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Introduction

The split feasibility problem was first introduced by Censor and Elfving
for modeling certain inverse problems in 1994. The split feasibility problem
(SFP, for short) is formulated as follows:

Find an element 2! € C such that T(z') € Q, (SEP)

where C' and () are nonempty, closed and convex subsets of real Hilbert spaces
H, and Hy, respectively, T : H; — Hs is a bounded linear operator (also known
as a transfer operator).

It is easy to see that the convex feasibility problem is a special case of the
(SEP). The (SFP) contains many applications to the image reconstruction prob-
lems, the intensity—modulated radiation therapy (IMRT ) model, data transmis-
sion problems ... by appropriately constructing the sets C', () and the operator
T.

To solve the (SFP), Censor and Elfving proposed the parallel iteration method
and the cyclic iteration method based on the Bregman projection method
in 1994. However, these algorithms have a drawback that each iteration in-
volves computing inverse matrices. Calculating matrix inverses at each iterative
step leads to high computational costs for large-scale practical problems. To
overcome this limitation, in 2002, Byrne proposed the CQ algorithm in finite-
dimensional spaces when the sets C' and () are chosen so that the orthogonal
projections onto these sets can be easily computed.

Using an optimization approach, Xu developed the CQ algorithm to solve
the (SFP) in infinite-dimensional real Hilbert spaces in 2010. The author
showed that the iterative sequence generated by the CQ algorithm only con-
verges weakly with the chosen step size depending on the norms of the transfer
operator. The author also gave an example about the existence of the sets C,
() and the operator T"in an infinite-dimensional real Hilbert space to show that
the interative sequence generated by the CQ algorithm converges weakly but
not strongly.

Xu showed that the solution set of the (SFP) coincides with the fixed point
set of the nonexpansive mapping S : H; — H; defined by

S = Pe[I —AT*(I — P)T],
where v € (0,2/]|T?), as well.
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Therefore, the methods for finding fixed points of nonexpansive mappings can
be applied to solve the (SFP) such as the Mann iteration method, the Halpern
iteration method, the viscosity approximation method ...

A generalized form of the (SFP) is the multiple-set split feasibility problem
(MSSFEP, for short) which was proposed and studied by Censor et al. in 2005.
Namely, let C7,C5,...,Cy be N nonempty, closed, convex subsets of a real
Hilbert space Hy and (1, Qs,...,Qx be M nonempty, closed, convex subsets
of a real Hilbert space Hs. The (MSSFP) is formulated as follows:

N M
Find an element z' € ﬂ C; such that T(z) € m Qj . (MSSFP)
i=1 j=1
In 2006, Xu extended the CQ algorithm to solve the (MSSFP) based on ap-
proaching the fixed point method. The author proposed and proved the weak
convergence of the iterative sequences defined by the Picard iteration algorithm,
the parallel iteration algorithm and the cyclic iteration algorithm for solving
the (MSSFP). To obtain the strong convergence, many mathematicians have
studied the combination of the CQ method with the viscosity approximation
method, the hybrid projection method, the shrinking projection method, the
Halpern iteration method and others. However, these methods typically use a
fixed step size that depends on information about the norm of the transfer oper-
ator T" per each iteration. In general, calculating the operator norm 7' is not an
easy task in practice. Therefore, establishing criteria for selecting the step size
when the norm information of the transfer operator is unknown is a meaningful
topic in computational practice. In recent years, many authors have studied to
improve the CQ method for solving the (SFP) or the (MSSFP) so that the step
size does not need any prior information of the norm of the transfer operators.
The (SFP) can be considered as a special case of the split common null
point problem (SCNPP, for short). A generalized form of the (SCNPP) is the
multiple-set split common null point problem (MSSCNPP, for short), which is
stated as follows: Let A; : Hy — 281 i =1,2,... N and B; : Hy — 22,
g =1,2,..., M be maximal monotone operators in Hy va Hs, respectively.

Find an clement 2’ € NL, A7 (0)NT~H(NL, B;1(0)).  (MSSCNPP)

Furthermore, we see that the (SCNPP) or the (MSCNPP) can be reduced to
the split common fixed point problems (SCFPP). The generalized form of the
(SCFPP, for short) is formulated as follows: Let S; : Hy — Hy, i =1,2,..., N
and Z;: Hy — Ho, j=1,2,..., M be nonexpansive mappings on H; and Ho,

°
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respectively. Let T': Hy — Hs be a bounded linear operator.

Find an element 2! € N, Fix(S;) N T~ ( N}L, Fix(Z;)). (SCFPP)

The (SFP), (SCFPP), (SCNPP) and the other related problems can be
rewritten in the following generalized form: Let X and Y be two Hilbert or
Banach spaces and let T': X — Y be a mapping from X into Y. Suppose that
(P;) and (P) are two given problems on X and Y, respectively. Consider the
problem: Find an element 2 in X such that z' is a solution of the Problem
(Py) and T(x") is a solution of the Problem (P,). We denote this problem as
(P). The generalized form of the (P) is stated as follows: Let X, Xo,..., Xy
be Hilbert or Banach spaces and let A4; : X; — X;1,7=1,2,...,N — 1, be
mappings from X; into X;y;. Suppose that (P;), ¢ = 1,2,..., N, are N given
problems on X;, respectively. Then the generalized form of the (P) is the prob-
lem of finding an element x' on X; such that z' is a solution to (P;), A;(x")
is a solution to (Py)...and Ay_1(Ay_o(... As(A;(21)))) is a solution to (Py).
We denote this problem as (GP). There are many real-world problems that can
be formulated in the form of the (GP). For example, the balance problem in
a production line where the quantity of semi-finished products in the previous
production process must be equal to the required quantity in the next produc-
tion process. In 2019, Reich and Tuyen first proposed and studied the above
problem model, which named the generalized split feasibility problem (GSFP,
for short).

From the above analysis, we concern and study a several of class of the
problems that are more general than the (GSFP).

e Firstly, we propose and study the split feasibility problem with multiple
output sets (SFPMOS, for short). This problem is formulated as follows: Let
H, H;,i=1,2,...,N be real Hilbert spaces, T; : H — H;, 1 =1,2,..., N, be
bounded linear operators, C C H and ); C H;, 7+ = 1,2,..., N, be nonempty,

closed and convex subsets.
Find an element ' € Q5PMOS .— (0 T71(@Q:)) #0,  (SFPMOS)

that is, T € C and Tjaf € Q; forall i =1,2,..., N.

A practical example of the (SFPMOS) is the image classification problem via
support vector machine learning with the MNIST dataset.

e Secondly, we concern and study the split common fixed point problem
with multiple output sets (SCFPPMOS, for short). This problem is defined as
follows: Let H and H; be real Hilbert spaces and T; : H - H;, i =1,2,..., N

be bounded linear operators. Let S; : H — H, j =1,2,..., M, =} : H; — H;,
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1=1,2,...,N, k= 1,2,..., M; be nonexpansive mappings.

Find an element z* € QSCFPPMOS, (SCFPPMOS)

where QSCFPPMOS .— ( N, Fix(S;)) N (ﬂi]\il T N Fix(Z}))
The objective of the thesis is to study and propose algorithms for solving
classes of the split feasibility problems and the split common fixed point prob-

lems with multiple output sets in real Hilbert spaces. Specifically, the study
objectives are as follows.

e Propose CQ-type algorithms combined with the Halpern iteration method
and the viscosity approximation method to solve the (SFPMOS) and the
(SCFPPMOS);

e Propose algorithms for solving the (SCFPPMOS) using the hybrid and
shrinking projection techniques;

e Apply the proposed algorithms to some related problems:;

e Provide and calculate some numerical examples to illustrate the effective
proposed algorithms.

In addition to the introduction, conclusion and list of references, the thesis

is presented in three chapters.
Chapter 1. Preliminaries
Chapter 2. Split feasibility problem with multiple output sets

Chapter 3. Split common fixed point problem with multiple output sets



Chapter 1

Preliminaries

This chapter presents some basic concepts and properties about real Hilbert
spaces, convex sets and convex functions, metric projection, subdifferential and
minimization of convex functions, nonexpansive mappings and several lemmas
used in the next chapters.

1.1 A brief introduction to Hilbert spaces
1.2 Subdifferential and convex optimization problems
1.3 Nonexpansive mappings

1.4 Some auxilary lemmas



Chapter 2

Split feasibility problem with multiple output
sets

In this chapter, we propose and study some interative methods to solve the
split feasibility problem with multiple output sets in Hilbert spaces based on
using optimal approaches. The content of this chapter is written based on the
results of two articles (CT1) and (CT2) in the List of published works related
to the thesis.

2.1 The optimization approachs to solving the split feasi-
bility problem with multiple output sets

We first recall the split feasibility problem with multiple output sets men-
tioned in the Introduction: Let H, H;, « = 1,2,..., N, be real Hilbert spaces
and let T, : H — H;, i = 1,2,..., N, be bounded linear operators. Let C
and (); be nonempty, closed and convex subsets of H and H;, 1 = 1,2,..., N,

respectively.
Find an element z' € C such that Tjz' € Q;, Vi=1,2,...,N. (2.1)
The solution set of Problem (2.1) is denoted by QSFFMOS that is
QSFPMOS — (0t c C | Tia" € Qy, Vi=1,2,...,N}.

In this chapter, we always suppose that QSFPMOS - ¢

2.1.1 The first optimal approach

Let g : H — R be a function defined by

N
1
g(x) = 5; (I — Pg,)Tx||?, Yo € H.
We see that g is a convex function on H. Besides, it is not hard to show that

Problem (2.1) is equivalent to the following convex constrained optimization
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min g(x).

In other words, x' is a solution to Problem (2.1) if and only if
0 € vg(z) + No(ah).

The above inclusion is equivalent to

N
0€) T/(I - Po)Tiw! + Ne(ah).
i=1
Using the definition of the normal cone to C at the point x and the properties
of metric projection, we obtain

N

ol = Polal =) T7(I - Py,)Tial], (2.2)
=1

where 7 is an arbitrary positive real number. It also follows from the

equality (2.2) that an element z' is a solution of Problem (2.1) if and only
if it is a fixed point of the nonexpansive mapping:

Po[l =~ ) T;(I - Po)Ti].

i=1
From these analysis, we propose and study the following iterative algorithm
for solving Problem (2.1).
Algorithm 2.1.1.
Step 0. — Choose xg € C arbitrary;
— Choose a sequence {7, }, which satifies

2

0<a<~,<b< ., n>0. (1)
N max;_yx{[| T[]}
Set n := 0.
Step 1. Compute
N
Ty = Polan —m YT (I — Po) Tz (2.3)
i=1

Step 2. Set n:=n + 1 and go to Step 1.

We have the following result.
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Theorem 2.1.1. The sequence {x,} generated by Algorithm 2.1.1 converges
weakly to a solution of Problem (2.1).

Remark 2.1.2. (i) When N = 1 and H = R", Algorithm 2.1.1 becomes
the CQ Algorithm which is proposed by Byrne proposed in 2002 to solve
Problem (SFP).

(77) When N = 1, Algorithm 2.1.1 reduces to the algorithm proposed by Xu in
2010 to solve the (SFP) in an infinite-dimensional real Hilbert space.

In order to obtain the strong convergence, we combine Algorithm 2.1.1 with

the Halpern iteration method. We get the following algorithm.
Algorithm 2.1.2.

Step 0. — Choose xg,u € C.
— Choose a sequence {v,} satisfying the condition (v1);
— Choose {a,} satisfying condition

{on} € (0,1), lim ay, =0, > ay = 0. ()
e n=0
Set n := 0.
Step 1. Compute
N
Tn1 = au + (1 — o) Po [y — 1 ZTZ*(I — Pg)Tiwy]. (2.8)

i=1
Step 2. Set n:=n+ 1 and go to Step 1.

The strong convergence of Algorithm 2.1.2 is given in the theorem below.

Theorem 2.1.3. The sequence {x,} is generated by Algorithm 2.1.2 converges

strongly to Posremvos .

Next, we propose and study a more general algorithm when wu is replaced by
the value of a contraction mapping at a point x.



Algorithm 2.1.3.

Step 0. — Choose yy € C;

— Choose a sequence {7, } satisfying condition (v1);

— Choose {a,} satisfying condition («a);

— Choose f: H — (' being a contraction mapping with a contraction
coefficient ¢ € [0, 1).
Set n =0

Step 1. Compute y,, .1 as follows:
N

Yot = nf(yn) + (1= @) Pelyn = v Y T7 (1 = Po,)Tiyn)- (2.19)
i=1

Step 2. Set n:=n+ 1 and go to Step 1.

The strong convergence of the iterative sequence generated by Algorithm 2.1.3

is established in the following theorem.

Theorem 2.1.4. The sequence {y,} is generated by Algorithm 2.1.3 converges
strongly to a point x7 € QSFPMOS “which is the unique solution to the variational

inequality

(I — f)g;Jf7y _ $T> >0, Vy € ()SFPMOS. (VIP(I — f, QSFPMOS))

2.1.2 The second optimal approach

Now, we consider the function h : H — R defined by

and

1
filz) = S = Po)Tor||*, i = 1,2, N,

It is not dificult to see that Problem (2.1) is equivalent to the following convex
constrained optimization problem:

min h(z). (2.21)

zeC

So, an element z' is a solution of Problem (2.21) if and only if
0 € Oh(z") + Ne ().
We have
o(_max fi)(a") 2co{ ) 0fi(a")},

1=1,2,...,
i€l(zh)
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where I(z") := {i € {1,2,...,N} | fi(z") = ( max fz )(z")}. Thus, if the

1=1,2,...
element 2 € H satisfies

cof |J 0fi(="} + Ne(zh} 20 (2.22)

i€l(zh)

then ' is a solution of Problem (2.21) and it is also a solution of Problem (2.1).
We can prove that (2.22) is equivalent to

=Polat —y Y NTT(I - Py, Tz, (2.23)
iel(zh)
where \; > 0 for all i € I(2T), > X\ = 1 and ~ is an arbitrary positive

iel(zt)
real number.

The equality (2.23) suggests us to construct the two algorithms below that
approximate to the solution to the Problem (2.1) based on the Halpern iteration
method and the viscosity approximation method.

Algorithm 2.1.4.
Step 0. — Choose zy € C' and {p,} C [a,b] C (0,2) and set n := 0.

Step 1. Compute

Tnir = Polan =y Y NinTr(I = Po)Tirn}, (2.24)

1€l(xn)

where I(z,) = {i | [|Tizn — Po,Tixy| = _max | Tizy, — Po, Tz}, Nin > 0 for
alli € I(xy), >, Aip=1landd, = mQaXN | Tizy, — Po,Tizy||, the step size
1€l(xn) TS

{vn} is defined by

d2
7 if N TH(I = Po, )Ty || >0
)TE namrup e gy e R Tl =0
Tn = icl(zn)
0 otherwise.

(72)
Step 2. Set n:=n+ 1 and go to Step 1.

Theorem 2.1.5. The sequence {x,} generated by Algorithm 2.1.4 converges
weakly to an element in QSFPMOS,

The following corollary indicates that the above theorem still remains valid
for a specific index i, € I(x,).
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Corollary 2.1.6. For any xg € C, let {x,} be a sequence generated by the

following iterative method:
Choose i, such that ||T;,x, — Pg, Ti, @n| = max | Tizyn, — Po,Tixnl|,
i=1,2,...,
Tnt+1 = Pc[ﬁlfn - fynirzj;(] - Pan)Tznan n Z Oa

where {v,} is defined by

0, otherunse,

Pn
Tn = |

and {pn} C [a,b] C (0,2). Then the sequence {x,} converges weakly to an
element in QSFPMOS,

Combining Algorithm 2.1.4 with the viscosity approximation method, we
propose the following algorithm for solving Problem (2.1) and establish a strong

convergence theorem for it.

Algorithm 2.1.5.

Step 0. — Choose xg € C arbitrary;

— Choose {pn} C [a,b] C (0,2);

— Choose {a,} satisfying condition («);

— Choose f: H — (' being a contraction mapping with a contraction
coefficient ¢ € [0, 1).
Set n = 0.

Step 1. Compute

Tn+1 :O[nf(xn)‘i_(l - an)PC[In — Tn Z AunT'z*([ - PQz)T'an}], (233)

1€l(zn)

where I(x,) = {i | [|[Tixn — P, Tizy|| = ._n{laXN | Tizy, — Po,Tixn ||}, Ain > 0 for

=1,...

all i € I(xy), >, Ain =1, the sequence {v,} satisfies condition (72).
1€l(zn)

Step 2. Set n:=n+ 1 and go to Step 1.

The following theorem presents the strong convergence of Algorithm 2.1.5.
Theorem 2.1.7. The sequence {x,} generated by Algorithm 2.1.5 converges
strongly to z', which is the wunique solution to the wvariational
inequality (VIP(I — f,QSFPMOS) ),
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The above theorem remains valid for specific i,, € I(x,,) .
Corollary 2.1.8. For any zo € C, let {x,} be a sequence generated by the

following iterative method:

Choose insuch that ||T;,x, — Pg, Ti, Ty| = | max | Tizy, — Po,Tixn||,

=1,4,...,

Tpt1 = anf(zn) + (1 — ay) Polx, — %T;;(I — Pg, )T, xn], n >0,
where {v,} is defined by

||Tz rn — Pg, T; anQ
p n an n
Yn = 175 (I — Pg,,)Ti,wnl*’

0, otherwise,

Zf ||T;;(I - szn)TannH > 0,

{pn} C [a,b] € (0,2) and f : H — C is a strict contraction mapping H into
C' with the contraction coefficient ¢ € [0,1). If the sequence {au,} satisfies the
conditions (a) then the sequence {x,} converges strongly to x', which is the

unique solution to the variational inequality VIP(I — f,QSFPMOS)

2.2 Applications and numerical examples

2.2.1 An Application to the generalized split feasibility problem

We know that when H = Hy, C = C, @Q; = Ciiq,1 <1 < N — 1,
Ty = Ay, Ty = AsAy, ... and Ty_1 = Ay_1ANn_o... Ay then the (SFPMOS)
becomes the (GSFP). So we can use the algorithms and the theorems in Sec-
tion 2.1 to solve this problem. By substituting 77 = Ay, To = AsA;,... and
Tn_1=AN_1AN_2... A, the sequences generated by four proposed algorithms
converge to a solution of the (GSFP).

2.2.2 Numerical examples

In this section, we present three numerical examples to illustrate the
efficiency of the proposed algorithms. Example 2.2.5 uses Algorithms 2.1.1,
2.1.4, 2.1.3 and 2.1.5 to solve the generalized split feasibility problem in
finite-dimensional Hilbert spaces and the sequence {x,} defined by Algorithms
2.1.3, 2.1.5 converges to exact solution z' = (0,0,0,0) of the problem in this
example. Example 2.2.6 uses Algorithms 2.1.3 and 2.1.5 to solve the split
feasibility problem with multiple output sets in finite-dimensional Hilbert spaces
and we see that the sequence {z,} generated by the above two algorithms con-
verges to an element of the solution set of the problem under consideration

and we cannot calculate this solution exactly. Finally, Example 2.2.7 illustrates
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the effectiveness of the proposed algorithms to solve the split feasibility prob-
lem with multiple output sets in infinite—-dimensional Hilbert spaces. In this
summary, we briefly present Example 2.2.7.
Example 2.2.7. In the Hilbert space L?[0,1], we take ag(t) = sint and
a;(t) = t' for all i = 1,100, and choose the following nonempty, closed and
convex subsets:

C = {z € L*0,1]| {ap,z) <1}; Q; = {x € L*[0,1]| (a;, z) < 0}, Vi = I,100,

The linear bounded operators: T; : L?[0,1] — L?[0,1] are given by Tix = ix
for all ¢ = 1,100.
We consider the following (SFPMOS):

Find z* € Q3PMOS .— ¢ n (m}o‘} Tll(Ql)> (2.44)

It is easy to see that QSFFPMOS £ () because x(t) = 0 € QSFPMOS,

We first examine the convergence of the iteractive sequence {x,} defined by
Algorithm 2.1.1 with ~,, = 107% and the convergence of the iteractive sequence
{z,} generated by Algorithm 2.1.4 with ~,, which satisfies Theorem 2.1.5 where
pn = 0.15. We use the stopping run condition TOL,, := ||z,4+1 — x| < € where
€ is a given tolerance.

To verify the convergence of the iteractive sequences generated by these al-

QSFPMOS

gorithms to an element in , we further define the parameter.

m := max{(ag, r,) — 1, max {{(a;, Tijx,)}.
i=T1,100

Note that, if m < 0 then z,, is a solution to Problem (2.44).

With the initial point z((t) = €', we obtain the numerical results of Algo-
rithms 2.1.1 and 2.1.4 which are shown in Table 2.4.

From the numerical results presented in Table 2.4, we see that Algorithm
2.1.4 converges faster than Algorithm 2.1.1 in this example.

Next, we consider the convergence of the sequence {z,} generated by
Algorithm 2.1.3 and Algorithm 2.1.5 with a,, = n~%° and a contraction map-
ping f: L?[0,1] — C is defined by f(x) = Pc(0.252), for all x € L?[0, 1], the
parameter v, = 5.107° for Algorithm 2.1.3 and +,, which satisfies Theorem 2.1.5,
where p,, = 1.75 for Algorithm 2.1.5. In this case, it is easy to see that z*(t) = 0
is the unique solution to the variational inequality VIP(I — f, QSFFPMOS)

Thus, we use the condition TOL,, = ||z,| < € to stop the iterative process,
where ¢ is a given tolerance. The numerical results of Algorithms 2.1.3 and

2.1.5 are presented in Table 2.5
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Algorithm 2.1.1

Algorithm 2.1.4

10-% TOL, 9.8880x 10~° 9.6610x10~°
n 138 58
m 1.2567 0.0032
Time (s) 0.1136 0.0362

10~°> TOL, 9.984x 106 0.9286x 10~
n 494 65
m 1.0543 0.0010
Time (s) 0.2629 0.0398

10-%  TOL, 9.9946 x 10~ " 7.3721x 107
n 1717 73
m 0.8486 2.7883x 104
Time (s) 0.6776 0.0410

10-% TOL, 1.0000x 10~ 9.1730x 10~ 19
n 3808549 129
m 0.0057 3.1103x10~8
Time (s) 1.2760 x 103 0.0621

Table 2.4: Table of numerical results for Algorithm 2.1.1 and 2.1.4

Algorithm 2.1.3

Algorithm 2.1.5

€ TOL, n  Time (s) TOL, n  Time (s)
107%  6.2940x10~° 11 0.0137 8.0584x10~° 10 0.0106
107°  6.6040x10% 16 0.0174 7.7238x107° 15 0.0127
107%  9.8876x10~7 21 0.0309 7.6813%x10~7 21 0.0218

Table 2.5: Table of numerical results for Algorithm 2.1.3 and 2.1.5

Table 2.5 shows that the convergence rates of Algorithm 2.1.3 and Algorithm

2.1.5 are almost the same in this example.
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Chapter 3

Split common fixed point problem with
multiple output sets

In this chapter, we propose and study a number of iterative methods to
approximate the solution to the split common fixed point problem with multiple
output sets in real Hilbert spaces based on CQ-type algorithm and projection
algorithms. The results of this chapter are written on the basis of articles (CT3)
and (CT4) in the List of published works related to the thesis.

3.1 Algorithm and convergence

In this chapter, we consider the split common fixed point problem with mul-

tiple output sets mentioned in the introduction of the thesis.

3.1.1 A CQ-type algorithm
The proposed algorithm has the following scheme.
Algorithm 3.1.1.

Step 0. — Choose xy € H arbitrary;
— Choose {p,} C [¢,d] C (0,1);
— Choose {a,,} satisfying condition («);
— Choose the sequence {a,} which is bounded ;
— Choose f : H — H which is a strict contraction mapping H into itself
with the contraction coefficient ¢ € [0, 1).
Set n = 1.

Step 1. Compute y;, = S;jz, for all j =1,2,..., M and let

dn = _max {[lyjn —zall}
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Step 2. Compute z},, = Z}(Tizy,) for alli = 1,2,... ., N and k = 1,2,..., M,
and let
din = . {%aXM{Hz,m Tixy||}, i=1,2,...,N,
n={ke{1,2,.... M} | |2k, — Tinl| = din},i=1,2,...,N.

Step 3. Let I'), ;== max {dn,. _max {dm}}

1y 7

If d, = I'y,, then choose j, € L,, and let ¢, = y;, », © = I.
Else, where d;, , = Iy, choose k,, € L;, ,,, and let ¢, = z,ij”n, 0="1T,.
Step 4. Compute u,, = x,, — 0,0*(Ox, — t,), where

1O — tn]|?
0% (O — )| + an

Step 5. Compute z,, 41 = an f(2,) + (1 — ay)up, n > 0.
Set n:=n+ 1 and go to Step 1.

The following theorem yields the strong convergence of the sequence gener-
ated by Algorithm 3.1.1.
Theorem 3.1.3. The sequence {x,} generated by Algorithm 3.1.1 converges

strongly to an element xt € QSCFPPMOS “oibich is the unique solution of the vari-

ational inequality (VIP(I _ f; QSFPMOS) ) where QSFPMOS replaced by ()SCFPPMOS

3.1.2 Hybrid projection algorithm

Algorithm 3.1.2. For any starting point xo € H and set n := 1, the scheme
of the hybrid projection algorithm consists of five steps with Steps 1, 2, 3
implemented as Algorithm 3.1.1 and Steps 4, 5 are performed as follows:

Step 4. Define the subsets C), and @),, of H as follows:

C,={z€ H||t,—0Oz| <Oz, —Oz|},
={z€ H | (xg—xn,z—x,) <0}

Step 5. Compute z,+1 = Pc,ng,To. Set n:=n + 1 and go to Step 1.

The strong convergence of the sequence {x,} defined by Algorithm 3.1.2 is
demonstrated in the following theorem.

Theorem 3.1.7. Suppose the assumptions of the (SCFPPMOS) are satis-
fied. Then the sequence {x,} generated by Algorithm 3.1.2 converges strongly

to xt = Poscrrrvos .
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3.1.3 Shrinking projection algorithm

Algorithm 3.1.3. For any starting point g € H, let Cy = H and n := 1, the
scheme of the shrinking projection algorithm consists of five steps with Steps
1, 2, 3, also implemented as Algorithm 3.1.1 and Steps 4, 5 are performed as
follows:

Step 4. Define the subset C,, 11 of H as follows:
Coi1={2€C, | |tn— 02| <Oz, — Oz]}.

Step 5. Compute z, 11 = Po, . ,x9. Set n:=n+ 1 and go to Step 1.

n+1

Theorem 3.1.12. Suppose the assumptions of the (SCEFPPMOS) are satis-
fied. Then the sequence {x,} generated by Algorithm 3.1.3 converges strongly
to axf = Poscrrrvos .

3.2 Applications

3.2.1 The split feasibility problem with multiple output sets

We consider the split feasibility problem with output sets in a more general
case than the problem stated in the Introduction. The problem is stated as
follows: Let H, H;, 1 =1,2,..., N be the real Hilbert spaces . Let T; : H — H;,
i=1,2,...,N be bounded linear operators. Let C;, j = 1,2,..., M be closed
and convex subsets of H. Let Q¢, i = 1,2,..., N where k = 1,2,..., M;, be

closed and convex subsets of H;, .

Find an element z' € C;, Vj = 1,2, ..., M such that

Tix' € Qi, Vi=1,2,...,N; k=1,2,..., M, (GSFPMOS)
The solution set of the (GSFPMOS) is denoted by Q9SFPMOS and we always
suppose QGSFPMOS £ g

In Algorithm 3.1.1, 3.1.2 and 3.1.3, replacing S; = Pg, forall j =1,2,..., M

and =} = Py foralli =1,2,...,N, k = 1,2,..., M;, we obtain CQ-type
algorithm, hybrid projection algorithm and shinking projection algorithm to

solve the (GSFPMOS) without any information about the norm of the
transfer operator.

3.2.2 The split common fixed point problem for nonexpansive map-
pings
Applying Algorithm 3.1.1, 3.1.2 and 3.1.3 in the case of N = 1, we get three

algorithms to solve the split common fixed point problem for nonexpansive
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mappings.

3.2.3 The fixed point problem for nonexpansive mappings

Applying Algorithm 3.1.1, 3.1.2 and 3.1.3, we also have corresponding
algorithms to solve the fixed point problem for non-expansive mappings
presented in Corollaries 3.2.5, 3.2.6 and 3.2.7 of the thesis.

3.3 Numerical examples

In this section, we introduce three numerical examples to illustrate the ef-
fectiveness of the proposed algorithms. Examples 3.3.1 and 3.3.2 consider the
(SEPMOS) and the (SCFPPMOS) in finite-dimensional Hilbert spaces. Ex-
ample 3.3.1 illustrates that the iterative sequence generated by the proposed
algorithms converges to an element in the solution set of the problem, but we
can not accurately determine this solution. Example 3.3.2 shows that the it-
erative sequence generated by the proposed algorithms converges to an exact
solution of this problem. Example 3.3.3 solves the problem in Example 2.2.7
using the hybrid projection method and the shinking projection method. In
this summary, we briefly present Example 3.3.2.

Example 3.3.2. Let g, g1, g2, g3 and g4 be the functions on R?, R?, R3, R*,
RS | respectively, which are defined as follows:

1
5(3:1 — o+ 23 — x4 — 225 — 1)%, for all x = (1, 29, T3, T4, T5) € R>;

1
5(3/1 +yo — 5)?, for all y = (y1,10) € R

1
5(2z1 + 29 — 23 — 4)%, for all z = (21, 2, 23) € R?;

1
gs(u) = §(u1 — Uy — U3 + Uy — 1)2, for all u = (uq, us, ug, uq) € R4;

g(z) =
91(2;/) =

92(2) =

E(Ul + 20y — v3 + vy + v5 + vg)?, for all v = (v, va, v3, vy, U5, V) € RO,

The transfer mappings

9a(v) =

T) : R® — R?is defined by Tiy = [y1, 2] ';
Ty : R® — R is defined by Thz = [21, 22, 23] ;
Ts: R® — R'is defined by Tyu = [u1, ug, us, ug] ' ;

Ty : R® — RCis defined by Tyv = [v1, va, v3, vy, U5, V6] -
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The representing matrices of the transfer mappings Ti,75,75 and Ty
are, respectively,

L la 1 o 1 1 —-101
! (22144)’2 0 ’
1 3 —4 3 6
(1 1 1 1 1\
11 1 -1 1 1 -1 1 0 1
21 0 -1 1 2 1 11
I3 = Ty = ;
10 1 1 -1 -1 1 1 1 1
11 -1 2 3 1 0 0 -1 1

\1 -1 -2 —2 —10)
We consider the following problem: Find an element z* € R® such that
z* € argmin g(z); Tiz* € argmin g1(y); Tex™ € argmin go(2);
TERD yeR2 2€R3

Tsx* € argmin gs(u); Tyx™ € argmin gq4(v) .
U€R4 UERG

Let Q2 be a solution set of this problem. It is not difficult to check that g and g;,
i =1,2,3,4 are convex functions and Q = {(a—b+c+3,a,b,¢,1) : a,b,c € R}.

We can see that this problem is equivalent to the problem: Find an element
x* € R® such that

z* € Vg H0); Tyz* € Vg, H(0); Tha* € Vg, 1(0);

Tsa* € Vg3 1(0); Tyx* € Vg; *(0).

In this example, Vg and Vg;, « = 1,2, 3,4 are maximal monotone operators and,
thus, (I + Vg)™! and (I + Vg;)™! for all i = 1,2,3,4 are nonexpansive maps.
Therefore, the above problem is equivalent to finding the split common fixed
point problem with multiple output sets: Find an element 2* € R® such that

" eFix ((] —I—Vg)_l) - Tha* € Fix <(] + Vg1)_1> s Thar™ € Fix ((I + ng)_1>;
Tsx* € Fix <(I + Vgg)_l); Tyx* € Fix (([ + V94)_1).

We denote Q5FPPMOS a9 3 solution set of the Problem (SCFPPMOS). We have
QSCFPPMOS = () — f(q —b+c+3,a,b,¢,1): a,b,c € R}.

We now test the convergence of Algorithms 3.1.1, 3.1.2 and 3.1.3, where the
nonexpansive mappings S; = (I +Vg) 12 = (I + Vg;) ! for all i = 1,2, 3,4,
the parameters a,, = n~ ! a, = 0.00001,p, = 0.95,29 = (1,—1,1,—1,1),
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the contraction mapping f : R® — R°® is defined by f(z,) = ¢, for all
n > 1. The sequence {x,} gernerated by the above algorithms converges
strongly to z* = Ppscrrrvos g = (0.75, —0.75,0.75, —0.75, 1). In this case, we
can easily see that z* is also the unique solution to the variational inequality
VIP(I — f,QSFPMOS) in which we replace QSFPMOS by ( SCFPPMOS = Thyg we
use the stopping run condition TOL,, := ||z, — 2*|| < ¢, where ¢ is a given
tolerance.

With the starting point zq = (1,—1,1,—1,1), Table 3.3 illustrates the con-
vergence of the three proposed algorithms.

€ Algorithm 3.1.1 Algorithm 3.1.2  Algorithm 3.1.3
10~% TOL, 9.9881x10~° 9.9141x107° 5.2862x10~°
n 621 175 14
Time (s) 0.0400 1.3368 0.0820
10~° TOL, 9.9965x10~° 9.9752x 100 4.6409%x 106
n 2526 979 19
Time (s)) 0.1313 5.9919 0.1082
10-% TOL, 9.9998 x 10~ 7 9.9967 x 10~ 9.1672x 10~ 7
n 23854 3899 23
Time (s) 1.1318 26.6064 0.1204

Table 3.3: Table of numerical results for Algorithm 3.1.1; 3.1.2 and 3.1.3

The numerical results in Table 3.3 show that, for the same given tolerance,
Algorithm 3.1.3 requires the least amount of time and number of iterations,
while Algorithm 3.1.2 requires fewer iterations than Algorithm 3.1.1 but takes

more time.
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Conclusions

The thesis focuses on proposing and studying the algorithms for solving the
(SFPMOS) and the (SCFPPMOS). New algorithms are studied based on the
CQ method, the viscosity approximation method, the Halpern iteration method

and projection method.

The thesis has achieved the following results

e We have proposed five algorithms to solve the (SFPMOS) (Algorithm 2.1.1—
2.1.5). We have also proposed and proven the weak and the strong conver-
gence theorems for these algorithms. We developed these algorithms from
Byrne’s CQ algorithm for the split feasibility problem in finite-dimensional
Hilbert spaces based on the optimal approach. The advantage of Algo-
rithms 2.1.1-2.1.3 is the simplicity of calculation at each iteration. The
advantage of Algorithms 2.1.4 and 2.1.5, besides the simplicity of compu-
tation at each iteration, is that the step size does not depend on any prior

information about the norms of the tranfer operators. These results are
shown in the works (CT1) and (CT2).

e We have proposed three algorithms to approximate the solution of the
(SCFPPMOS) (Algorithm 3.1.1-3.1.3). We have proposed and proven the
weak and the strong convergence theorems for these algorithms, too. By
using CQ method, hybrid projection techniques and shinking projection
techniques combined with the viscosity approximation method, we have
designed algorithms with self-adaptive step sizes. These results are pre-
sented in the works (CT3) and (CT4).

e These algorithms are applied to the generalized split feasibility problem,
the split feasibility problems with multiple output sets, the split common
fixed point problem for nonexpansive mappings or the fixed point prob-
lem for nonexpansive mappings. Numerical experimental results in finite—
dimensional real Hilbert space as well as infinite— dimensional real Hilbert
space have shown the effectiveness of the proposed methods.
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Some future study directions

The following are the directions that we will continue to study after
finishing the thesis.

e Study the split feasibility problem and the related problems in Banach
spaces.

e Explore the (SFPMOS) when at least one constraints set is not convex or

at least one transfer operator is nonlinear.
e Study the stability of algorithms when the input data is noisy.

e Evaluate the convergence speed of algorithms.
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