P10 (02 — ta) 7 +

Op, = (6n)
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Buéc 5. Tinh x,,41 = o f(x,) + (1 — )y, n > 0.
bat n:=n + 1 va quay lai Buéc .

Dé chitng minh sy hoi tu cta day lap {z,} xéc dinh béi Thuat toan [3.1.1]
dau tien chtng toi chitng minh hai ménh dé sau.

Meénh dé 3.1.1. Cho H; va Hy la hai khong gian Hilbert thue, T : H — Hs la
mot todan tii tuyén tinh bi chin va = : Hy — Hy la mot dnh za khong gidan. Gid
sip QSCFPPMOS — £ c [, | Tq € Fix(2)} # 0. Khi d6, vdi moi q € QSCFPPMOS
va x € Hy, ta co

le = 6T*(1 = E)Tw — q|I* < o — ql* = p(1 - p)

I — E)T|*
IT(I = E)Tz|]* +

trong do 6 = pHTﬂ((II:;)%"Eﬂ, v la mot so thuc duong va p € (0,1).

Ching minh. V6i ¢ € QSCFPPMOS 5 o ¢ Hy, ap dung Ménh dé iii) va tinh
khong gian cuia toan tit =, ta co
|z — 6T*(I — E)Tx — g2
= ||z — q||® + 2||T"(I — =)Tz|? — 26(x — ¢, T*(I — =)Tx)
= ||z — q||* + 6*||T*(I — E)Tz|> - 26(Tx — Tq, (I — =)Tx)
= [l — ql* + &*|T*(I — 2)T|”
— ([T = Tq|)* + (I = E)Tx||* = |=(T=) - Tql]*)
= [lz = gl + *|T*(I = =)Tx|?
+0(|E(Tx) = E(Tq)||* = |T2 = Tq||* = (I = =)Tz|?)
<|lz = gl + *|T*(I — =)Tx|?
+0(|Tw — Tql]* — | Tw — Tqll* — (I — E)Tz|*)
= [lo — gl* + *|T*(I — 2)T||* = 6| (1 — =)Tx?

(1 — =)T=||* R
< o — ql]* + p? — (1 —-=)Tx
o =l + 0 e e e - D)
_, (1 — =)T||*
IT*(I = 2)Tx|]> +~

(I - 2)Tz|*

S [
e L Ty e, e Py

;(IT(I = E)T]* + )
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—, I —=)T|*
I7(1 = Z)T||* +~
o U —E)T|* |

— E)T:UH4

= ||z —q|* +p

5 |(I = =)Tz|*
= ||lx — — (1 — )
H QH /)( p)"T*(I—E)T$"2+’Y

Menh dé dugc chiing minh.

(
* = P * =
|T*(I —E)Tz|*+~ "[[T*(I —E)Tz|* +~

]

Meénh dé sau day giéi thieu hai tinh chat quan trong duce sit dung dé ching
minh sy hoi tu manh ctia day {z,,} dugc xéc dinh béi Thuat toan 3.1.1

Ménh dé 3.1.2. Gid si {z,} la mot day dugc zdc dinh bdi Thudt todn .

Khi do, ta co

i) Vai moi g € Q5CFPPMOS 460 tai mot s6 thuc duong L sao cho

L

m(sn — Sp+1 + an“f(xn) - Q||2>7

4
It <

vdi s, = ||, — ql|?.
ii) Bat dang thic sau dugc théa man

Snt1 < [1 = (1 = ¢)ay|sn + anby,

trong do b, = 2(f(q) — ¢, Tns+1 — q)-

Chiing minh. i) Ching ta xem xét hai truong hgp sau.

Truong hop 1: d,, = max {dn, Z:%aXN{dm}}

Trong truong hop nay, 4p dung Ménh dé voi T =0 =1,
Y = ap, v6i mbi g € QICFPPMOS ¢4 ¢6
[un — Q||2 = ||z, + 6,07 (O, — Sjn@xn)“z

”xn - yjn,nH4
|Zn = Yjunll? + an

S ||$n - Q||2 - pn(l - pn)
T day ta suy ra

|un — ql| < |lzn — ql|-

(3.2)

= = Sjn va

(3.4)
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Truong hgp 2: d;, , = max {dn, max {dm}}

=1,...

Trong truong hgp nay, ap dung Meénh dé veiT =0=1T,,=="7Z va
v = ap, v6i mbi g € QSCFPPMOS t4 thu duge
[un = qll* = |0 — 6,07 (O, — tn) — gl
= ||z, — 0,0%(Ox,, — z,C n) —q|)?
= ||lzn — 6,0 (O, — =H (T Tn)) — QH2
= |2y — 6,0*(Ozy, — Zj7 Ozy,) — ¢|
= ||z, — 0,0*(I — =i i )OT, — q|?
||( —”Z")@an“
< |z, — 2 _ n(1 — py,
2 ||( ) Tl
=l =l =0~ P g e (40
Tu day ta cling suy ra
[un — gl < [lzn — 4. (3.7)

Trude hét, ta chitng minh day {x,} bi chan. That vay, v6i mot diém c6 dinh
q € QSCFPPMOS 5 o dung tinh 16i clia chuan trén H;, cac bat dang thic (3.5)

va (3.7), ta co

1041 — qll = llanf () + (1 — an)u, —ql|
= [lan(f(2n) — @) + (1 — an)(un — q)||
= |l (f(zn) = fl@) + f(@) — @) + (1 — o) (un — )|
< an(|[f(zn) = F( DN+ 11f(@) —qll) + (1 — an)|lun — 4
< capllzn — gl + el f(@) — gl]) + (1 — an)|lzn — 4|

— (1 (1 - e — gl + (1~ o, LD
|

<.max{| - 2=l o
s

||f q||
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Do vay, day {z,} bi chan. Vi anh xa S; va =, 14 céc anh xa khong gian va T; la
mot toan t1t tuyén tinh bi chin nen cac day {y;, } va {z}m} cling bi chan v6i moi
j=1,2... M, i=12,.. . Nvak=12. . M.Ké hop vdi tinh bi chin

cua day {a,}, ta suy ra

L := max { sup{||zn — Yjn.n ]2 + ay }, sup{|| 75 (I — E;%)Tznasn||2 + an}} < 0.
n n

T (3.4) va (3.6), ta thu dugc
2 2 I,
lun = all” < llzn = gl = pu(l = pn) 7
Diéu nay tuong duong véi
L

m(”l‘n—QH = llun —all*). (3.8)

St dung tinh 16i ctia ham || - ||, ta danh gia dugc

4
I <

lzns1 = all* = llan(f(@n) = ¢) + (1 = ) (un — @)|?

< apl| f(zn) — Q||2 + (1 = ay)|luy — (J”Q
< ol f(2n) — all? + lun — qlf*. (3.9)

Tu (3.8) va (3.9) suy ra

pn(l — p")r4

l#ni1 = all” < anllf(@n) = al” + llon = al* = == n

Bat déng thic trén tuong duong véi
)(Sn — Snt1 + an | f(zn) — QHQ)a

trong d6 s, = ||z, — q|*.

ii) Vi mdi ¢ € QSCFPPMOS ¢4 ¢4

||33n+1 - q||2 = <anf(xn) + (1 - O‘ﬂ)“ﬂ — 4, Tpy1 — CI>
= <Otn(f(37n) - Q) + (1 - O‘n)(un - Q)wrnJrl - Q>

= (1 - an)<un —q,Tp+1 — Q> + @n<f(33n) —q,Tpy1 — Q>
1—a,

<
- 2

(1= all* +llwn —ql*) +an{f (z0) = f(9)+F(0) =@, Tnr1—a)
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= 2 (e — P+ i — all?) + n(F(a) ~ F(@), 71— 0)
+ o (f(q) = ¢, 201 — q)

<! _Qan(l\xm —q|* + Jun — q|”) + %(CH% —qlI* + llzns1 — qll?)
+ o (f(q) = ¢, 201 — q)

<! _2an(||$n+l —q|* + Jun — q|”) + %(CH% —qlI* + llzns1 — all?)
+ on(f(q) = ¢, Zni1 — q)-

Diéu nay tuong duong véi

2l|@ns1 — all* < (1= an)(lwner — all* + llun — al®)
+ an(cllzn = gll* + 2 — al®)
+ 20 (f(q) = ¢ Tni1 — ).

Do d6 ta nhan dugce

lzns1 = all* < (1 = a)llun = gll* + canllzn — glf?

+ 200, (f(q) — ¢, Tns1 — q)-
Vi |Jup — ¢l]* < || — ¢]|* nen

241 —ql1> < (1= |20 — gl +canl|zn —ql|*+ 200 (f () — ¢, Zns1—q).
= [1 = (1= )anlllen — gl + 20 (f(q) = ¢ Tnr1 — ).

Bét dang thtc cudi ciing nay c6 thé viét lai nhu sau
Snt1 < [1— (1 — ¢)ay|sn + anby,
trong d6 b, = 2<f(Q) —q,Tn+1 — Q>' [
Dinh 1y sau day trinh bay vé sy hoi tu ctia diy 1ap xac dinh béi Thuat toan m

Dinh ly 3.1.3. Day {z,} dugc zdc dinh bdi Thuat toan 1| hoi tu manh tdi
mot phan izt € QSCFPPMOS 1o nohiem duy nhat cia bat dang thiic bién phan
|V[P(I _ f, QSFPMOS) | vgi QSFPMOS duoe thay béi QSCFPPMOS
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Chiing minh. Vi f la anh xa co nén Pgscreevos f cling 1a anh xa co. Theo nguyén
Iy 4nh xa co Bannach, ton tai duy nhat mot diém bat dong ' € H ctia anh
xa co Pyscrepvos f sao cho z' 1a nghiem duy nhat ctia bat ding thic bién phan
VIP(Z — f, QSFPNOS) ] y6i QSFPMOS quge thay bai QSCFPPMOS,
Dit s, := ||z, — #'[|?. St dung Bat ding thiic trong Ménh dé [3.1.2]

ta co

Snt1 < [1 = (1 = c)ay|sn + anby,
v6i b, = 2(f(z") — 2T, 21 — 2T).
Ta sé chiing minh s,, — 0 khi n — 0o biing céch sit dung B6 dé [1.4.3
Gia st rang {s, } la mot diay con cla day {s,} thdéa man
ligr_l}glf(snkﬂ — Sp,) > 0. T (3.2), ta co

rt <

ne —

L
P) (1 — )(snk — Smyt+1 T ank”f(xnk) - xTHZ)'
n n

Vi day {f(z,)} 1a bi chan, o, — 0 va {p,} C [c,d] C (0,1) nén ta suy ra

limsup [ < (lim sup(sy,, — Sp, 1) + Hmsup o, || f(2n,) — 27||%)
k—o00 0(1 - d) k—o00 k—r00

L .o |
= oy it (snn = sn,) + i sup o || f(zn,) — 2]

<0.

Do d6 Iy, — 0 khi k — oo. Tit dinh nghia ctia day I, c¢6 thé thay day {d,,} v&
{d;n,} cing hoi tu t6i 0. Vi vay, ta nhan dugc

W |2, — Sjzn, || =0, j=1,2,..., M, (3.10)
k— 00

lim || Tjwn, — Se(Tian, )| =0, i =1,2,...,N, k=1,2,...,M;.  (3.11)

k—o0

Tiép theo, ta chimg minh limsup b,, < 0. That vay, gid sit {z,, } la mot day
k—o0
con cla day {x,, } c6 tinh chat

lim Sup(f(l‘T) o xTa Ly, — 'rT> = lim <f(xT) - xTaxnkl - 'rT>

k—oo l—o0

Vi {:(:nkl} bi chin neén ton tai mot day con clia clia day {l‘nkl} hoi tu yéu téi

z*. Khong mat tinh tong quat, ta c6 thé gid st rang Ty, — o*. Ta s& chimg
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minh z* € QSCFPPMOS Theo (3.10)), ta nhan thay |Zns, — Sjn,, || — 0, v6i moi
j =1,2,...,M. Ap dung nguyeén ly nita déng (Menh dé [1.3.5), ta thu dugc
Sjr* = a* véimoi j = 1,2,...,, M, tic la 2* € N}L Fix(S}).

Vi T; 1a mot toan tit tuyén tinh bi chin nén véi moi ¢ = 1,2,..., N ta co
Tiay,, — Tiz*. Tt Ménh dé[1.3.5va theo (B.11]) dan dén || Tz, —Ex(Tizn, )|l — 0,

v6i moi ¢ =1,2,..., N va ta ciing co

¥ e ( ﬂi]\il Ti_1< ﬂi\ﬁl FiX(EZ))),

véimoi k=1,2,..., M,.
Do vay, ta c6 o* € QSCFPPMOS "Hon thé nita, vi 27 = Poscreenos f(21) v

(1.1 nén

limsup(f(z") — 27, z,, — 2" = (f(a!) — ', 2" — 2T) <. (3.12)

k—o0

Bay gio ta ching minh ||z,, 1 — 2, || = 0 khi £ — oco. That vay, tir tinh bi
chan cua day {z,}, {u,} va {f(z,)}, o, — 0 va

Hxnk-i-l - unkH - anka(‘rnk) - unkH7
ta co

|Zn,+1 — Un, || = 0 khi k — oo. (3.13)

St dung (3.4), (3.6) va (3.9), ta nhan dugc

1 H@xnk _ tnk||4 <
pnk( - pnk)(H@*(@x ¢ )||2 Ta )2 S Spy, — Snetl T ank”f(xnk) -z
Nk Nk ng

-

Tu day suy ra

1 H@l’n _tn H4 1 .
lim sup : : < lim sup(s,, — sn
PP 07 (@, — ) P 0 )? =~ ol — ) uPone — o)

+ limsup o, || f(zn,) — 2)

k—o00

1 .
= ca =t imint (s = sn)

+ lim sup o, || f (2, ) — 7))

k—o0



72

Diéu nay chi ra rang khi k — oo thi

H@Ink _ tnk||4
(H@*(@xnk - tnk)HQ + ank)2

Tu dinh nghia day 1ip {u,} ctia Thuat todn dan dén

— 0.

Hunk - xnkH - 5711@"@*(@33% - tnk)”
||®xnk _ tnk”Q
H@*(ank - tnk)||2 + Qny,

O, — tn, ||
< VIO Oz, —tn,)|? +a O, — tn,
< VIO O =t + an ey = S

= pnkH@*(@xnk - tnk)H

= — 0 khi & — oo.
\/(@*(@fﬂnk —tn,)||? + an,)?

Hay, ta c6

lim ||u,, — 2n,] = 0.
k—o0

Két hop dieu nay véi (3.13)), ta thu duge

||xnk+1 - xnk” =0. (314)

lim
k—o0

Tit (3.12) va (3.14) suy ra limsup b,, < 0. Do do6, tat ca cac gia thiét clia Bo dé
k—o0

dugc théa man va vi thé s, — 0, titc 1a x,, — 7 = Pgscrernos f(27). Dinh
Iy duge chiing minh. ]

Tiép theo, chiing t6i dé xuat phuong phap chiéu lai ghép dé gidi Bai toan (3.1]).

3.1.2 Thuat toan chiéu lai ghép

Thuat toan 3.1.2. V6i xap xi ban dau zq € H tuy ¥, dat n := 1, luge do xac
dinh day {z,} bdéi thuat toan chiéu lai ghép gom nam budc véi cac Budce , ,
dugce thuce hién nhu Thuat toan va Buéc 4, 5 duge thyce hién nhu sau:

Buéc 4. Xac dinh cac tap con C), va (), cia H nhu sau:

Co={2z€H | |tn — Oz[| <[|Oz, — Oz]|},
Qn:{ZEH | <l’0—$n,2—$n> SO}
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Buéc 5. Tinh 2,11 = Pc,ng,To. Dat n :=n + 1 va quay lai Buéc 1.

Su xac dinh cta Thuat toan duoc thé hien trong ménh dé sau.

Ménh dé 3.1.4. Day {x,} dugc zay dung bdi Thudt todn la hoan toan

xac dinh.

Chatng minh. Dau tién, ta chitng minh C,, va Q,, 1a cic tap con 10i, déng ctia H
v6i moi n > 0. That vay, v6i moi s6 nguyén n > 0, tit cach xac dinh tap C,, Q,

ta thay

Con={z€H||tn—Oz| <||Oz, — Oz}
= {2 € H [ |[tn — ©2|* < [|Oz, — O}
. 1
={ze€ H|(0(Ox, —t,),2) < 5(“@3%”2 - ||tn||2)}7
:{Z€H|< — Tp, 2 xn>§0}
= {Z cH | <-'If0 L, 2 > <.I'0 - xn,$n> < O}
{

={z€ H | (xg—mp,2) < (0 — Tn, Tp)}.

Vi C,,, @, 1a cac nita khong gian déng nén suy ra C,, @, 1& cac tap con 16i, dong
ctia H va vi thé C, N Q,, ciing & tap con 10i, déng clia khong gian Hilbert H.
Tiép theo, dé ching minh C,, N Q,, # () ta chiing minh QSCFPPMOS 15 tap con
ctia tap Cp, N @, v6i moi n > 0. That vay, véi bat ky diém p € QSCFPPMOS thy
Sip=pvéimoij= 1,2,...,M va E(T;p) = Typ v6i moi i = 1,2,..., N va
k= 1,2,...,M;. Tt tinh chat ctia anh xa khong gian S; va =}, ching ta c6
|Yjn — pll, néud, = max{dn,  max {dm}}

It — €] = B

||z}€nn — Tip||, néu d;,, = max {dn, i:%aXN{di’"}}’

1S, 20— S;,pll, néu d,=max {dn,_ _max {dm}}

12}, (Tizn)—Z;, (Tip)], néu dm—max{dn,. _max {din}},

|z, — pl|, néu d, max{dn, , 1{1712?% {dm}}

IA

| Tix, — Tipl|, néu d;, = max {dn, _max {dm}}

= [|©z, — Op]|.
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Diéu nay chi ra réing p € C,, v6i moi n > 0 nén suy ra Q5CFPPMOS — O i
moi n > 0. Bay gid ching ta chiing minh QSFPPMOS — O v6i moi n > 0 bang
phuong phap quy nap. V6i n = 0 thi Qy = H nen Q5CFPPMOS I — 0. Gia st
QSCFPPMOS — () v6i mot gia tri n > 0. Ta can chting minh QSCFPPMOS -

Vi zy41 = Pe,ng,%o va theo tinh chat ctia phép chiéu me tric (1.1]) nén ta c6
<Z — Tn+1,T0 — xn+1> S O,VZ € Cn N Qn

Vi QSCEPPMOS = 0 N Q,, va p € QSCFPPMOS nan (p— 2,01, 20 — 2,,41) < 0. Didu
nay suy ra p € Qni1, tic 1a QSCFPPMOS = | Bing phuong phap quy nap ta
nhan duge QSCFPPMOS — () v6i moi n > 0. Vay QSCFPPMOS — & 'n (), v6i moi
n > 0.

Cac chitng minh trén chi ra C, N Q,, 1a mot tap con 16i, déng, khac rong ciia

H v6i moi s6 nguyén n > 0 va vi thé day {z,,} 12 hoan toan xac dinh. O
Meénh dé sau khang dinh tinh bi chin ctia day {x,} xac dinh béi Thuat toan m
Ménh dé 3.1.5. Ddy {x,} zdc dinh bdi Thuat todn bi chan va
Jim |Tp1 — 2| = 0.

Ching minh. Néu dit ' = Poscreemoszg thi zf € QSCFPPMOS — () v6i moi
n > 0. Mat khac, tit dinh nghia ctia tap @Q,, va tinh chat ctia phép chiéu meé tric
chiung ta c6 z, = Py, xo, v6i moi n > 0. Ap dung dinh nghia phép chiéu me tric,

ta co
|z — mol| < [|2T = @oll, (3.15)

v6i moi n > 0. Do vay day {x,} 1a bi chan.
Vi x4 € Qn va x, = Pg,xo nén tu Dinh ly suy ra

0 < [lenst = @nll* < l2nr1 = zoll® = [lan — 2ol* — 0. (3.16)

Udc lugng trén dan dén ||z, — zo|| < |21 — xol|-

Do d6 day {||z, — ||} 1a mot day tang va bi chiin nén ton tai giéi han hitu han
lim ||z, — zo||. St dung (3.16), ta nhan dugc

n—oo

7}1_{2(} |€ns+1 — zpl| = 0. (3.17)
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Hay néi cach khac, ta c6 day {x,} bi chan v& lim ||z, — 2, = 0. B6 dé dugc
n—o0

chiing minh. O
Véi mbi day {z,} xac dinh béi Thuat toan m, ta chiing minh ménh dé sau.

Ménh dé 3.1.6. Vdi moi diy {x,} zdc dinh bdi Thudt todn chiing ta
c6 lim ||t, — Ox,|| = 0.
n—oo
Ching minh. Tu (3.17)) ta c¢6 danh gia sau
0 < lim ||©z,41 — Oz,|| < [|O] lim ||Xp41 — 24| — 0.
n—o0 n—00

Diéu nay tuong duong véi

lim [|O@ns1 — Oyl = 0. (3.18)

n—oo
Vi 2,11 = Po,n,x0 nén x,41 € C,. Tu dinh nghia cta tap C,, ching ta
thu duge

0 < ||t — Oxpi1| < ||Oxy — Oxpyq|| — 0 khi n — oo.
Diéu nay dan dén
Tim [t — Oanpa || = 0. (3.19)
Mat khac, ta c6
0 < |ltn = Oz < [[tn — Onsa|| + [[Ozns1 — Oan].
Két hop phan tich nay véi (3.18), (3.19), ta suy ra nh_)n(f)lo |tn — Oz, || = 0. O

Bay gio, ta ching minh su hoi tu manh cta day {z,} dugc xay dung bdi
Thuat toan trong dinh ly sau.

Dinh 1y 3.1.7. Gid st cdc gid thiét ciia Bai toan (3.1)) dugc thod man. Khi dé
day {x,} dugc xay dung bdi Thudt todn hoi tu manh tdi ot = Poscrermos xg.

Ching minh. Dat 2t = Pyscreemos xg. Ta sé chitng minh z,, — ! khi n — oo.
Theo Ménh dé [3.1.6 thi lim ||t, — Ox,| = 0 va két hop v6i dinh nghia cia
n—oo

tn, ta co

e — Syall = 0, | Tit, — Z(Tira)|| = 0. (3.20)
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véimoi j=1,2,... M, i=1,2... Nvak=12,.. . M.
Theo ménh dé 3.1.5, day {z,} 1a bi chin nén ton tai mot day con {z,,} cla
{z,} sao cho x,, — x* khi m — oo. Vi T; 1a mot toan ti tuyén tinh bi chin

nén ta cing c6 Tix,, — Tix* véimoii=1,2,..., N. Tu (3.20) suy ra

(I = S;)xp,,|| = 0khim — oo,

(I = Z2)(Tizn, )| = 0, khim — oo,

véimoi j = 1,2,...,M;i=1,2,...,N;k =1,2,..., M;. Theo gia thiét S; 1a

anh xa khong gian trén H va E}C la anh xa khong gian trén khéng gian H;, tuong

ttng. Ap dung nguyen ly nita dong (Menh dé|1.3.5), ta thu dugc z* € Fix(S;) véi
moi j =1,2,...,M va Tjz* € Fix(Z}) véimoii =1,2,...,N, k=1,2,..., M.
Vay = QSCFPPMOS.

Vi 2! = Pygscrervos xg, o € Q5CFPPMOS nap i (3.15) va ap dung Menh dé

[1.1.6ta c6

lzo — 2| < [|lzg — 27| < lim i {|2,,, — ol

< limsup ||z,,, — zol| < ||zo — a:T||
m—0o00

Vi a7 = Pgscrervos g 13 duy nhéat nén ! = z*.

Ta ciing ¢6 ||z, — 2ol — ||z — 20|| nén nho Ménh dé , ta nhan duge
z,, — x! khi m — oco. Stt dung lai tinh duy nhat ctia 7 = Pgscrervos 29 ta thu
duge x,, — = khi n — oo. O

Cudi cling, ching toi xay dyng thuat todn chiéu thu hep dé gidi Bai toan
).
3.1.3 Thuéat toan chiéu thu hep

Thuat toan 3.1.3. V6i mdi zg € H, diat Cy = H va n := 1, lude do xac dinh
day {z,} bdi thuat todn chiéu thu hep gom nam bude véi cac Budce , , , cling
dugc thuc hién nhu Thuat toan va Buée 4, 5 duge thyce hién nhu sau:

Buéc 4. Xac dinh céac tap con C),41 cia H nhu sau:

Croy1={2€Cy, | ||tn — Oz| < ||Oz, — Oz]}.
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Buéc 5. Tinh 2,1 = Po, ., x¢g. Dat n :=n + 1 va quay lai Buéc 1.

n+1

Nhan xét 3.1.8. Trong Thuat toan [3.1.3] ching toi dat Cp = H va & Budce
cua thuat toan, chung téi xay dung tap C,.1 C C), v6i moi n > 0. Khi do, tai
moi buée lip thay vi chiéu phan tit ban dau zy trén giao clia hai tap con 1oi,
déng, khéac réng C,, va Q, nhu Thuat toan [3.1.2] ching toi thie hien phép chiéu
phan t& ban dau zo trén mot tap con 16i, déng, khic réng C,,; dé xac dinh

phan t z,,41 v6i moi n > 0.

Ménh dé 3.1.9. Day {x,} dugc zdy dung bdi Thuat todn la hoan toan

xac dinh.

Chatng minh. Trudc hét, ta ching minh C,, 14 mot tap con 16i, dong, khac rong
ctia H bang phuong phap quy nap. Véi n = 0 thi Cy = H nén Cj 1a tap con 1oi,
dong ctia H. Gia stt C, 13 mot tap con 16i, déng ciia H v6i mot gia tri n > 0
nao dé. Ta can chiing minh C,41 1a tap con 16i, déng ctia H. Tit cach xac dinh

ciia tap con C,1, ta c6 thé viét lai
Cpr1 ={z € Cy | [[tn — O2]| < [|Oz, — Oz][}
={z€Cy| |t — 02| < |02, — O2]*}
1
= {2 € Gy | (8"(Oz, — 1), 2) < s[04 = [I1a]*)}
2
. 1
=CpyN{z € Hy | (©(Oz, —ty),2) < §(||996n||2 — [[tall*)}-
Vi C, 41 12 giao clia hai tap 16i, déng ctia H nén C,,; 1a tap con 16i, déng cua
H. Vay C,, 1a tap con 16i, déng ctia H v6i moi n > 0.
Tiép theo, ta can chiing minh tap C, # 0 bang cach ching minh v6i moi
n > 0 thi QSCFPPMOS — & Ta st dung phuong phap quy nap nhu sau.
Dé thay, v6i n = 0 thi QSCFPPMOS — [ — . Gia sit QSCFPPMOS — ¢ y6i

mot gia tri n > 0 nao d6. Lay bat ky diém p € QSCFPPMOS ‘hing mot lap luan
tuong tu nhu 1ap luan duge st dung trong Meénh dé [3.1.4 ta thu duge

ltn = Opl| < |©z, — Op]|.
Diéu nay ching t6 rang

pe{zeH||t,— 0z < Oz, — O2|}.
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Vay QSCFPPMOS = £ c [ | ||t, — Oz| < [0z, — Oz|}. Két hop véi gia thiét
QSCFPPMOS — ¢t thu dugc

(SCFPPMOS — (7 {z€ H||t,—0Oz]| <|Ox, —Oz||} = Cpri1.

Theo phuong phap quy nap suy ra QSCFPPMOS — ¢ v6i moi n > 0. Vay C, la
tap con 161, déng, khéac réng ctia H véi moi n > 0. Do d6 day {z,} 14 hoan toan
xac dinh. N
Meénh dé sau day chi ra rang day {z,,} xac dinh b6i Thuat toan 14 bi chan

Ménh dé 3.1.10. Day {z,} zdc dinh bdi Thudt todn bi chan va

lim ||zy4+1 — 2] = 0.

n— oo
Chiing minh. Tru6e hét, ta ching minh day {x,} 14 bi chan. That vay, néu dat
= Pgscrrpmos g thi xl e OSCFPPMOS y5y ()SCFPPMOS — C,, nén zl e C,, v6i

moi n > 0. St dung z,, = P, xg va theo dinh nghia ctia phép chiéu mé tric, ta

nhan dudce
|20 — xa|| < ||lzo — 2T, V0 > 0,2 € C,. (3.21)

Vay day {x,} la bi chan.
Ta ¢6 vpy1 = Po,, w0 € Oy, x, = Po,v0 € C. Ap dung Menh de |1.2] véi

Y = Tpy1,20 € H, Po,xg = x,, ta suy ra
2 = zol* < [l2ns1 — ol = |21 — zall* < [lznsr — ol
Do d6, day {||z, — xo||} 1& mot day tang méa theo ching minh trén day {z,} bi
chin trén nén ton tai gidi han httu han cta day {||z, — xol|}.
Bay gio, ching ta chi ra rang day {z,} hoi tu manh t6i mot phan tit ¢ € H.
That vay, v6i moi m > n, ta c6 C,, C C,,. Nhu vay z,, € C,,. Ap dung Meénh dé
vl y = xp, x0 € H, Po, xg = x,, ta thu dugc

||xm - anZ < ||xm - Q70”2 - ||xn - 350”2 — 0,

khi m,n — oco. Vay day {z,} 1a mot day Cauchy. Vi moi day Cauchy déu hoi

tu nén ton tai gidi han hitu han lim z, = ¢ va vi thé ta c6 danh gia sau
n—oo

[zns1 = znll < llzna — gl + lzn — gll = 0,

tic la lim ||z,41 — z,]| = 0. O
n—oo
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Bing cach ching minh tuong tu trong Meénh dé [3.1.6] ta ching minh duoc

ménh dé sau day.

Ménh dé 3.1.11. Vgi moi day {x,} xdc dinh bdi Thuat todn ta luon

c6 lim |[|t, — Ox,| = 0.
n—oo

Bay gio, ta chiing minh dinh 1y vé sy hoi tu manh cta day {x,} dugc xay
dung béi Thuat toan [3.1.3]

Dinh 1y 3.1.12. Gid st cdc gid thiét cia Bai toan (3.1) duge thod man. Khi dé
day {x,} dugc xay dung bdi Thuat todn hoi tu manh tdi o7 = Pgascreevos .

Chitng minh. Dat z = Pgscrervos 2, ta can ching minh z, — ' khi n — oo.
Ching minh tuong tu Dinh 1y [3.1.7, ta nhan dugc

|zn — Sjxal| — 0, [Tz, — Ei(szn)H — 0, (3.22)

véimoi j = 1,2,... M,+=1,2,....Nvak=12,....,.M;. Vi x, — q va
T; 1a toan tt tuyén tinh bi chan nén Tz, — Tq véi moi j = 1,2,..., M. St
dung va tinh lién tuc cua T; v6i moi j = 1,2,..., M, va E}C v6i moi
1=1,2,...,N, k=1,2,..., M; ta suy ra q € €.

Cho n — oo trong (3.21), ta nhan duoc

lzo =l < llzo — |

va tit tinh duy nhét ctia 27 ta c6 ¢ = z'. Dinh Iy duge ching minh. O

3.2 Mot s6 ap dung

3.2.1 Ap dung cho bai toan chip nhan tach véi nhiéu tap dau ra

Nhu da trinh bay 6 phan Mé dau, Bai toan tong quat hon Bai toan
(2.1)). Bay gio, chung ta xem xét bai toan chap nhan tach véi nhieu tap dau ra
trong trudng hop tong quéat hon bai toan dude nghién ctu é Chuong : Cho H,
H;,1=1,2,..., N la cac khong gian Hilbert thuc; 7; : H — H;;t1=1,2,..., N

la cac toan tit tuyén tinh bi chan; Cj, j = 1,2,..., M la cac tap con 16i, déng
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cia H; Q%,i=1,2,...,Nvak=1,2...,M; la cdc tap con 16i, déng ctia H;
tuong ing.

Tim phan tit 2’ € C}, Vj =1,2,..., M sao cho
Tzl e Qi, Vi=1,2,...,N; k=1,2,..., M, (GSFPMOS)

Ky hieu QCSFPMOS 13 tap nghiem ctia Bai toan (GSFPMOS)) va ta luon gia sit
riing QGSFPMOS £ g

Bay gig, ap dung Thuat toan va Dinh ly voi S; = Pg; v6i moi
Jg=12,...,M va =} :PQ?; v6imoit=1,2,...,N, k=1,2,..., M,;, chiung ta
thu dugc mot thuat toan kicu CQ dé giai Bai toan , trong do c6
bude duge didu chinh dé tu thich nghi qua méi buée lip ma khong phu thuoc
vao thong tin vé chuan clia toan tit chuyen. Két qua duge khang dinh trong he

qua sau.

Hé qua 3.2.1. Cho day {x,} dugc zdc dinh bdi Thuat toan|3.1.1 vdi S; = P,
vdi moi j =1,2,..., M va =} = Pgi vdimoii=1,2,...,N, k=1,2,..., M,
twong tng. Néu day {an} bi chan va day {o,} théa man diéu kien (o) thi day
{x,} hoi tu manh tdi mot phan ti 27 € QESFPMOS 14 nohiem duy nhat cia bat

ding thic bién phan |VIP(I — f,Q5FPMOSY L irong do tap QSTPMOS duge thay boi
()GSFPMOS

Tiép theo, ap dung Thuat toan , Thuat toan va Dinh Iy , Dinh
Iy [3.1.12} trong do thay S; = Pg, v6imoi j = 1,2,..., M va == Pgi v6i moi
i=1,2,....,N, k=1,2,..., M;, ta thu dugc thuat toan chiéu lai ghép va thuat
toan chiéu thu hep tuong ting dé giai Bai toan (GSFPMOS)) ma ciing khong can

biét thong tin vé chuan ctia toan ti chuyen. Diéu nay dugc khing dinh trong

He qué[3.2.2

Hé qua 3.2.2. Cho {z,} la mot day dugc xdc dinh boi Thudt todn hodc
Thuat todn |3.1.5 vdi S; = P, vdi moi j = 1,2,..., M va = = Pgi vdi moi
i=1,2,...,N, k=1,2,..., M;, tuong ing. Khi dé day {x,} hoi tu manh tdi

Poasrrvos g kht n — oo.
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3.2.2 Ap dung cho bai toan diém bat dong chung tich ctia dnh xa
khéong gian
Trong muc nay, ta trinh bay moét ap dung cho Bai toan . Ky hiéu
QSCFPP 15 tap cac diém bat dong chung téch ciia anh xa khong gian va ta gia
thiét rang OSCFPP + (). Ap dung Thuat toan [3.1.1} ching ta thu dugc mot thuat
toan dé giai Bai toan (SCFPP]), trong d6 ¢& budc tu diéu chinh qua méi bude

lip ma khong phuc thuoc vao thong tin vé chuan ctia toan tit chuyén 7. Thuat

toan nhu sau.
Thuat toan 3.2.1.

Budc 0. — Vé6i xap xi ban dau zo € Hy tuy ¥;
— Tham s6 {p,} C [¢,d] C (0,1);
— Tham s6 {a,} thoa man diéu kien (a));
—{a,} 1a mot day bi chin;
~ Anh xa co f: H— H véi he s6 co ¢ € [0,1).
bDat n:= 1.

Buéc 1. Tinh y;,, = Sjx,, v6imoi j = 1,2,..., M va dit

dip = max {[lyjn—all},

Lin={j €{1,2,.... M} | [lyjn — znll = dn}.
Buéc 2. Tinh 2y, = Zx(Tx,) v6imoi k = 1,2,..., K va dat

doy = k:?l;?iK{sz,n — Tz},

Lynw ={k €{1,2,..., K} [ |2k — Tzal| = don}-

Buéc 3. Cho I'), := max {dlm, don}.
Néu dy , = I, thi chon j, € Ly, va dit ¢, = yj, n; © = L.
Ngugc lai, néu ds,, = Iy, thi chon &y, € Lo, va dat t, = 2, 0, © = T.

Buéc 4. Tinh w,, = z, — 6,0*(Ox, —t,), V6i

—p H@xn_th2
" 10*(Ox,, — t,)|]? + a,

On
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Buéc 5. Tinh x,,41 = o f(x,) + (1 — )y, n > 0.
bat n:=n + 1 va quay lai Buéc .

Day lap {x,} xac dinh bdi thuat toan nay ciing hoi tu manh t6i mot phan
tr thudc tap nghiém ctia Bai toan (SCFPP)). Tt Dinh 1y , ta nhan dugc Heé

qua sau day.

Hé qua 3.2.3. Day {z,} zdc dinh boi Thuat toan hoi tu manh tdi mot
phan té xt €  QSCFPP g nghiém duy nhdt cia bat dang thidc bién phan
\VIP(I — f,Q5FPMOSY | trong do thay tap QSFPMOS pgi tap QSCFPP,

va

Bing viéc ap dung hai Thuat toan [3.1.2/ v [3.1.3, ta c¢6 hai thuat toan chiéu

sau day dé tim nghiém ctia Bai toan (SCEPP)).

Thuat toan 3.2.2. V6i mdi zg € Hy, dit n := 1, luge do xac dinh day {z,}
bdi thuat toan chiéu lai ghép gdm nam bude véi cae Bude [1] 2] ciing duge thue
hién nhu Thuat toan v Budc 3, 4, 5 duge thuc hien nhu sau.

Buéc 3. Néu diy > dop thi chon j, € Ly, va dat t, = y;,, va © = ' voi
I 13 toan ti don vi ctia Hj.

Ngugc lai, chon k,, € Lo, va dat t, = 2, ,, © =T.

Buéc 4. Xac dinh tap con C), va (), cua Hy nhu sau:
Cn={z¢€ H | |[t, — Oz|| < ||©z,, — Oz||},
Qn = {Z € H ‘ <$0—$n,z—$n> < O}

Buéc 5. Tinh 2,11 = Pc,ng, %o v6i moi n > 0.
bat n :=n + 1 va quay lai Buéc .

Thuat toan 3.2.3. V6i mdi zg € H, cho Cy = H, luge do xac dinh day {z,}
bdi thuat toan chiéu thu hep gom nam buée véi cac Bude , , cling dudc thuc
hién nhu Thuat toan va Buéc 4, 5 duge thire hién nhu sau.

Buéc 4. Xac dinh tap con ()41 cia Hy nhu sau:
Co1 ={z € Cp | [[tn — Oz] <Oz, — Oz|[},

Buéc 5. Tinh z, 11 = P¢, ., 20 v6i moi n > 0.

n+1
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Su hoi tu manh ctua day lap {z,} duge xdc dinh béi hai Thuat toan va
dugc khang dinh trong hé qui sau.

Hé qua 3.2.4. Néu cdc diéu kién cia Bai toan (SCFPP)) dudc théa mén thi
day lap {xn} dugc zdc dinh bdi hai Thudt toin 13.2.4 v |3.2.5 hoi tu manh tdi

Poscrrr g khi n — oo.

3.2.3 Ap dung cho bai toan diém bt dong ctia dnh xa khong gian
Cho H la mot khong gian Hilbert thue, S; : H — H, 7 =1,2,..., M la cac
anh xa khong gian.

Tim phan tit 2! € Fix(S;), Vj=1,2,..., M. (3.23)

Ky hieu QOFPF .= N}, Fix(S;) la tap nghiem ctia Bai toan va ta gid thiét
rang QCFPP £ (.

Ap dung He qua [3.2.3] ching ta thu dugc thuat toan tu thich nghi dé giai
Bai toan . Thuat toan dugce trinh bay trong hé qua sau.

Heé qua 3.2.5. Vdi moi g € H, cho day {x,} dugc xdc dinh bdi

Yjn = Sjxn, 7=1,2,..., M,

chon j,, sao cho ||y;,n — xn|| = j:{nZaXM |Yjm — x| va dat t, = yj, n,

Up = Tp — 6n(xn - tn);
Tnt1 = O‘nf(xn> + (1 - an)una

2
e iy ) © o] € 0.1) 0 () 0 o)
la cac day so thuc duong tuy . Néu day {a,} bi chan va day {a,} théa mdan
dieu kién @ thi day {x,} dugc xdc dinh bdi Thuat todn hoi tu manh
tdi mot phan ti 7 € QYFPP g nghiem duy nhat cia bat dang thic bién phan
\VIP(I — f, Q5FPMOS) L yrong d6 thay tap QSFPMOS bgi tap QCFPP,

trong do 6, = pn

Ap dung Thuat toan [3.1.2] v Dinh 1y [3.1.7] ta ¢6 hé qui sau day dé giai
Bai toan (|3.23).
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Heé qua 3.2.6. Vdi moi xp € H, day {x,} zdc dinh nhu sau.
Yjn = S]xn7 j: 1727"'7M7

chon j,, sao cho ||y;, n — xn|| = j:gaxM{Hyj,n — x|} va dat y, = yj,n,

Co={z€ H | |lyn — 2| < ||z — 2|},
Qn=1{2z€ H| (vo—xn,2z—z,) <0},

Tn+1 = Po,ng,To, n > 0.

Khi dé day {x,} hoi tu manh tdi Pocrer xg khi n — 00.

Ap dung Thuat toan [3.1.3[ va Dinh 1y [3.1.12] ta ¢6 he qua sau day dé giai
Bai toan (3.23).

Hé qua 3.2.7. Vdi moi xg € H, dat Cy = H va xdc dinh day {x,} nhu sau:

Yjn = SjTn, 7=1,2,..., M,

chon j, sao cho ||yj,n — Tu| = jzllrnzaxM{Hyjm — 2|} va dat yn, = yj,.n,

2

Cr1r = {2 € Cu | [lyn — 2] < [lzn — 2|

Tny1 = Po,. 0, n 2> 0.

Khi dé day {x,} hoi tu manh tdi Pocrer xg khi n — 00.

3.3 Vi du s6 minh hoa

Vi du 3.3.1. Cho céc tap con 16i, déng va khac rdng
Cj={z R | (aj,2) < b}, Qp = {w e RV | (af,z) <},

véimoi j = 1,2,...,M, i =1,2,3, k = 1,2,..., M; va cac toa do cla aj,a
dugc 14y ngau nhién trong khodng dong [—1, 1], b;, b} dudc 14y ngdu nhién trong
khoang déng [0,1] véimoi j = 1,2,...,M,i=1,2,3, k=1,2,..., M,

Cho cac anh xa tuyén tinh bi chan 77 : R — R32 T, : RI6 — R
Ty : RS — R28 ¢6 cac phan tit clia ma tran biéu dién duge lay ngdu nhién trén
doan [—5, 5].

Ta xét bai todn: Tim mot phan t z* € R!6 sao cho

a* € QFPMOS .— (N, ) n (N, 771 (N, Q1))
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Dé théy QSFPMOS 7£ @ vi0e QSFPMOS_

Trude hét, ta minh hoa sy hoi tu ctia day {xn} xac dinh bdi Thuat toan

3.1.1 trong d6 S; = P, véimoi j = 1,2,..., M, Z} = PQZ v6i moi ¢ = 1,2, 3,
k=1,2,...,M;. Céac tham s6 p, = 0.3, a, = 0.1 va ay, = n %%, a,, = n 07
hodc a, = n~! v6i moi n > 1, dnh xa co f : R — R0 xdc dinh béi f(z) = £.
Theo Dinh 1y , day {z,} sé hoi tu dén nghiém ctia bai toan dang xét va 1a
nghiém duy nhat ciia bt ddng thitc bién phan [VIP(I — f, QSFPMOS) | Trong vi
du nay, ta st dung diéu kien dimg 1a TOL,, < e, trong d6 e 1a mot ngudng sai

s6 cho truée va TOL,, dudc xac dinh béi

TOL, ( Z |z, — :I:n)H2 + — Z | Ty, — Pgi (Ty,) |

1 Mo 1 Ms
ann — Pga(Towa)||* + —Z T3, — Poa (T3, )
k 1 k 1

v6i moi n > 1. Chi ¥ réing & bude lip thit n, néu TOL, = 0, thi z,, € QSFPMOS,
tic la z,, 1a mot nghiém cua bai toan dang xét.

Chon M = 200, M; = 300, My = 400 va M5 = 500 va toa do cia diém ban
dau zo dugce lay ngdu nhién trong khoang dong [5, 10]. Khi d6 ta thu duge két
qua s6 ctia Thuat toan dugce trinh bay trong Bang [3.1] sau.

Thuat toan [3.1.1|

a, =n 0 o, —n 10

£ TOL, n TG (giay) TOL, n TG (giay)
107 9.6777x10° 55 0.2328 9.8346x107° 87 0.3412
1075 9.8911x10° 112 0.4274 9.9780x10°¢ 215 0.8001
1075 9.9122x107 212 0.7568 9.9852x 1077 761 2.48983

Bang 3.1: Két qua tinh toan s6 ctia Thuat toan

Tt két qua s trong Bang ctia bai toan dang xét, ta thay néu tham sb
o, nhan gia tri 16n hon thi dé dat dudc ciing mot ngudng sai so6 can nhiéu thoi
gian hon va s6 vong lip ciing nhiéu hon.

Dang diéu ctia ham TOL,, trong Bang duge mo ta trong Hinh .

Tiép theo, ta minh hoa su hoi tu ctia Thuat toan va Thuat toén [3.1.3
voi 1y = Pe,, j = 1,2,...,M, =} = PQZ véimoit = 1,2,3, k= 1,2,..., M,.
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Hinh 3.1: Dang diéu ctia ham TOL,, véi diéu kién dimg TOL,, < 1076

Chon M = 200, M; = 300, My = 400 va M5 = 500 va toa do ciia diém ban dau
ro duge 1ay ngdu nhién trong khodng déng [5,10]. Khi d6 ta thu duge két qua
s6 clia hai thuat toan chiéu duge trinh bay trong Bang[3.2]

Thuat toan |3.1.2 Thuat toan |3.1.3
€ TOL, n TG (giay) TOL, n TG (giay)
1073 9.7792x10™* 14617  154.9003 9.7596 x 10~* 251  7.6294
107* 9.8184x107° 42036  429.0298 7.9713x107° 294 10.9836

1075 9.9636x107% 123967 1.2399x 103 9.0468 x 107° 334 14.8264

Bang 3.2: Két qua tinh toan sé ctia Thuat toan [3.1.2{va|3.1.3

Bang cho thay Thuat toan hoi tu véi toc do nhanh hon rat nhieu
so v6i Thuat toan m
Dang diéu ctia ham TOL, trong Béang [3.2 duge biéu dién trong Hinh [3.2]

Vi du 3.3.2. Cho céc ham 16i ¢, g1, g2, g3 va g4 Xac dinh tren R, R?, R3, R4,
RS tuong tng va duge xac dinh bai:

1
g(x) = 5(331 — L9+ 23 — T4 — 225 — 1)2 v6i moi x = (x1, X2, T3, Tyg, T5) € R®;

1 e
g1(y) = 5y +y2 = 5)% v6i moi y = (y1,y2) € R?;
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Hinh 3.2: Dang diéu ctia ham TOL,, véi diéu kien dimg TOL,, < 1073

1
g2(2) = 5(221 + 29 — 23 — 4)? v6i moi 2 = (21, 20, 23) € R,

1
—(ug — up — uz + uy — 1)% v6i moi u = (uy, up, us, ug) € R*;

gs(u) = 3

gs(v) = 5(1)1 + 2uy — U3 + V4 + U5 + Uﬁ)2 v6i moi v = (vy, Ve, U3, Uy, Vs, Ug) € RS,
Cho cac anh xa tuyén tinh bi chin

T) : R® = R? xé4c dinh béi Tyy = [y1, 9] .
Ty : R® — R? xac dinh béi Thz = [21, 22, 23] .
Ty : R® — R* x4c dinh bdi Thu = [u1, ug, us, u4]T.

T, : R® = R® x4c dinh bdi Tyv = [01,1)2,1)3,1)4,?)5,U6]T.

Ma tran ctia cac anh xa chuyen 77, Ty, Ty, Ty tuong ting nhu sau.

1 1 —-101
1 -1 2 1 0
Ty = JIo=11 -1 0 1 21,
2 —2 1 —4 —4
1 3 —4 3 6
(1 1 1 1 1 \
11 1 -1 1 1 -1 1 0 1
21 0 -1 1 2 1 0 1 1
T3: 7T4_
10 1 1 =1 -1 1 1 1 1
11 -1 2 3 1 0 0 -1 1
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Xét bai toan: Tim phan tit z* € R sao cho
¥ € argmin g(x); Tiz* € argmin g1(y); The™ € arg min go(2);
z€R5 yeR? z€R3

Tsx™ € argmin gs(u); Tyx™ € argmin g4(v).
u€R? vERS

Diat Q 1a tap nghiém ciia bai toan dang xét. Khong kho dé kiém tra dugc g va
gi,1=1,2,3,41a cac ham 16i va Q = {(a — b+ c+3,a,b,¢c,1) : a,b,c € R}.
Dé thay, bai toan trén tuong duong vé6i bai todn: Tim phan ti z* € R®
sao cho:
r* € Vg H(0); Tiz* € Vg, H(0); Thr™ € Vg, H(0);

Tsx* € Vg3 1(0); Tyx* € Vg 1(0).

Ta biét ring néu F1a mot toan tit don dieu cyc dai thi p € F(0) tuong duong
v6i p = (I + F)~1(p) va (I + F)~! 1a anh xa khong gian. Trong vi du nay, Vg va
Vi, i = 1,2,3,41a cac toan tit don diéu cyc dai do d6 (I+Vg)~tva (I+Vg)™!
v6i moi ¢ = 1,2, 3,4 1a cac anh xa khong gian. Vi vay bai toan trén tuong duong
v6i bai toan tim diém bat dong chung tach v6i nhiéu tap dau ra: Tim phan ti

z* € R® sao cho
r" € Fix ((I + Vg)l); Tiz" € Fix (([ + Vgl)l); Thx™ € Fix ((I + V92)1>;
Tsz* € Fix ((I + Vgg)_l); Tyz* € Fix <(1 + Vg4)‘1)-

Ky hieu QSCFPPMOS 1y tap nghiem ctia bai toan tim diém bat dong chung téach

v6i nhiéu tap dau ra nay. Khi d6
QSCFPPMOS — ) — f(4 —b+c+3,a,b,¢,1) : a,b,c € R}.

Chung t6i minh hoa sy hoi tu cua Thuat toan trong d6 cac anh xa
khong gian S = (I + Vg) 1,2, = (I + Vg;)~! v6i moi i = 1,2,3,4, cdc tham
s6 o, = n~ 1 a, = 0.00001, p, = 0.95, &nh xa co f : R® — R® Ia ham hing xac
dinh béi f(z,) = zg, v6i moi n > 1 va xap xi ban dau zy = (1,—1,1,—1,1).
Theo Dinh 1y , day {z,} xac dinh béi thuat toan ty thich nghi sé hoi

QSCFPPMOS

tu manh t6i z* € . Trong truong hop nay, ta dé nhan thay z* =

(0.75,—0.75,0.75, —0.75,1) 1a nghiém duy nhat ctia bat dang thic bién phan
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IVIP(I — f,QS5FPMOS) | trong d6 thay tap QSFPMOS bai tap QSCFPPMOS Ty i

dung dicu kien

TOL,, := ||on — 2*|| < ¢,

véi € 1a mot ngudng sai s6 cho trude dé dimg qua trinh lip.

Tiép theo, ching t61 minh hoa su hoi tu ctia Thuat toan|3.1.2|va[3.1.3|trong d6

cac anh xa khong gian S va =;, i = 1, 2, 3, 4, dugc xac dinh nhw trén. Theo Dinh
15(3.1.7|va[3.1.12} day {x, } x4c dinh béi hai thuat toan |3.1.2/va[3.1.3/hoi tu manh
vé phan tit ¥ = Pgscreremos 9. That dé dang dé tinh duge a* = Pyscrervos g =
(0.75,—0.75,0.75, —0.75, 1). Ta ciing stt dung diéu kien TOL,, := ||z, — 2*|| < e,
véi € 1a mot ngudng sai s6 cho trude dé dimg qua trinh lip.

Két qua s trong Bang minh hoa cho su hoi tu ctia thuat toan tu thich
nghi, thuat todn chiéu lai ghép, thuat toin chiéu thu hep v6i phan tit ban dau
vo=(1,-1,1,-1,1).

va va

€ Thuat toan (3.1.1) Thuat toan [3.1.2] Thuat toan (3.1.3
10~* TOL, 9.9881x107° 9.9141x107° 5.2862x107°
n 621 175 14
TG (giay) 0.0400 1.3368 0.0820
10— TOL, 9.9965x 10~° 9.9752x10°° 4.6409x107°
n 2526 979 19
TG (giay) 0.1313 5.9919 0.1082
10~¢ TOL, 9.9998 x 107 9.9967x 1077 9.1672x 1077
n 23854 3899 23
TG (giay) 1.1318 26.6064 0.1204

Bang 3.3: Két qua tinh toan s6 ctia Thuat toan [3.1.1f [3.1.2{ va |3.1.3

Két qua s6 6 Bang[3.3] cho théy véi cliing mot nguong sai s6, Thuat toan [3.1.3
can thoi gian va s6 buéc lip it nhat, trong khi d6 Thuat toan can s6 budc
lap it hon Thuat toan nhung can nhiéu thoi gian hon.

Dang di¢u ctia ham TOL, trong Béang [3.3 duge biéu dién trong Hinh [3.3]

Vi du 3.3.3. Quay tré lai Vi du , ta tim nghiém cta Bai toan bang
phuong phap chiéu lai ghép va phuong phap chiéu thu hep.

Ta minh hoa sy hoi tu cia day {z,} dugc xac dinh bsi Thuat toan m
va Thuat toan v6i cac anh xa khong gian S = FPo va E; = Py, v6i moi
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Hinh 3.3: Dang diéu ctia ham TOL,, vé6i diéu kien dimg TOL, < 1074

i =1,2,3, tuong tng. Ta stt dung diéu kien dimg TOL, := ||2n41 — x| < €, v6i
e 1a mot s6 thie duong nho tiy y. Nhung véi dieu kien ditng nay, ching ta cling
khong khing dinh dugc day {z,} hoi tu vé mot phan tit thudc tap nghieém cta
bai toan dang xét. Do vay, dé kiém tra xem day {x,} c6 hoi tu vé nghiém ctia
Bai toén (2.44), ta stt dung tham sb

m := max{(ag, x,) — 1, max ((a;, Tiz,))}
i=T1,100

Khi d6, néu m < 0 thi z,, 1a mot nghiém ctia bai toan dang xét.

V6i phan tit ban dau zo(t) = €', két qua s6 ctia Thuat toan va Thuat
toan dugc trinh bay trong Bang .

Trong vi du nay, Thuat toan hoi tu véi tdc dd nhanh hon so v6i Thuat
toén [3.1.3

Dang diéu ctia ham TOL,, trong Bang dugc mo ta trong Hinh .
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€ Thuat toan [3.1.2] Thuat toan [3.1.3]

10" TOL, 2.3950x 1071 8.7460% 10~
n 20 23
m 1.4x107* 1.0605x 10~
TG (giay)  0.1702 0.2304

10-° TOL, 2.3950x 10~ 7.5226x10°°
n 20 37
m 1.4x107* 5.2x107°
TG (giay)  0.1623 0.4274

10-° TOL, 2.3950x 10~ 9.8884x 107"
n 20 131
m 1.4x10°* 3.4659% 107
TG (giay)  0.3849 4.6206

Bang 3.4: Két qua tinh toan s6 ctia Thuat toan [3.1.2{ va Thuat toan |3.1.3

0 20 40 60 80 100 120 140

Hinh 3.4: Dang diéu ctia ham TOL,, véi diéu kien dimg TOL,, < 1076

KET LUAN CHUONG 3

Stt dung phuong phap CQ, phuong phap chiéu lai ghép va phuong phép chiéu
thu hep, trong chuong nay, chiing toi dé xuat ba thuat toan giadi Bai toan
trong cac khong gian Hilbert thire. Céc thuat toan nay c6 wu diém chung 1a vong

lap don gidn va ¢d bude lap dugde thiét ké tu thich nghi. Két qua cu thé nhu sau:

(a) Xay dung thuat toan kiéu CQ (Thuat toan [3.1.1]) giai Bai toan (3.1). Vi
cac diéu kien phit hop, chiing t6i chting minh sy hoi tu manh ctia day lap
vé nghiém ctia bai toan thong qua Dinh 1y [3.1.7]
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(b) Xay dung thuat toén chiéu lai ghép (Thuat toan [3.1.2) gidi Bai toan
va ching minh sy hoi tu manh cta day lap thong qua cac Dinh 1y [3.1.3]

(¢) Xay dung thuat toan chiéu thu hep (Thuat toan [3.1.3) giai Bai toan [3.1|va
chting minh sy hoi tu manh ciia day lap thong qua cac Dinh 15 (3.1.12]

(¢) Ap dung cac Thuat toan [3.1.1 v& [3.1.2] cho bai toan chap nhan tach véi
nhidu tap dau ra; Thuat toan [3.1.1] [3.1.2] va [3.1.3| cho bai toan diém bat

dong chung tach ctia anh xa khong gidn va bai toan diém bat dong cta

anh xa khong gian.

(d) LAy cac vi du s6 minh hoa cho cac thuat toan ma ching t6i dé xuat cung

viec ap dung giai bai toan t6i wu khong rang budc. Cac két qui ducc ghi

nhan trong cac Bang (3.1 va cac Hinh 3.4
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Két luan

Luan 4n tap trung nghién citu dé xuat cic thuat toan gidi Bai toan (SFPMOS))

ra va Bai toan (SCFPPMOS)). Cac thuat toan dugce nghién ciu dua trén phuong

phap CQ, phuong phap lip Halpern, phuong phap xap xi mém va phuong phap

chiéu.

1. Nhitng két qua chinh da dat dudc trong luan an

e Ching toi dé xuat dugc 5 thuat toan giai Bai toan (SFPMOS)) (Thuat toan
, dé xuat va chiing minh cac dinh 1y hoi tu yéu va hoi tu manh
clia cac thuat toan nay. Cac thuat toan nay dude ching toi phat trién ti
thuat toan CQ ctia Byrne cho bai toan chap nhan tach trong khong gian
hitu han chiéu dua trén cach tiép can t6i wu. Uu diém ciia cdc Thuat toan
la sy don gian trong tinh toan tai méi budc lip. Uu diém clia

cac Thuat toan [2.1.4 va [2.1.5, ngoai su don gidn trong tinh toan tai moi

buée lap, 1a ¢ bude khong phu thude vao thong tin vé chuan ciia cac toan

t1t chuyén. Két qua nay dugc thé hién trong cong trinh (CT1) va (CT2).

e Dé xudt duge 3 thuat toan xap xi nghiém cta Bai toan (SCFPPMOS)
(Thuat toan 3.1.3) va ching minh céc dinh 1y vé sy hoi tu cla cac
thuat toan dé6. Bang viéc stt dung phuong phap CQ, ki thuat chiéu lai ghép

va k¥ thuat chiéu thu hep két hop véi phuong phap xap xi mém, ching toi
thiét ké cac thuat toan vé6i cd bude tu thich nghi. Két qua nay dugc the
hién trong cong trinh (CT3) va (CT4).

e Cac thuat toan nay dudc ap dung cho bai todn chap nhan tach tong quat,
bai toan chap nhan tach véi nhiéu tap dau ra, bai todn diém bat dong
chung tach véi anh xa khong gian hay bai toan diém bat dong ctia anh xa
khong gian. Cac két qua thit nghiém so trong khong gian Hilbert thuc hitu

han chiéu va vo han chiéu cho thay hiéu qua clia cac phuong phap deé xuat.
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2. Mot s6 huéng nghién ciu tiép theo

Sau day 1a cac huéng ma chiing toi sé tiép tuc nghién ctu sau khi hoan thanh

luan an.

e Nghién cttu vé bai toan chap nhan tach cling véi cic bai toan lien quan

trong khong gian Banach.

e Nghién citu Bai toan (SFPMOS]) khi it nhat mot tap rang budc khong 16i

hoidic it nhat mot anh xa chuyén khéng la 4nh xa tuyén tinh.
e Nghién citu tinh 6n dinh ctia cac thuat toan khi cac dit lieu dau vio cé nhiéu.

e Nghién cttu danh gia téc do hoi tu clia cac thuat toan.
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Danh muc cac cong trinh da cong bo lién quan
dén luan an

(CT1)

(CT2)

(CT3)

(CT4)

Reich S.; Tuyen T.M., Ha M.T.N. (2020), “The split feasibility problem
with multiple output sets in Hilbert spaces”, Optim. Lett., 14, pp. 2335—
2353 (SCIE-Q2).

Reich S., Tuyen T.M., Ha M.T.N. (2021), “An optimization approach to
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70, pp. 837-852 (SCIE-Q1).

Kim J.K., Tuyen T.M., Ha M.T.N. (2021), “Two projection methods for
solving the split common fixed point problem with multiple output sets in

Hilbert spaces”, Numer. Funct. Anal. Optim., 42(8), pp. 973-988 (SCIE-
Q2).

Reich S., Tuyen T.M., Thuy N.T.T., Ha M.T.N. (2022), “A new self-
adaptive algorithm for solving the split common fixed point problem with

multiple output sets in Hilbert spaces”, Numer. Algorithms, 89, pp. 1031—
1047 (SCIE-Q1).
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